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Abstract

In this article ideas of cycle expansion and of adjoint equations

are compared with each other� Both methods give information about

the spectrum of evolution operators L� We show how cycle expansion

can bene�t from exact mathematical results for numerical checks� On

the other hand we derive with the help of complex cycle expansion

certain conjectures for exact forms of nontrivial evolution operators�

We perform detailed numerical studies�



� Introduction

In this article ideas of cycle expansion and of adjoint equations are compared
with each other	 Both methods give information about the spectrum of
evolution operators L � which have been introduced to the dynamical systems
literature by Ruelle ����	
In section � we give a short exposure of the cycle expansion method to

introduce notations� more material can be found in ��� a nice application to
the theory of random matrices can be found in �
�	 We propose the study
of complex cycle expansions as a tool as well as a new point of view in the
theory of complex dynamical systems	
In section � we derive an adjoint equation for the eigenfunctions of the

adjoint L� of L ���	 To this end we have to go from real to complex dynamical
systems	 In section � the example of a quadratic map evolution is consid�
ered	 For this map one has complete control over the eigenvalues of L� as
far as only polynomial weights are considered� as well numerically via cycle
expansion as theoretically via the adjoint equation	 In addition� these results
follow neatly from sum rules for the stabilities along complex cycles ���	 In
section � we deal with a claim of ��� that in their setup under special con�
ditions transcendental evolution operators can be systematically approached
by polynomial evolution operators	 Here we compare with numerical results
from cycle expansion	 In particular we analyze whether it is possible to get
the physical escape rates for the system with these approximations	 In sec�
tion � we study the complex cycle expansion and use mathematical results for
numerical checks	 With the help of cycle expansion we derive conjectures for
the exact form of spectral determinants for certain �real� chaotic quadratic
maps which can�t been done in the mathematical frame	 We end with a short
conclusion	

� Cycle expansion

Deterministic low dimensional dynamical systems and their strange sets can
be analyzed in terms of unstable periodic orbits � called cycles � which build
up a skeleton for the phase space at asymptotic times	 While this analysis
can be performed for �ows as well as for maps� we want to restrict ourselves
to maps	 Let R � R � R be a map	 Iterated application of R to a point
x� � R produces a sequence x�� x�� � � � which is called orbit p or trajectory of
x�	 If this orbit closes it is called a periodic orbit p� with period np de�ned
as the smallest n � � such that Rnx� � x�	
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��� Real cycle expansion

One can look at the orbits of points x� in a �nite enclosure V 	 In general�
some trajectories will escape from V after some iterations of R	 To make
this quantitative one de�nes an escape rate �n by

e�n�n �

R
V
dxdy��y �Rnx�R

V
dx

�

R
V
dx��Rnx � V �R

V
dx

� ���

where

��Rnx � V � �

�
� if Rnx � V�

� else�
���

That means that �n measures the relative volume of the points which stay
in V after n iterations	
De�nition ��� leads to another more general and more important notion�

the evolution operator L� which is de�ned by

�Lf��y� �
Z
R

dx��R�x�� y� jR��x�jQ�x�f�x� �
X

x�R�x��y

Q�x�f�x� �
���

Here f is a function L acts on and the function Q is called the weight of the
evolution operator	 A natural and physically interesting weight is the choice
Q�x� � �� jR��x�j 	 With this weight the largest eigenvalue � of the evolution
operator gives the asymptotic escape rate ��

� � log
�

�
� ���

Heuristically this can be seen by expanding f in a basis of eigenfunctions 	k
to the eigenvalues �k	 Then we get�

e�n�n �

R
V
dy�Lnf��y�R
V
dyf�y�

�
X
k

fk�
n
k

R
V
dy	k�y�R

V
dyf�y�

� ���

In this sum clearly the largest eigenvalue dominates the behaviour	
The characteristic values of L �that means the inverse of the eigenvalues�

are determined by the zeros of the Fredholm determinant

det �I � zL� � exp �tr log �I � zL��

� exp

�
�

�X
n��

zn

n
trLn

�
� ���
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The traces of Ln can be expressed in terms of �xed points of Rn�

trLn �

Z
dx��Rnx� x� jRn��x�jQ�n� x� �

X
x�x�Rnx

Q�n� x� jRn��x�j
j��Rn��x�j �

���

Here we de�ne for the whole article for any functionQ�x� the iterated product
of Q by

Q�n� x� �
n��Y
i��

Q�Rix� � ���

Rather than thinking in terms of �xed points of Rn we want to think in terms
of the periodic orbits which are de�ned by the �xed points	 First we notice
that for a �xed point x of Rn the stability Rn��x� and the product Q�n� x� are
only properties of this periodic orbit q	 Therefore we give a special symbol
to these things�

�q � Rn��x� � Qq � Q�n� x� � �
�

Furthermore if q is a r�times repeat of a shorter orbit p of length np� with
n � rnp� which we call reducible orbit� contrary to the other �prime� orbits�
we get

Rn��x� � �r
p � and Q�n� x� � Qr

p � ����

Therefore we can express the sum over �xed points as a sum over periodic
orbits� and if we are cautious and prevent overcounting we get

trLn �
X

p� pprime orbit

np
X
r��

�n�rnp
j�pj rQr

p

j�� �r
pj

� ����

Now we can insert this into ��� to get the cycle expansion for the Fredholm
determinant�

det �I � zL� � exp
�
�

X
p� pprime orbit

X
r��

�

r
zrnp

j�pj rQr
p

j�� �r
pj

�
� ����

If we approximate �
j���r

pj
by j�pj�r� which is well justi�ed for expanding

hyperbolic maps� we get

det �I � zL� � exp
�
�
X
p

X
r��

�

r
�znpQp�
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�
�
Y
p

��� znpQp� �� 

���z� �
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This product is called 
�function because of direct formal analogy with the
Riemann 
�function	
Rather than computing prime orbits x�� � � � � xnp�� from explicitly given

numbers one adopts an abstract point of view and introduces the notion
of symbolic dynamics	 This is often given by a labelling of the di�erent
branches of R�� with symbols of an ��nite or in�nite� alphabet	 An orbit
then corresponds to a sequence of letters� for example ����	 It is reducible
if the symbolic sequence is reducible� for example in the case ������	 The
prime cycles corresponding to a symbolic sequence can in the easiest cases
be obtained by backward iteration of the map R� using the branches of R��

which correspond to the respective symbol	 In the simplest case the alphabet
consists of only two letters � and �	 This is for example the alphabet for
simple quadratic maps	 In table � we display all prime cycles with two
letters up to length eight	

