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WHAT IS NEW

Purple text, such as Eq. (3), is a live hyperlink to the Eq. (3) of the
permanent ver. 1 of the article, arXiv.org/pdf/2503.22972v1. Concepts
and results that we believe are new, are marked red: for example, det-

erministic field theory.

version of July 21, 2025

For temporal evolution, in the large volume T — oo limit
our partition sum Z, Eq. (122), is Ruelle’s ‘partition func-
tion’,” our functional W, Eq. (38), is Ruelle’s ‘pressure’,”
and our deterministic zeta function ¢, Eq. (135), is Ru-
elle’s ‘dynamical zeta function’™ (for nomenclature, see
ChaosBook remark 20.2 ‘Pressure’).

In the spatiotemporal theory, in the large volume LT —
oo limit our functional W is Grassberger’s ‘density of
metric entropy’'’ and Politi, Torcini and Lepri’s chrono-
topic ‘entropy potential function’.'' =" As had previously
been done implicitly in cycle expansion calculations of ob-
servables,'" 0 Politi et al. compute expectation values of
observables by Legendre transforms of W to appropriate
‘effective actions’ or ‘Gibbs free energies’. Our spatiotem-
poral deterministic zeta function, as far as we know, is
new.

In all previous spatiotemporal studies the large vol-
ume LT — oo limits were estimated by simulations of
finite volume lattices — think “Monte-Carlo”. Our deter-
ministic field theory is ab initio over infinite spacetime,
there are no large volume limits to estimate. Our parti-
tion function Z sum over all Bravais lattices, our func-
tional W, and our deterministic zeta function ( are ex-
act expansions in terms of exact prime orbit weights ¢, —
think “Feynman diagrams”. That follows from the main
advance of our Euclidean field theory of spatiotemporal
chaos/turbulence, the functional determinant evaluations
of infinite Bravais lattice stability exponentA., Eq. (117),
and multiplicative weight ., which, to best of our knowl-
edge, do not appear in the earlier literature. Our deter-
ministic field theory replaces numerical extrapolations of
finite spacetime simulations of the 1990’s chronotopy by
the exact deterministic zeta function, with computable
cycle expansion truncations errors, decreasing exponen-
tially with the spatiotemporal volumes of periodic states
included in its evaluation.

As we always follow Ruelle, who says this about ‘pres-
sure’: “frankly the proper term ... should be free en-
ergy”,'”'® we provisorily settle for calling our function
W, Eq. (38), the ‘function W’.

A GUIDE TO THE READER

As our intended audience spans many disjoint special-
ties, from fluid dynamics to quantum field theory, the
exposition entails much pedagogical detail.

To aid the reader, here we lay out the flow of the ar-
gument in the reverse, by starting with


https://arxiv.org/pdf/2503.22972v1#equation.0.3
https://arxiv.org/pdf/2503.22972v1
https://arxiv.org/pdf/2503.22972v1#equation.11.122
https://arxiv.org/pdf/2503.22972v1#equation.3.38
https://arxiv.org/pdf/2503.22972v1#equation.11.135
https://ChaosBook.org/chapters/ChaosBook.pdf#rmark.20.2
https://arxiv.org/pdf/2503.22972v1#equation.10.117
https://arxiv.org/pdf/2503.22972v1#equation.3.38

Part I: Derivation
of the main result of the paper, the deterministic zeta
function, Sec. XI Chaotic field theory,

(= H > 1/ = o(tp) - 3)
P
It follows from our deterministic partition sum, Eq. (122),

Z[8,2] = Z te, to = (eﬁ-ac*)\c Z)Nc’

where A, is the stability exponent of deterministic so-
lution ®., Sec. X Bravais lattice stability, and z is a
generating function variable. Each ®. is multi-periodic,
Sec. VII A Prime orbits over two-dimensional lattices
(see also Appendix B Bravais sublattices), and defines
its Bravais lattice L., Sec. VI Bravais lattices, with N,
the Bravais lattice volume. The prime orbits ®,, are det-
erministic zeta function’s Eq. (3) building blocks.

What is new is that the partition sum is over prob-
abilities of deterministic field configurations, the exact
solutions @, of defining equations of the system, Sec. ITI
Deterministic field theory, so the probability density is a
porcupine of Dirac deltas, Fig. 2 (b),
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The weight of the solution ®. is given by its orbit Jaco-
bian Det ., Sec. V Spatiotemporal stability of a periodic
state, the key innovation of our field theory of chaos and
turbulence.

