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nave : @ tUrbulent pipe flow

a:how much power?

to move crude at velocity (v)?



velocity v of a fluid element is an ‘observable’

to evaluate

of observable v averaged over all field configurations

(v) = /dCDp[CD] vio], do=]]d¢.

need to know the probability of every field configuration ¢



a turbulent pipe flow’

we have a detailed theory of small turbulent fluid cells?
can we can we construct the infinite pipe by tiling it by

small turbulent configurations ?

Q. what would that theory look like ?
A. it’s here : this talk

1 Phys. Rev. E 87, 063012 (2013).
2 J. Fluid Mech. 611, 107-130 (2008).


https://doi.org/10.1103/PhysRevE.87.063012
https://doi.org/10.1017/S002211200800267X

the answer is :

new

spatiotemporal zeta function
B8l = [[¢é
p

®, = aprime (non-repeating) multi-periodic state

will explain

3P Cvitanovic and H. Liang, A chaotic lattice field theory in two dimensions,



wisdom of statistical mechanicians

partition function
field configuration ¢ occurs with probability

po) = L& 7= 7))
partition function = sum over all field configurations

ZlJ] = / [dg] e SI1He [ag] = ] jﬁ—ﬁ




how likely is a configuration ¢?

p(®) = %e‘s["’]

this talk : determine probability of field configuration ¢



semiclassical field theory

sum over all deterministic configurations !



field configuration ® occurs with probability amplitude
p(o) = L etz (o]
partition sum = integral over all configurations

2] = [tdelehtere g =] S22

evaluate how ?
here : WKB or semiclassical approximation



method of stationary phase

defining equations
6S[de]
0z

0

a global deterministic solution ¢, satisfies this local extremal
condition on every spacetime point z

WKB or semiclassical approximation

S[9] = 5[0 + 3(® ~ 00) To(¢ ~ 0) + -

orbit Jacobian operator
525[®]

(jC)Z/z = —5¢2,6¢z oo,




deterministic solution o, probability amplitude
1 eiSlocl+ime
p(®c) = Z ot Z=Z[0]
partition sum : support on deterministic solutions

o (S[®c]+me+®c-J)

Z[J] = Z Det 7| 1/2
c

example : Gutzwiller trace formula*
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1D time evolution quantum mechanics, so not field theory

e/S[(D cl+ime

|Det | '/?

J. Math. Phys. 8, 1979-2000 (1967).


https://doi.org/10.1063/1.1705112

bird’s eye view

semiclassical field theory
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deterministic field theory
is its WKB backbone
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new |

deterministic field theory

deterministic partition function :
sum over the deterministic solutions



periodic states



definition : periodic state is

global

o, = {¢c,z}

= set of field values

periodic along each translationally invariant direction

that satisfies the
local

Fl®cl, =0

on every spacetime point z of multi-periodic primitive cell A



a global deterministic solution &

satisfies the local defining equations
everywhere all at once



search for zeros of defining equations
F[¢C]Z — 0
the entire global periodic state . over primitive cell A is

a single point (¢1, g2, -, én)

in the V.-dimensional state space, ¢ ¢



periodic state’s primitive cell
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primitive cell A = [3x2]4 that tiles a relative-periodic state



«««««

Kuramoto-Sivashinsky tiling by
relative-periodic state (L, T) = (33.73,35)

Gudorf 2018



optimization of rough initial guesses converges
no exponential instabilities

stability : compute on reciprocal lattice

gitHub code®

Orbithunter: Framework for Nonlinear Dynamics and Chaos,



stability exponents



deterministic field theory : bird’s eye view

Dirac porcupine

p[¢A

p®a] pP[®g]
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The Importance of Being ¢

d, is an exact, deterministic solution, so its

probability density
is Vc-dimensional Dirac delta function ( !!! determinism !!!)