� ����� ������� ������� �������� ��������
� ����� ������� ������� �������� ��������
�� ������ ������� ������� �������� ��������
��� ������ ������� ������� �������� ��������
��� ������ ������� ������� �������� ��������
���� ������ ������� �������� �������� ��������
���� ������ ������� �������� �������� ��������
���� ������ ������� �������� �������� ��������
����� ������ ������� �������� �������� ��������
����� ������ ������� �������� �������� ��������
����� ������ ������� �������� �������� ��������
����� ������� ������� �������� ��������

Table �� Prime cycles up to length �� � symbols

��� Complex cycle expansion

Cycle expansion is an extremely good� highly converging and widely estab�
lished numerical tool in the theory of real low dimensional dynamical systems	
However� there are certainly dynamical systems in which not all solutions to
the equation Rnx � x are real	 To get the real escape rates and spectrum of
the evolution operators as de�ned above one has to sum only over a subset
of the prime orbits	 This so called pruning can be very complicated �rst of
all because the pruning rules can be very complicated furthermore the con�
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vergence of the cycle expansion might be bad even if one knows the correct
rules for generating the orbits	
Intuitively the complex orbits which are �near� the real line might be

responsible for this behaviour� but so far nothing has been found out about
this subject	
We take this problem as a motivation for the analysis of complex dy�

namical systems not only with abstract mathematical methods but also with
the cycle expansion	 In the numerical sections we show that complex cycle
expansion works as well in the complex regime as it does in the real one	
Furthermore there is no pruning involved� which follows in the algebraic case
from the fundamental theorem of algebra	 It turns out that the only problem
is the actual determination of the prime orbits	
The formalism is almost the same as in the real case� because the Fred�

holm determinant can again be expanded as a function of the traces

det�I � zL� � exp
�
�
X
n��

�

n
zntrLn

�
� ����

but for the de�nition of the traces one has to use complex integration	 The
evolution operator is de�ned on C as

�Lf��z� ��
X

��R��z

Q���f��� � ����

where the sum includes real and complex pre�images � of z	 Therefore�

�Lnf��z� �
X

��Rn��z

Q�n� ��f��� �

I
�

d�

��i

Q�n� ���Rn�����

Rn� � z
f��� � ����

The trace follows from this�

trLn �

I
�

d�

��i

Q�n� ���Rn�����

Rn� � �
�

X
��Rn���

Q�n� ���Rn�����

�Rn������ �

�
X
p

np
X
r��

�n�rnp
�Qp�p�

r

�r
p � �

� ����

The stability and the weight function now take in general complex values	
The combination of ���� and ���� is the complex cycle expansion for the
Fredholm determinant	
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��� Sum rules

Sum rules ��� are simple relations between the stabilities of periodic orbits in
the complex plane	 These rules� for example

X
��Rn���

�

Rn����� � � � ����

for any polynomial R� show a high degree of correlation between the various
orbits which may lie at completely di�erent points of the phase space	 These
rules can be derived easily by writing the trace trLn as the contour integral
���� and expanding in powers of �	 If R is a quadratic map one can � with
a bit more labour � establish a recursion relation between various traces
and compute from this information the complete spectral determinant ���	
However� in sections � and � we show how this can be done more easily	
If the Fredholm determinant is known one can always recursively compute

the traces trLn similar to a calculation we perform in section �	 However� we
can also compute sum rules directly from the Fredholm determinant	 Because
sum rules might be useful for numerical checks for the stabilities and cycles
let us demonstrate this brie�y	
Let us for example assume we had a quadratic spectral determinant

det �I � zL� � � � az � bz� � exp

�
�
X
n��

zn

n
trLn

�
� ��
�

Then we can take the logarithm and expand�

X
n��

zn

n
trLn �

X
n��

����n
n

�az � bz��n

�
�X
n��

nX
m��

�
n

m

�
����n
n

an�mbmzm	n

�
�X

N��

zN
�X
n��

nX
m��

�N�m	n

�
n

m

�
����n
n

an�mbm

�
�X

N��

zN

N���X
k��

�
N � k

k

�
����N�k

N � k
aN��kbk � ����

from which we deduce that

trLn � n


n���X
k��

�
n� k

k

�
����n�k
n� k

an��kbk � ����
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For a linear spectral determinant �b � �� this sum rule reduces to

trLn � ��a�n � ����

Sum rules for maps that are related to number theory and plenty ideas for
applications and further steps to go can be found in ���	

� The adjoint equation

��� General theory

A di�erent� mathematically more sophisticated way to information about the
spectrum of evolution operators is given by the solution of an equation for the
eigenfunctions of the adjoint L� of L ���	 However� for this scheme to work�
the iterating mapR and the weightQ are restricted to be rational functions of
the complex variable z on the whole complex sphere	 The evolution operator
is de�ned as the sum over all complex pre�images of z�

�Lf��z� �
X

��R��z

Q���f��� � ����

The main idea of ��� is the following� De�ne the evolution operator L on such
a space that the adjoint operator L� has the same� all in all well behaved
spectrum	 It turns out that by demanding this� L� acts on measures f �

which can be identi�ed with analytic functions f which vanish at in�nity�
and which are analytic everywhere except around the closure of all repelling
periodic orbits of R	 This closure plays a special role in the theory of complex
dynamical systems and is called Julia set J 	 The duality between f and f �

is expressed by

f ��g� �

I
�

dz

��i
f�z�g�z� � ����

for functions g which are holomorphic around J 	 Because the spectrum of L
and L� is the same� it is equivalent to analyze L� instead of L	
Now the equation

f � � L�f � ����

for an eigenmeasure with characteristic value  can be written as an adjoint
equation	 Let us supply the derivation of this equation here	 We have

�L�f ���g� � f ��Lg� �
I
�

dz

��i
f�z�

X
��R��z

Q���g���

�

I
�

dz

��i
f�R�z��R��z�Q�z�g�z� � ����
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For the last equality we actually need two steps� a substitution y � R�z�� dy �
R��z�dz to do this properly one has to go on the Riemann surface of R���
which gives the sum	 Furthermore a contour deformation has to be used	 We
express the left hand side of ���� by ���� and getI