In Gutzwiller-Ruelle”>'”*" temporal periodic orbit for-
mulation of chaotic dynamics, orbit Jacobian is a deter-
minant of a matrix, Sec. IX Primitive cell stability, eval-
uated over a finite number of lattice sites. Such weight
is mot multiplicative for orbit repeats, for example

Det Jrv01 # (Det Jo1)" .

(122)

(109)

Our chaotic field theory, however, is formulated on
the totality of infinite Bravais lattices, with infinite-
dimensional orbit Jacobian operators 7, Fig. 9 (c). The
orbit Jacobian is now a functional determinant, with sta-
bility exponent A, = InDetJ, per lattice site evaluated
by integrating Bloch bands over the Sec. VIII Reciprocal
lattice first Brillouin zone,

(2i)d /Bdkd In [p(k)? + p°] .

In contrast to Eq. (109), Bravais lattice weight is multi-
plicative, see Eq. (120), the essential property that under-
pins our derivation of deterministic zeta function Eq. (3).

So, the spatiotemporal deterministic zeta function is
beautiful enough to grace a T-shirt. But no child is born
understanding a zeta function.

A:

(112)

Part II: Applications

To make it tangible, we define its essential ingredients
in Sec. I Lattice field theory, and introduce in Sec. IV
Ezxamples of spatiotemporal lattice field theories, in par-
ticular the simplest of chaotic field theories that captures
the essence of spatiotemporal chaos, the piecewise lin-
ear Sec. IV A Spatiotemporal cat, a discretization of the
Klein-Gordon equation,

(-O0+p?)d-M=0. (4)

Its history is reviewed and credits given in Appendix A 1
Spatiotemporal cat, and our calculations are summarized
in Appendix C Computation of spatiotemporal cat peri-
odic states.

Dynamical zeta functions convergence is in part due to
periodic orbits shadowing, ChaosBook Sec. 23.1 Pseudo-
cycles and shadowing. In Sec. XII Shadowing we show
that spatiotemporal periodic states also shadow each
other.

The piecewise linear spatiotemporal cat Eq. (4) is too
simple to illustrate the band structure of orbit Jacobians.
In Appendix D Spectra of orbit Jacobian operators for
nonlinear field theories, we give a glimpse of calculations
undertaken in the companion paper 111.°

In summary, every section of this paper is necessary
to derive, or illustrate the main result, our determinis-
tic zeta function Eq. (3). We see no way of splitting
the derivation into several self-contained short papers or
references to literature. Hence, a paper that is long. Even
this overview is too long.


https://arxiv.org/pdf/2503.22972v1#section*.51
https://arxiv.org/pdf/2503.22972v1#equation.11.122
https://arxiv.org/pdf/2503.22972v1#section*.44
https://arxiv.org/pdf/2503.22972v1#section*.26
https://arxiv.org/pdf/2503.22972v1#section*.70
https://arxiv.org/pdf/2503.22972v1#section*.23
https://arxiv.org/pdf/2503.22972v1#section*.12
https://arxiv.org/pdf/2503.22972v1#section*.12
https://arxiv.org/pdf/2503.22972v1#figure.2
https://arxiv.org/pdf/2503.22972v1#section*.20
https://arxiv.org/pdf/2503.22972v1#section*.20
https://arxiv.org/pdf/2503.22972v1#section*.36
https://arxiv.org/pdf/2503.22972v1#equation.9.109
https://arxiv.org/pdf/2503.22972v1#figure.9
https://arxiv.org/pdf/2503.22972v1#section*.31
https://arxiv.org/pdf/2503.22972v1#section*.31
https://arxiv.org/pdf/2503.22972v1#equation.10.120
https://arxiv.org/pdf/2503.22972v1#section*.3
https://arxiv.org/pdf/2503.22972v1#section*.18
https://arxiv.org/pdf/2503.22972v1#section*.18
https://arxiv.org/pdf/2503.22972v1#section*.19
https://arxiv.org/pdf/2503.22972v1#section*.68
https://arxiv.org/pdf/2503.22972v1#section*.68
https://arxiv.org/pdf/2503.22972v1#section*.72
https://arxiv.org/pdf/2503.22972v1#section*.72
https://ChaosBook.org/chapters/ChaosBook.pdf#section.23.1
https://ChaosBook.org/chapters/ChaosBook.pdf#section.23.1
https://arxiv.org/pdf/2503.22972v1#section*.59
https://arxiv.org/pdf/2503.22972v1#section*.80
https://arxiv.org/pdf/2503.22972v1#section*.80

REFERENCES

LF. Christiansen, P. Cvitanovié, and V. Putkaradze, “Spatiotem-
poral chaos in terms of unstable recurrent patterns,” Nonlinearity
10, 55-70 (1997).