Pe(®) = - o(F[®])

1
z

and

probability weight of deterministic solution ¢,

/[dd>]5 FIoD = e :JI

M = small neighborhood of periodic state ¢,

our task : evaluate Det 7,



the most important thing : understand perturbations

o find a deterministic solution
F[®:]; =0 fixed point condition
o then evaluate Det 7, of

orbit Jacobian operator
OF[®c]2

(jc)z’z = Tm

what does this global orbit Jacobian operator do?

global stability
of periodic state ®., perturbed everywhere




perturbations are into full state space

-101234567891011

repeats of a period-5 periodic state o,

-101234567891011+
an internal perturbation h;, periodicity of ., has discrete
spectrum, evaluated over ®.’s primitive cell

-101234567891011
a transverse perturbation h, has continuous spectrum,
evaluated over ®.’s Brillouin zone®

A S Pikovsky. Phys. Lett. A 137, 121-127 (1989).


https://doi.org/10.1016/0375-9601(89)90096-0

neW ' functional ‘fluctuation’ determinant

Det J¢

must be computed on the

infinite Bravais lattice



N eW ' assign to each periodic state ¢
stability exponent ). per unit-spacetime-volume

exact

1 — Ve

|Det J¢|
in any spacetime dimension

@ )\ : stability exponent
@ V;: &, Bravais lattice volume, the number of lattice sites in the primitive cell

vastly preferable to the
dynamical systems forward-in-time formulation



exact
is given by bands over the Brillouin zone

traditional periodic orbit theory’-89

alles falsch :(

is not smart :
finite periodic states orbit Jacobians are only approximations

J. Math. Phys. 8, 1979-2000 (1967).
Bull. Amer. Math. Soc 82, 153-157 (1976).
Chaos: Classical and Quantum,


https://doi.org/10.1063/1.1705112
https://doi.org/10.1090/S0002-9904-1976-14003-7

orbit Jacobian operator

smooth curves : Brillouin zone bands'©
discrete points : orbit Jacobian matrix spectrum consists of n

eigenvalues embedded into A(k)

H 5 . ‘
.

- -2n/3 -m/2 0 ni2 2ni3 w k

period 3 (triangles)
period 4 (diamonds)

10 J. Phys. A 55, 304002 (2022).
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https://doi.org/10.1088/1751-8121/ac76f8

orbit Jacobian operator

smooth surfaces : Brillouin zone bands

V.

black dots : orbit Jacobian matrix eigenvalues,
finite volume primitive cells

[left] primitive cell periodicity [8 x 8]
[right] primitive cell tiled by repeats of [2x 1], periodic state



in 2D spacetime, the stability exponent
Ae = l In Det 7,
c — Vc C

is given by the band integral over the Brillouin zone

exact
w/Le  pm/Te

dlk; ko In p(k1 )2+ p(ko)? + ug) ,
—7/Lle J—7/T¢

‘lattice momentum’ p = 2sin &

can you do it analytically ?



deterministic field theory

deterministic partition function :
sum over the deterministic solutions



deterministic partition function has support only on
the solutions ¢ to saddle-point condition

5S[0] _

0
002

Floc]z =

which we refer to as

Fl®c]-=0

note : works both for dissipative and Hamiltonian systems



®. is an exact, deterministic solution, so its

is V.-dimensional Dirac delta function ( determinism !!!')

pe(®) = 3 3(F[))

and'!

deterministic

Z[J] = Z / [d®] 6(F[®])e Z |Detjc

M = small neighborhood of periodic state ¢,

sum over probabilities of all periodic states over primitive cell A

" A chaotic lattice field theory in two dimensions,



deterministic field theory

new |

deterministic partition sum is a-mazing !
literally the sum over all periodic states ¢

Z[ﬁ,S] = Z tc

e = (eﬁ-vc—/\c—S)Vc

@ . : weight of periodic state ¢

@ )\ : stability exponent

@ v, : Birkhoff average of observable v over periodic state ¢,
@ V; : Bravais lattice volume

@ s: ‘entropy’ parameter



expanding stability exponents Ac
exponential periodic states Ny

the precise sense in which
a field theory is deterministically chaotic

nOte : there is no ‘time’ in this definition



periodic orbit theory



then this happens

the 3rd theorist says : wait ! if you have a symmetry,

you must use it !