�

dz

��i
g�z�

�
f�z�� R��z�Q�z�f�R�z��

�
� � � ����

That means there exists a functions 	 which is holomorphic around J and
which satis�es the adjoint equation

f�z�� R��z�Q�z�f�R�z�� � 	�z� � ����

From a more detailed analysis of the function spaces one can conclude that
	 has to be rational� with no poles on J � of course	 Because f is holomorphic
outside J one can conclude that 	 can have poles only when R�Q has poles
and the poles of 	 have at most the order of the poles of R�Q	 If we �nd a
function 	� f and a  � C such that ���� is ful�lled and all functions live
in the right spaces we have a solution of the eigenmeasure problem ���� and
therefore determined a characteristic value of L	
The main technical advance in ��� is a general prescription for the solution

of ����	 Before we turn to a short description of this algorithm let us de�ne
the operator K of weighted composition by

�Kf��z� � R��z�Q�z�f�R�z�� ��
�

for brevity	 The algorithm is divided into three steps	

�i� First one solves equation ���� for f in a function space which is bigger
than the function space in which f has to be �holomorphic outside J�
in this �rst step we allow in addition for poles at poles of R�Q and their
pre�images	 In this step we treat 	 as a known function	 The ��nitely
many� coe�cients of 	 are determined later	 For the cycle expansion
educated physicist it is important to note� that one solves ���� for f
in the attracting basin of an attracting �not repelling� periodic orbit
a�� � � � � ap�� with period p	 This might also be an attracting �xed point
at in�nity	 The solution in such a basin is given as a power series

f�� z� �
�X
n��

pn	p��R
pnz��R�Q��pn� z� ����

	p�� z� �

p��X
l��

l	�Rlz��R�Q��l� z� �

�



�ii� Even from the few things we have actually mentioned about function
spaces one can deduce that a eigenfunction f and the function 	 cannot
have poles both at on point z � C 	 In a second step one determines
the coe�cients of 	 so that f is holomorphic at the poles of 		 These
conditions can be translated to a linear equation system	 From a pole
z � c of order L of R�Q we get the equations

� �  l�� � Resz�c�z
lf�� z��� l � �� �� � � � � L� � � ����

The nontrivial solvability condition for this system for all poles of R�Q
gives an equation for the characteristic value 	

�iii� The case 	 � �� that means  is a characteristic value of K itself� is
special	 One has to check whether K has eigenfunctions in the correct
spaces	 To do this one solves the equation

f�z� � �Kf��z� ����

in the attractive basins of attracting cycles a�� � � � � ap�� of period p by
iteration	 Local linearization theorems ��Koenigs function� ���� give
the characteristic value of K	 If �p is the stability of the cycle� the
characteristic values are all p roots

 �
�
�R�Q��p� a���

m
p

�� �

p � m � �� �� �� � � � � ����

��� Application to polynomial evolution

In the case that both R and Q are polynomials we can get remarkably explicit
expressions for the characteristic values of L	 In this case� the problem is an
algebraic one� that means the Fredholm determinant is a polynomial	 Let
q and r be the degrees of Q and R respectively	 Then the degree of R�Q is
r � � � q	 In the adjoint equation

f�z�� f�R�z��R��z�Q�z� � 	�z� ����

	 is then a polynomial	 	 can�t have poles because R�Q doesn�t have poles	
At in�nity f goes to zero at least as z��	 Therefore the degree of 	 is not
greater than q � �	 If we focus our attention to the attracting �xed point
in�nity� we can expand f as

f�z� �
�X
k��

fk
zk

� ����






Inserted into the adjoint equation ���� we get

X
k��

fk
zk
� R��z�Q�z�

X
k��

fk
R�z�k

� 	�z� � ����

To get fl we multiply with zl�� and use Cauchy�s formula �let � be a large
number��

fl � 
X
k��

fk

I
jzj��

dz

��i

zl��R��z�Q�z�

R�z�k
� ����

If k is too big� the integral is zero because the Laurent series contains only
powers smaller than minus one	 One can then �nd a value l� for l such
that the corresponding system closes	 This value equals the smallest integer
larger than q

r��
	 That means that the evolution problem is equivalent to the

eigenvalue problem of the matrix

Blk �

I
jzj��

dz

��i

zl��R��z�Q�z�

R�z�k
l� k � �� � � � � l� � ����

If there are attracting periodic orbits a�� � � � ap�� of period p we have the
additional characteristic values ���

 � �R�Q��p� a��
� �

p � ��
�

If we look hard at equation ���� for 	 � � we see that all necessary cancella�
tions can only occur if q

r��
is an integer	 Then we know from step �iii� of the

solution algorithm that  � �
c
is one of the characteristic values of L� where

c is the leading coe�cient of R�Q	

� Fredholm determinants for quadratic maps

As a warm up and a �rst demonstration of the power of the methods devel�
oped above we calculate the Fredholm determinant for a quadratic map with
a general polynomial weight	
Let R�z� � z� � c� with c � C a complex number� be the iterating map	

�Note that the set of all c for which the corresponding Julia set is connected
forms the famous Mandelbrot set	� Furthermore we de�ne the weight Q as
a polynomial

Q�z� �
NX
n��

anz
n � ����

��



The matrix Blk in ���� then reads

Blk �
NX
n��

an

I
�

dz

��i

�zl	n

�z� � c�k
l� k � �� � � � � N � � � ����

If l � n is even� the coe�cient of an is zero	 Therefore we can solve the
problem by substituting u � z� in ����	

Blk �
NX

n���n	l odd

an

I
�

dz

��i

�zzl	n��

�z� � c�k

�
NX

n���n	l odd

�an
�

�k � ��!
�

d

du

�k��

�u
l�n��

� �u��c

�
NX

n���n	l odd� n��k���l

�an

�
l	n��

�

k � �
�
��c� l�n��

�
�k	� � ����

We observe that the last column is zero except for the element BN	��N	�

which equals �aN 	 This corresponds to the unique solution of ���� for 	 � ��
as noted at the end of the last section	 Therefore a factor � � �aNz can be
factorized from the Fredholm determinant	 In table � we display the �rst
few characteristic polynomials of the matrix B for growing degree N without
this factor	 With a little computer program we could obtain the Fredholm