2J. F. Gibson, J. Halcrow, and P. Cvitanovié, “Visualizing the
geometry of state-space in plane Couette flow,” J. Fluid Mech.
611, 107-130 (2008).

3N. B. Budanur, K. Y. Short, M. Farazmand, A. P. Willis, and
P. Cvitanovié¢, “Relative periodic orbits form the backbone of
turbulent pipe flow,” J. Fluid Mech. 833, 274-301 (2017).

4M. N. Gudorf, Spatiotemporal Tiling of the Kuramoto-
Sivashinsky Equation, Ph.D. thesis, School of Physics, Georgia
Inst. of Technology, Atlanta (2020).

58. D. V. Williams, M. N. Gudorf, and D. M. Orlov, “Under-
standing plasma turbulence through exact coherent structures,”

(2025).

6S. D. V. Williams, X. Wang, H. Liang, and P. Cvitanovié¢, “Non-
linear chaotic lattice field theory,” (2025), in preparation.

"D. Ruelle, Thermodynamic Formalism: The Mathematical
Structure of Equilibrium Statistical Mechanics, 2nd ed. (Cam-
bridge Univ. Press, Cambridge, 2004).

8D. Ruelle, “Statistical mechanics on a compact set with Z¥ action
satisfying expansiveness and specification,” Bull. Amer. Math.
Soc. 78, 988-991 (1972).

9D. Ruelle, “Generalized zeta-functions for Axiom A basic sets,”
Bull. Amer. Math. Soc 82, 153-157 (1976).

0P, QGrassberger, “Information content and predictability of
lumped and distributed dynamical systems,” Phys. Scr. 40, 346
(1989).

1S, Lepri, A. Politi, and A. Torcini, “Chronotopic Lyapunov anal-
ysis. I. A detailed characterization of 1D systems,” J. Stat. Phys.
82, 14291452 (1996).

128, Lepri, A. Politi, and A. Torcini, “Chronotopic Lyapunov anal-
ysis. II. Towards a unified approach,” J. Stat. Phys. 88, 31-45
(1997).

13S. Lepri, A. Politi, and A. Torcini, “Entropy potential and Lya-
punov exponents,” Chaos 7, 701-709 (1997).

4P, Cvitanovié¢, P. Gaspard, and T. Schreiber, “Investigation of the
Lorentz gas in terms of periodic orbits,” Chaos 2, 85-90 (1992).

5P, Cvitanovié, “Dynamical averaging in terms of periodic orbits,”
Physica D 83, 109-123 (1995).

16p, Cvitanovié, “Averaging,” in Chaos: Classical and Quantum,
edited by P. Cvitanovié, R. Artuso, R. Mainieri, G. Tanner, and
G. Vattay (Niels Bohr Inst., Copenhagen, 2025).

17H. H. Rugh, “Un interview de David Ruelle,” Gaz. Math. 161,
55-59 (2019).

18H. H. Rugh, “An interview with David Ruelle,” EMS Newsletter
2020-3, 21-24 (2020).

19M. C. Gutzwiller, Chaos in Classical and Quantum Mechanics
(Springer, New York, 1990).

20p, Cvitanovié¢, R. Artuso, R. Mainieri, G. Tanner, and G. Vattay,
Chaos: Classical and Quantum (Niels Bohr Inst., Copenhagen,
2025).

21p. Cvitanovi¢ and H. Liang, “Appendix WKB quantization,” in
Chaos: Classical and Quantum, edited by P. Cvitanovié, R. Ar-
tuso, R. Mainieri, G. Tanner, and G. Vattay (Niels Bohr Inst.,
Copenhagen, 2025).

22A. Politi and A. Torcini, “Towards a statistical mechanics of spa-
tiotemporal chaos,” Phys. Rev. Lett. 69, 3421-3424 (1992).

23 A. Politi and A. Torcini, “Periodic orbits in coupled Hénon maps:
Lyapunov and multifractal analysis,” Chaos 2, 293-300 (1992).
240. Biham and W. Wenzel, “Characterization of unstable periodic
orbits in chaotic attractors and repellers,” Phys. Rev. Lett. 63,

819 (1989).