replace the partition sum by the zeta function :

Z[/Bas] 7|nC[67s]

the two solid state guys get up, go to another bar

what’s up with {[3, s] ?



new |

deterministic zeta function



o is either prime,
or a repeat of a prime periodic state ¢,

Bravais lattice [6 x 4], blue dots, is a sublattice of
[3x2]4, blue and red dots

prime periodic state : primitive cell is a [3x 2]; (gray)
4th-repeat of a prime : primitive cell is [6 x 4], (green)



for every translational symmetry, replace the partition sum over
periodic states &,

Z[ﬂ,S] = Z tc

by sum over prime periodic states ®p,

a product over all prime orbits?

o0

1/¢=T11/¢. 16 =1[0-1)
p

n=1

2 spatiotemporal dim : Euler function (1741)

a Euler and the pentagonal number theorem,




what is all this good for ?



nave : @ tUrbulent pipe flow

a:how much power?

to move crude at velocity (v)?



zeta function predicts

expectation value of any observable ‘v’

8%%3]
V) = %69
s

B8=0,5=5y

where one needs to'2

average observable over each prime orbit
A
1

<V>P = VA Z V(q)p)z

z
... details ------

2P Gyitanovic et al., Chaos: Classical and Quantum,



@ Q. : describe states of turbulence in infinite
spatiatemporal domains

Q A. : determine, weigh all
prime spatiotemporal periodic states

there is no more time

there is only determination of
admissible spacetime periodic states



chaotic field theory talks, papers =

ChaosBook.org/overheads/spatiotemporal


https://ChaosBook.org/overheads/spatiotemporal

if anyone asks : extra slides



we always work in the ‘broken-symmetry’ regime, as
almost every ‘turbulent’ (spatiotemporally chaotic) solution
breaks all symmetries

we work ‘beyond perturbation theory’, in the
anti-integrable, strong coupling regime. This are not weak
coupling expansions around a ground state

our ‘far from equilibrium’ field theory is not driven by
external noise. All chaoticity is due to the intrinsic
deterministic instabilities

our formulas are exact, not merely saddle points
approximations to the exact theory



Hill's 1886 formula'3
Gel'fand-Yaglom 1960 theorem'

temporal evolution Jacobian matrix J is merely
one of the methods to compute it

all of dynamical systems theory is subsumed in spatiotemporal
field-theoretic formulation

13 Acta Math. 8, 1-36 (1886).
14 J. Math. Phys. 1, 48-69 (1960).


https://doi.org/10.1007/bf02417081
https://doi.org/10.1063/1.1703636

orbit stability vs. temporal stability

orbit Jacobian matrix
Tyg = 5F[¢]z,
orbit

stability under global perturbation of the whole

for n large, a huge [dn x dn] matrix

temporal Jacobian matrix

J propagates initial perturbation n time steps
small [d x d] matrix

J and 7 are related by'®
Hill’s 1886 remarkable formula

|Det Juv| = |det (1 — Ju)|

J is huge, even co-dimensional matrix
J is tiny, few degrees of freedom matrix

156G, W. Hill, Acta Math. 8, 1-36 (1886).



https://doi.org/10.1007/bf02417081

in 1D temporal lattice, the stability exponent
Ac = l In Det 7,
c= e elJc

is given by the band integral over the Brillouin zone

exact
Ae = 1 ﬂ/n(cjkln 4sin2nik+ 2
T 21 ) m 2 THe
14+ 4/1+4/u3
= Ing2+2In c

2




sum over all deterministic solutions ¢

Z[B,s] = ) t

o = (eee)”

V.

Q@ )\ : stability exponent

Q@ v, : Birkhoff average, observable
v over periodic state .

@ V. : &, Bravais lattice volume

for a deterministic solution
o, the Birkhoff average of
observable v is

V[®]e = ‘1/0 Z Vz

zeA

for example, if observable
Vv = ¢z, the Birkhoff average
is the average ‘height’ ¢,