N Fredholm determinants
� ���

�
a�	 a�� ca�

�
z	� a�a�z�

� �	�
�
�a��a�	�c���a�	� ca�

�
z

	�
�
a�a�	a�a�	��� c���a�a�	a�a��ca��	c�a�a�

�
z�

	
�
a��a��a�a�a�

�
z�

� �	�
�
�a��a�	���	c�a�	���	� c�a�	��c�	� c�a�

�
z

	�
�
a�a�	a�a��� ca�a��� ca�a�	a�a�	a�a�	��c����� c�a�a�
� ca��	��	c��c�a�a�	� c�a�a��� ca��	� c�a�a��� c�a��

�
z�

	
�
a��a��a�a�a��a�a�a�	�� c	��a�a�a��a�a�a�	��	� c�a�a��

	�� c�� c��a�a�a�	a��a��a�a�a��ca�a�a�	c�a�a�a��c�a�a��

	ca��a��c�a�a��	c�a�a�a�

�
z�

���
�
a��a��	a�a��a��a�a�a�a�

�
z�

Table �� Fredholm determinants for the quadratic map evolution operators

determinant for an evolution operator with general polynomial weight of
degree up to �� in reasonable time as a function of the coe�cients of the
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weight and of c	 If we specialize to weights of the form Q�z� � R��z�N �
�NzN � the Fredholm determinants can be computed more e�ciently because
the size of the system reduces by a factor of two	 This is due to the constraint
in the sum in ���� that n � l has to be odd	 A factor ��� �N	�z� factorizes
in this case from the determinant� and the results of our computation are
displayed in table �	 These results with the speci�c weight chosen above

N Fredholm determinants
� �
� � � cz
� � � � cz
� �� c ��� � c� z � � c�z�
� �� c ��� � � c� z � � c�z�
� � � c �c� �� �c� �� z � c� ���� � c� � c�� z� � � c�z�

Table �� Fredholm determinants for quadratic maps with general weight of
the form R��z�N 	

have now been obtained by many methods including sum rules ���	 The
�niteness of this type of spectral determinants has been conjectured in ���
before it could be proved	
As a conclusion let us state that we obtained in this section general ex�

pressions for the spectral determinant for quadratic maps with polynomial
weights	 This is a slight generalization of the results in ���	 Furthermore
we know from the theoretical arguments above that for some values of the
parameter c� namely exactly for those for which the quadratic map has an
attracting periodic orbit� there are additional characteristic values which are
related to the stabilities of the attracting periodic orbits as in formula ��
�	
One theorem in the mathematical theory for iteration of polynomial maps
states that a quadratic map has at most one attracting periodic orbit �in C �
���	 An example is the map z� � �

�
which has an attracting periodic orbit of

period �	

� Approximation of transcendental weights

In the last paragraph we demonstrated that the mathematical tools coming
from the adjoint equation are very powerful in the case of polynomial maps
with polynomial weights	 The direct application of this philosophy to phys�
ical problems �that means real periodic orbits plus the unsigned version of
the traces� would be desirable but is expected to be very complicated	 Here
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we show that however we can get some information about the spectrum of
the evolution operator for weights jR��z�j�s if the Julia set is part of the real
axis	 This means we want to treat problems in which all periodic orbits are
real �no pruning of orbits�	 This family of weights includes the physically
most interesting weight with s � � for which the escape rate is included
in the spectrum	 As an example we choose iteration with quadratic maps	
These problems can also be attacked for any weight function with the cycle
expansion in a systematic way and to high accuracy	 Therefore we compare
numerical results between the two approaches	

��� Expansion of the weight

The idea in the analytic approach is to expand the weight function

Q�z� � jR��z�j �s ����

with s � ��� ��� for example into a power series which yields systematic ap�
proximations of it	 To do this� we have to know� where we expect the Julia
set to be	 Only with this knowledge can we say something about convergence
of the series	
Let R�z� � z� � c	 We search for an interval ��x�� x�� such that

R���x�� x��� � ��x�� x��andR�x�� � x� � ����

That means that there is no pruning and x� is the largest �xed point of R�
see �gure �	 This �xed point

x� �
�

�
�

r
�

�
� c ����

has to be real� which means that c is also real and c � �
�
	 From ���� it follows

that we have to demand that R��� � c � �x�	 This is ful�lled if c � ��
which we now take as the range for the parameter c	 In this range the Julia
set is real and Cantorian because c is outside the Mandelbrot set	 We know
that J � ��x�� x��	 After one iteration we get

J �MJ �� ��x���
p�x� � c� � �p�x� � c� x�� � ����

�For this we just see that the equation R�z� � �x� is solved by z � x� �
	p�x� � c�	 This means that we look for an approximation to the weight
jR��z�j �s which is good on MJ 	 Let z be in MJ 	 Then z� is in �x��� x

�
�� �

� jcj � x�� jcj � x��	 We know that jcj is bigger than x�	 Therefore�
z�

jcj � ���
x�
jcj � � �

x�
jcj � � ��� �� � ����

��



Figure �� Schematic plot of the map R

If we de�ne x as

x �
z�

jcj � � � ��
x�
jcj �

x�
jcj � � ����

then x is a good �small� expansion parameter	 For smaller values of x�
jcj
the

expansion will converge faster	 This is the case for c� �
	
Now let us write the weight for real values of z as

jR��z�j �s � ��s jzj �s � ��s jcj�s���� � x
��s��

� ��s jcj�s���� �X
m��

����m s
�
� s
�
	������ s

�
	m���

m�
xm � ��
�

by binomial expansion	 We approximate this power series by �nite polyno�
mials

qs�N�z
�� � ��s jcj�s��

�
� �

NX
m��

����m s
�
� s
�
	������ s

�
	m���

m�

�
z�

jcj
� ��

�
�
����

The approach of these polynomials to the correct weight for s � � is shown in
�gure � and �	 In both cases the polynomials q��N are plotted for N between
� and �	 They are displayed in the relevant and� to make it comparable�
rescaled range in the variable x� see equation ����	 Furthermore the correct
weight jR��z�j �� is depicted	 This function is approximated from below	 One
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can see clearly that the quality of the approximation is poorer if c approaches
��	 If the cycle expansion with the weight jR��z�j �s deviates from the
systematic approximation� periodic orbits at the border of the interval in
���� must be held responsible	
Let us write down the matrix Blk for this problem�

Blk �

I
jzj��

dz

��i

�zlqs�N�z
��

�z� � c�k
l� k � �� � � � � �N � ����

This is zero if l is even	 Therefore the problem reduces to the odd rows and
columns of B	 As in section � we can now perform a substitution u � z� to
get

B�i	���j	� �

I
juj���

du

��i

uiqs�N�u�

�u� c��j	�

�
�

��j�!