25M. N. Gudorf, “Orbithunter: Framework for Nonlinear Dynam-
ics and Chaos,” Tech. Rep. (School of Physics, Georgia Inst. of
Technology, 2021).

26@. Parisi and Y. S. Wu, “Perturbation-theory without gauge fix-
ing,” Scientia Sinica 24, 483-496 (1981).

27C. Beck, Spatio-Temporal Chaos and Vacuum Fluctuations of
Quantized Fields (World Scientific, Singapore, 2002).

28A. S. Pikovsky, “Spatial development of chaos in nonlinear me-
dia,” Phys. Lett. A 137, 121-127 (1989).

297, S. Biré, S. G. Matinyan, and B. Miiller, Chaos and Gauge
Field Theory (World Scientific, Singapore, 1994).

30C. Beck, “Chaotic quantization of field theories,” Nonlinearity 8,
423-441 (1995).

31B. Gutkin, L. Han, R. Jafari, A. K. Saremi, and P. Cvitanovié,
“Linear encoding of the spatiotemporal cat map,” Nonlinearity
34, 2800-2836 (2021).

32H. Liang and P. Cvitanovié, “A chaotic lattice field theory in one
dimension,” J. Phys. A 55, 304002 (2022).

33P. Cvitanovié¢ and H. Liang, “A chaotic lattice field theory in two
dimensions,” (2025).

34H. Liang and P. Cvitanovié, “A derivation of Hill’s formulas,”
(2025), in preparation.

35P. Gaspard, Chaos, Scattering and Statistical Mechanics (Cam-
bridge Univ. Press, Cambridge, 1997).


https://doi.org/10.1088/0951-7715/10/1/004
https://doi.org/10.1088/0951-7715/10/1/004
https://doi.org/10.1017/S002211200800267X
https://doi.org/10.1017/S002211200800267X
https://doi.org/10.1017/jfm.2017.699
https://ChaosBook.org/projects/theses.html
https://arxiv.org/abs/2505.19363
https://arxiv.org/abs/2505.19363
https://arxiv.org/abs/2505.19363
https://ChaosBook.org/overheads/spatiotemporal/
https://ChaosBook.org/overheads/spatiotemporal/
https://doi.org/10.1017/cbo9780511617546
https://doi.org/10.1017/cbo9780511617546
https://doi.org/10.1090/S0002-9904-1972-13078-7
https://doi.org/10.1090/S0002-9904-1972-13078-7
https://doi.org/10.1090/S0002-9904-1976-14003-7
https://doi.org/10.1088/0031-8949/40/3/016
https://doi.org/10.1088/0031-8949/40/3/016
https://doi.org/10.1007/BF02183390
https://doi.org/10.1007/BF02183390
https://doi.org/10.1007/BF02508463
https://doi.org/10.1007/BF02508463
https://doi.org/10.1063/1.166268
https://doi.org/10.1063/1.165902
https://doi.org/10.1016/0167-2789(94)00256-P
https://ChaosBook.org/paper.shtml#average
https://smf.emath.fr/download/pdf/120669
https://smf.emath.fr/download/pdf/120669
https://doi.org/10.4171/news/115/6
https://doi.org/10.4171/news/115/6
https://ChaosBook.org/
https://ChaosBook.org/paper.shtml#appendWKB
https://doi.org/10.1103/PhysRevLett.69.3421
https://doi.org/10.1063/1.165871
https://doi.org/10.1103/physrevlett.63.819
https://doi.org/10.1103/physrevlett.63.819
https://orbithunter.readthedocs.io
https://orbithunter.readthedocs.io
https://doi.org/10.15161/oar.it/1447948233.36
https://doi.org/10.1142/9789812778239
https://doi.org/10.1142/9789812778239
https://doi.org/10.1016/0375-9601(89)90096-0
https://doi.org/10.1142/9789812798978
https://doi.org/10.1142/9789812798978
https://doi.org/10.1088/0951-7715/8/3/008
https://doi.org/10.1088/0951-7715/8/3/008
https://doi.org/10.1088/1361-6544/abd7c8
https://doi.org/10.1088/1361-6544/abd7c8
https://doi.org/10.1088/1751-8121/ac76f8
https://arxiv.org/abs/2503.22972
https://arxiv.org/abs/2503.22972
https://ChaosBook.org/overheads/spatiotemporal/

	What is new
	A guide to the reader
	References