�
d

du

��j

�uiqs�N�u��u��c � ����

These derivatives can now be computed along the lines of section �	

��� Numerical study

First we turn to the computation of the spectrum of the physical evolution
operator with weight jR��z�j�s with the cycle expansion	 We show that the
cycle expansion for the Fredholm determinant converges super�exponentially	
Therefore the limits we get for the escape rate are treated as the correct val�
ues for this system	 Then we compute for certain orders of the approximation
to this weight the �correct� spectrum of the transfer operators with the cycle
expansion	 Here we can compare with the exact data from our mathemat�
ical theory	 Finally we compute the spectrum of the transfer operator with
increasing order of the approximation	 We conclude with a discussion	
The application of cycle expansion is straightforward	 First we compute

the prime cycles with symbols � and � for the two branches of the inverse
map by backward iteration	 The convention we adopted was

symbol � �� iteration with �pz � c

symbol � �� iteration with
p
z � c �

This converges rapidly to the unstable periodic orbits	 As an example we
display in table � the prime orbits for c � ���� which correspond to the
symbolic sequences up to length � in the order shown in table �	 The accuracy
of these orbits is machine precision	 The prime orbits are the data necessary
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Symbols Periodic orbits for c � ����
� ��	���
��
� �	���
��
�� �	����
� ��	����
�
��� �	����
� ��	������ ��	����
�
��� �	����
� �	������ ��	
�����
���� �	
����� ��	������ ��	�
���
 ��	������
���� �	�����
 �	������ ��	
����� ��	������
���� �	������ �	���
�� �	
����� ��	������
����� �	���
�� ��	������ ��	������ ��	������ ��	
���
�
����� �	������ �	����
� ��	
����� ��	������ ��	������
����� �	������ ��	����
� �	������ ��	������ ��	�
����
����� �	��
��� �	������ �	
�
�
� ��	����

 ��	���
��
����� �	������ �	��
��� ��	
����� �	�
���� ��	��
���
����� �	�����
 �	������ �	
����� �	������ ��	������
������ �	��
��
 ��	������ ��	������ ��	����
� ��	
����� ��	����
�
������ �	������ �	��
��� ��	
����� ��	������ ��	������ ��	������
������ �	
����� ��	������ �	�
���� ��	�����
 ��	������ ��	�
��
�
������ �	��
��� �	������ �	
����� ��	�����
 ��	�
���� ��	������
������ �	������ �	������ ��	
��
�� �	����
� ��	������ ��	����
�
������ �	�
���� ��	������ �	������ �	������ ��	
����� ��	������
������ �	������ �	������ �	
�
��� �	����
� ��	������ ��	���
��
������ �	������ �	������ �	
����� ��	������ �	�
���� ��	������
������ �	������ �	������ �	
����� �	������ �	������ ��	������

Table �� Periodic prime orbits up to length � for the quadratic map R�z� �
z� � c for c � ����	 Each line builds an orbit� the lines have to be read from
right to left for the map R	

n trLn an
� �	������ �	�����e���
� �	������ �	�����e���
� �	������ �	�
���e���
� �	�����
 �	�����e���
� �	������ �	�����e���
� �	��
��� �	�

��e���

Table �� Traces of powers of the evolution operator up to power six� computed
with the cycle expansion ���� from the data in table � and coe�cients of the
corresponding spectral determinant	
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for the computation of the traces of the evolution operator along the lines
of equation ����	 In table � we show the traces for c � ���� and maximal
cycle length equal to �	 From the traces the corresponding coe�cients of the
spectral determinant can be computed recursively	 If we make the ansatz

det�I � zL� � ��
X
n��

anz
n � ����

we have from equation ��� that

z
d

dz
log det �I � zL� � �Pn�� nanz

n

��Pn�� anz
n
� �

X
n��

zntrLn � ����

Therefore� X
n��

nanz
n �

�
��

X
n��

anz
n
�X
n��

zntrLn

�
X
n��

zn
�
trLn �

n��X
m��

amtrLn�m
�

����

from which by comparison of coe�cients follows�

an �
�

n

�
trLn �

n��X
m��

amtrLn�m
�
� ����

The �rst six coe�cients of the spectral determinant for our example c � ����
are displayed in table �	 One can see that the coe�cients are decreasing
rapidly	 That means that we can expect that the zeros of the polynomial
build from the �rst p coe�cients of the spectral determinant give a good
approximation to the characteristic values of the Fredholm determinant	 The
smallest characteristic value is connected to the escape rate via equation ���	
For c � ���� we observed that at a maximal cycle length of �� we can get
the escape rate to machine precision	 For smaller values of c the convergence
is of course faster� because the escape rate will be higher	 The results for
various values of c are shown in table �	 In �gure � we demonstrate the fast
convergence to the �true� values for c � ���� and c � ����	 The regime
c� �
 can be explored analytically by approximating the map R by tent
maps� which can be exactly solved	 Then the largest eigenvalue grows asp jcj 	
Now we have computed the spectrum of the evolution operator L with

weights q��N�z
�� for N between � and � with the cycle expansion and from
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c Escape rate �
��	� �	���
������������

��	� �	�������
���������
��	� �	����������
�
����
��	� �	��
����������
���
��	� �	�
���������������
��	� �	�������
���������
��	� �	������������
����
���	� �	����������������

Table �� Escape rate for the quadratic map R�z� � z�� c for di�erent values
of c computed with cycle expansion	

Figure �� Convergence to the escape rate as computed in various orders of
cycle expansion	

�




N � � N � � N � �
cycle expansion
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����	����
������	��
���� ���	�
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����	����
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���� ����	������ �
�	������

����	������ ����	��������	������� ����	
�����
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�
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���

�����	������
exact characteristic values
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 �	��������
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���� ��
	������� ���	�������

����	����
������	��
���� ���	�
��
�� ���	�������
����	����
�����	��
���� ����	��
��� �
�	������

���	������ ����	������
���
�	����� ������	���������	� �

������	��������	� �
����
�	����

Table �� Characteristic values of the transfer operator for c � ���� with
polynomial weight q��N�z

�� for N between � and � as computed with cycle
expansion of order � and with the exact mathematical method	
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the matrix Blk in ���� for an exemplary value c � ����	 The results are
shown in table �	 We found that we got the bet values for the higher eigen�
values for an order of � of the cycle expansion	 In table � we display the
best approximation to the spectrum	 We see from the table that we get the
�rst four eigenvalues with a reasonable accuracy	 The conclusion is that it
is much harder to compute the whole spectrum with cycle expansion than
only the �rst few eigenvalues	 At this point a systematic approximation of
transcendental weights by polynomials combined with an exact evaluation
seems to be reasonable if the numerical work in doing the approximation is
not too big	 In other words� the numerical applicability of the approximation
depends on the convergence of the spectrum to the �true� spectrum	 There�
fore let us turn to this question and �nd out how precise we can determine
the spectrum as function of the order N of the polynomial qs�N 	 As a �crude�
measure for the convergence to the �true� spectrum we measure the approach
to the �true� escape rate which we can get from the cycle expansion	 This

Figure �� Convergence of the escape rate as computed by approximating the
weight jR��z�j �� by the polynomials q��N to its �true� value as computed by
cycle expansion	

convergence for c � ���� up to N � �� is displayed in �gure � in a log�log
plot	 One can see that the convergence is stronger than exponentially	 If
one goes from an even to an odd degree N one loses accuracy	 This is quite
surprising	 One has to compute high order approximations to the weight
even at c � ���� where we expect that the approximation should work �ne	
That means that in principle the approximation of transcendental weights
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works �ne� for numerical purposes however one has to go to high orders	 We
can a�rm our statement by the observation that at N � �� only the �rst
three characteristic values have assumed their asymptotic values	
Let us end this somewhat lengthy discussion of the approximation of

transcendental weights by polynomials by indicating some open questions	
Is it possible to solve any real problem in this way" Can the convergence
be improved if one chooses di�erent approximations� for example in a basis
of other orthogonal polynomials" How can this be generalized to complex
problems� that means problems in which the Julia set is not a subset of R"

� Application of complex cycle expansion to

quadratic maps

In this section we want to demonstrate the applicability of the complex cycle
expansion to the theory of complex dynamical systems	 To this end we show
�rst that complex cycle expansion works at all by computing the �nite Fred�
holm determinants of section � for the quadratic map 	 Then we compute
the spectrum for evolution operators with weight R��z��� where R is again
the quadratic map	 This has the advantage that we can develop the math�
ematical theory of section � further and compare with the exact formulas
obtained with these methods	 With the help of complex cycle expansion we
�nd some conjectures for the exact form of non��nite and nontrivial spectral
determinants for parameters c of the quadratic map at the border of the
Mandelbrot set where the mathematical methods fail	

��� Complex cycle expansion

As we have already noted in section � the complex cycle expansion has almost
no formal di�erences to the real one	 However there is a big practical di�er�
ence	 In the complex case it is much more complicated to �nd the periodic
prime orbits	 This is because there is no apparent reason why the abstract
symbolic sequences should should be related to the explicitly found periodic
orbits in the same way as for real problems where we have good reasons for
believing in this relation	 Directly stated this means that we iterate back�
wards and relate the two branches of the quadratic map to the symbols � and
� respectively the cycle we determine might come up as reducible although
the symbolic sequence is prime	 Furthermore it might happen that we iterate
with three symbols and determine a cycle of period six with where we cycle
through three numbers �rst and then through the three complex conjugates
afterwards	 Shortly speaking we could observe all sorts of strange behaviour	
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If we search for the periodic orbits with the Newton�Raphson method we
have even less control over their positions	 One idea to solve this problem
in general is to continue the labelling of orbits one gets for the not�pruned�
completely real case to the case of complex periodic orbits	
For the backward iteration of the quadratic map we need to take square

roots of complex numbers	 The square root is de�ned on a complex plane
which is cut along a line from zero to in�nity	 In our case we always choose
a straight line cut which forms an angle � with the real positive axes	 If we
tune the angle � we can �nd a value for which we �nd all periodic orbits up
to a certain period	

symbols Periodic orbits �real part� imaginary part�
� �������������������
� �������������������

�� �������������������� ���������������������
��� ������������������� �������������������� �����������������
��� ������������������� �������������������� ��������������������

���� ������������������� ������������������� ������������������� �������������������
���� ����������������� ������������������� �������������������� �����������������
���� ������������������� ������������������� ������������������ ������������������

Table �� Periodic prime orbits for the quadratic map R�z� � z� � i in the
complex plane up to length �	

As an example table � shows all periodic prime orbits up to length � for
the quadratic map R�z� � z� � i	 Note that i lies inside the Mandelbrot set�
therefore the corresponding Julia set is connected	 For values of c outside
the Julia set the search for prime orbits was in general easier	 With the
prime orbits we can compute the Fredholm determinant up to order �	 If
we choose the weight � or in general a polynomial� we know the exact result
from the theory developed in section �	 For weight � the spectral determinant
is simply equal to �� �z	 If we compute the spectral determinant with the
complex cycle expansion we get for c � i the contents of table 
	 We take the
equality as an indicator for the fact that we determined the periodic prime
orbits up to order � correctly	
Therefore we suggest to do the comparison with the �nite and known

spectral determinants to �nd out whether all periodic orbits could be deter�
mined or not	 It might be interesting to note that in the case c � i we had
to tune � to � � ����	

��� Nontrivial example

Once we know that we determined all periodic orbits up to a certain order
p correctly we can study evolution operators with any weight function we
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n Coe�cient an
� ��	��������	�������
� ���	���������	�������
� ���	���������	�������
� ���	��������	�������
� ��	��������	�������
� ���	��������	�������
� ���	���������	�������
� ��	���������	�������
� ���	��������	�������

Table 
� Coe�cients of the spectral determinant in complex cycle expansion
up to order � for the map R�z� � z� � i	

choose	 From that point on we can use the full power of cycle expansion	
Here we want to demonstrate this and choose the weight Q�z� � R��z���	
First we solve the corresponding adjoint equation	
In the case R�z� � z� � c and Q�z� � R��z��� the adjoint equation ����

is

f�z�� 
f�R�z��

R��z�
� 	�z� � ����

	 can only have poles when R�Q�z� � �
R��z�

� �
�z
has poles� that means 	 is

holomorphic except possibly at zero	 Furthermore we see from ���� and the
behaviour of f at in�nity that 	 tends to zero as z goes to in�nity	 Because 	
is only determined up to a constant we know that either 	�z� � �

z
or 	�z� � �	

Bearing this in our mind we can easily solve step �i� of the solution algorithm
for equation ���� in the attractive basin of the �xed point in�nity if 	�z� � �

z

by writing equation ���� as

f�� z� �
�X
n��

n	���R
nz�

�

R�
�n� z� �

�X
n��

n

Rn�z�Rn��z�
� ����

From equation ���� we now get the condition for  �step �ii���

� � Resz���f�� z��

�
�X
n��

nResz���
�

Rn�z�R��z�R��R�z�� � � � R��Rn���z��
�

�
�X
n��

����n

R���R���� � � �Rn���
��  �� � ��
�
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If the parameter c lies outside the Mandelbrot set M then we know that �
iterates to in�nity	 Upon iteration of equation ���� we deduce from f�Rnz�

Rn ��z�
�

� as n � 
 for large absolutes of z that 	 cannot be identical to zero	
Otherwise f would also be identical to zero and could not be an eigenfunction	
Then we know already that 	�z� � �

z
and the characteristic values  are

determined by ��
�	 Their computation thus only involves forward iterates
of zero	 The same holds true after meromorphic continuation of  �� if c
lies in the interior of M and has an attracting periodic orbit of period p
the points where  �� has poles can be given explicitly ���	 If � lies on the
attracting orbit  �� reduces to a polynomial	
As an example for the fast convergence of the power series ��
� for  ��

for values of c outside the Mandelbrot set we show in table �� the �rst

n ��an����an��
� ��	����e�����	����e����
� ��	����e������	����e����
� ���	����e�����	����e����
� ���	���
e�����	����e����
� ���	����e������	����e����
� ���	���
e�����	��
�e����
� ���	�
��e�����	��
�e����
� ���	����e������	����e����
� �
	����e������	�
��e����

Table ��� The �rst eight coe�cients an of the spectral determinant of R for
c � �i	

eight coe�cients of the spectral determinant  �� at c � �i	 They decrease
rapidly with the order� therefore we can compute the spectrum from the �rst
few coe�cients to a high precision	 The leading characteristic values for our
example are displayed in table ��	
With the complex cycle expansion the spectrum can also be determined	

We got the best approximation at the sixth order of the expansion	 To higher
order roundo� errors deteriorate the result	 Our best values are displayed in
the third column of table ��	
Now we want to test the complex cycle expansion for a chaotic map which

has a pruned symbolic dynamic in the real case	 If we choose the parameter
c such that z � � iterates after N steps to the less repelling �xed point of
R�z� � z��c then the map R is chaotic ��� ��	 The solution to this for N � �
is c � ��������
����
��������	 Around this point the Mandelbrot set M is
homeomorphic to a line� that means this value for c lies at the boundary of
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n n by ��
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��
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� �����
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	���

Table ��� Characteristic values corresponding to the Fredholm determinant
in table �� compared with the values from complex cycle expansion to order
�	

M 	 Therefore the spectrum cannot be determined directly from ��
�	 The
complex cycle expansion shows� that this is a hard problem to solve	 The

n an n an
� �	������ 
 �	�����

� ��	����

 �� ��	������
� ��	�
�
�� �� �	������
� �	���
�� �� ��	������
� ��	������ �� �	������
� �	����

 �� ��	������
� ��	������ �� �	������
� �	������ �� ��	������
� ��	������

Table ��� Spectral determinant for a chaotic quadratic map up to order ��
in complex cycle expansion	

coe�cients for the spectral determinant are depicted in table ��	 One can
see that they don�t decrease rapidly enough to yield a good estimate for the
spectrum	 We observe� that all coe�cients are real	
Another way to get information about the Fredholm determinant for

this value of c might be to approximate c from c values outside the Man�
delbrot set M and use formula ��
� to compute the spectrum	 It is not
obvious that this converges to the correct Fredholm determinant at c �
��������
����
��������	 In �gure � we show that it indeed does	 Here we
add small imaginary parts to c and study the behaviour of the coe�cients
of the Fredholm determinant	 In the �gure the absolute values of the co�
e�cients are depicted on a logarithmic scale	 With every reduction of the
imaginary part by a factor of ten we get three more coe�cients of the actual
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Figure �� Decrease of the coe�cients of the spectral determinant as computed
with equation ��
� for small imaginary parts added to c � ��������
 � � �
compared to the cycle expansion of order �� at real c	

chaotic spectral determinant	 However we didn�t �nd it particularly practical
to compute approximately �� orders of ��
� and to compute the zeros of the
resulting polynomial	
However� �gure � shows that the coe�cients an of the spectral determi�

nant are decreasing approximately as �qn for some � and q	 Furthermore we
see from table �� that the coe�cients alternate from order two on	 Therefore
we propose to study this system by measuring q and � and by calculating
the resulting geometrical series�

 �z�q� � �� �z � �
X
n��

��z�n � �� �z � �
z�

� � z

�
� � ��� ��z � ��z�

� � z
� ����

if we assume that the scaling form holds from element a� on	 In table �� we
show that the scaling assumption holds true to an unexpected accuracy by
computing the ratio of respectively two coe�cients which should be equal to
��q	 Because in higher order of cycle expansion there are big in�uences from
roundo� errors we did this computation to eighth order of cycle expansion	
The cycles are computed with an absolute precision of �����	 With the same

��



n an
an��

� �
q

� �	��������������
�
� ��	���������������

� ��	����������������
� ��	�������������
��
� ��	����������������
� ��	���������������

� ��	���������������


Table ��� Ratios of respectively two neighbouring coe�cients of the Fredholm
determinant for the chaotic square map as computed by the cycle expansion
to order eight	

accuracy the scaling assumption is valid	 I conclude that this cannot be
good luck and conjecture therefore that ���� is the exact form of the spectral
determinant in this case	
From the data in table �� and �� we can compute the parameter � and

get

� � �������
����
���� � ��� c � ����

The spectral determinant computed with these parameters is depicted in

Figure �� Spectral determinant for the chaotic quadratic map	
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�gure �	 The zeros are at z � � and at z � ����
��
��� the pole lies at
z � ��

q
� ����������	

Once the scaling an � �qn for the coe�cients of the spectral determinant
is known it is possible to compute exact relations for the parameters �� q and
c from the traces of L and L�	 To order z we have

�q � trL � ����

The trace can be computed analytically�

trL �
X

��R���

�

R�����R����� ��

�
�

�� �
p
�� �c�p�� �c �

�

���p�� �c�p�� �c
� � �

�c
� ����

Therefore the �rst relation is

�q � � �
�c

� ����

The analytical computation of trL� involves a bit more e�ort but is straight�
forward	 The result is

trL� �
c� �

�c��c� ��
� ����

That means that we get the second condition from the second order of cycle
expansion�

� a� � �q� � � �

�c�

�
�� c� �

c� �

�
� � �

�c��c� ��
� ����

The combination of ���� and ���� yields

q �
�

�c�c� ��
�

� � ��c� �� � ����

This con�rms the numerical found ����	
The same analysis holds true with slight modi�cations if we choose c

such that the critical point z � � maps to the less repelling �xed point after
N � � iterations	 From the examples below we deduce an in�nite family of

�




N c
� ��	�
�
��
��
����
����
� ��	
��
������
�
�
����
� ��	�
�����
�����������

��	�������������������
��	

����������
������

Table ��� Values for c for which the critical point z � � iterates after N steps
to the less repelling �xed point of R for N � �� �� �	

conjectures for the form of spectral determinants for �real� chaotic quadratic
maps with values of c at the border of the Mandelbrot set	
Some values for c for which the critical point iterates after N steps to the

�xed point as discussed above are depicted in table ��	 To be concrete these
values of c are the solutions of the equation

RN��� �
�

�
���p�� �c� � ����

which is purely algebraic	 Of course solutions for N � � are also solutions for
higher values of N etc� and in the table only the new solutions are depicted	
For higher values of N the numerical determination of the solutions of ����
is naturally more di�cult since more and more solutions are generated which
cumulate at c � ��	
Now we do the complex cycle expansion for these values of c	 The re�

sulting coe�cients of the spectral determinant and their successive quotients
can be found in table ��	 For brevity we show only six digits for the results
which were obtained to �� digits	 One can clearly see that the coe�cients
an of the spectral determinant assume also a scaling form for the values of
c depicted in table �� which iterate after N � � steps to the less repelling
�xed point	 However� for N � � the scaling form of the coe�cients an is only
assumed for n � N � ��

an � �qN��	n � forn � N � � � ��
�

I conjecture that the spectral determinant has in general the following form�

det ��� zL� � � �
N��X
n��

anz
n � �qzN�� � �q�zN�� � �q�zN � � � �

� � �
N��X
n��

anz
n � �qzN�� � �q�zN��

� � qz
� ����

��



Coe�cients an of Fredholm determinant
n c � ����
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Quotients an
an��

of coe�cients
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�

Table ��� Results for the spectral determinant from complex cycle expansion
to order eight for the values of c in table �� and their successive coe�cients	
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with a simple pole at z � ��
q
	 The information which is necessary to com�

pute the complete spectral determinant are the traces trLn for n from � to
N��	 The in�nite problem of computing all coe�cients of the Fredholm de�
terminant is therefore reduced to a �nite problem� similar to the polynomial
evolution with a polynomial weight� where this can be proved mathemati�
cally	
Let us illustrate this way for determining the spectral determinant for

some other examples	 We know that c � i is also a point at the border of the
Mandelbrot set	 As above we can�t apply the mathematical tools of ��� to get
the Fredholm determinant	 Therefore we use the complex cycle expansion to
determine the spectral determinant  �z� � ��

P
n�� anz

n up to order eight	
The result can be found in table ��	 In the third column we have listed the

n an
an

an��

� ��	��������	�������
� ���	���������	������� ���	��������	�������
� ���	��������	������� ��	���������	�������
� ���	���������	������� ���	��������	�������
� ���	��������	������� ��	���������	�������
� ���	���������	������� ���	��������	�������
� ��	���
����	���
��� ��	���������	�������
� ���	���
����	���
��� ���	��������	�������
� ��	���
����	������� ��	���������	�������

Table ��� Spectral determinant for the map R�z� � z� � i as computed with
complex cycle expansion up to order � quotients of successive coe�cients	

ratios an
an��

	 Again we observe a structure in these numbers	 If we multiply
two successive ratios with each other we see that

a�n��

a�n	�
� � � �i and

a�n
a�n	�

� � � �i � ����

Again we conjecture that this holds true to any order of cycle expansion	
Then we can write the spectral determinant as

 �z� � � �
X
n��

anz
n � � �

X
n��

�
a�n��z

�n�� � a�nz
�n
�

�
X
n��

��� � �i�a�
z

z�n

�� � �i�n
� �� � �i�a�

z�n

�� � �i�n
�

�
a�z � a�z

�

�� z�

�	�i

�
�iz��� z�

�	�i

�� z�

�	�i

� ����

��



The zeros of this function lie at � and at �� �i	
One can perform the same analysis for c � �i	 Of course one gets exactly

the complex conjugate result�

 �z� �
iz��� z�

���i

�� z�

���i

� ����

We note that the conjectures ���� and ���� are compatible with the �math�
ematically unjusti�ed� application of ��
� to these problems	 That means
we can solve for all coe�cients in the conjectures by just comparing them to
this formula	 That means that the value of q in the example ���� is given
by ��q � � � p�� �c� and the parameter � is ��N	� times the inverse of
the product of all images of �� R��� � � � RN�����	 Despite the simplicity of
this result� we feel that it is not unnecessary labour to �nd these conjectures
by using the complex cycle expansion	 This is completely independent from
formulas like ��
�	 Therefore it is adapted to use cycle expansion if we don�t
know� whether we can apply the mathematical theory or not	 However� as
a �nal result let us state that we conjecture from the results in this section
that formula ��
� holds true also for all values of c on the boundary of the
Julia set after analytic continuation	

� Conclusion

In this report we have analyzed the relation between cycle expansion and ad�
joint equations in great detail for many di�erent examples	 We established
the complex cycle expansion as a tool in the theory of complex dynami�
cal systems and vice versa	 Exact mathematical results can be very helpful
for numerical checks	 Typical problems which can be attacked in an e�cient
way in this spirit are checks whether all complex orbits have been determined
with the correct stabilities	 On the other hand we could demonstrate that
complex cycle expansion can lead one to new and exciting conjectures about
the general form for nontrivial spectral determinants	 These conjectures are
the main results of our computations	
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