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Preface

THE purpose of this book is to convey to the reader some feeling for
what is surely one of the most important and exciting voyages of discovery
that humanity has embarked upon. This is the search for the underlying
principles that govern the behaviour of our universe. It is a voyage that
has lasted for more than two-and-a-half millennia, so it should not sur-
prise us that substantial progress has at last been made. But this journey
has proved to be a profoundly difficult one, and real understanding has,
for the most part, come but slowly. This inherent difficulty has led us
in many false directions; hence we should learn caution. Yet the 20th
century has delivered us extraordinary new insights—some so impressive
that many scientists of today have voiced the opinion that we may be
close to a basic understanding of all the underlying principles of physics.
In my descriptions of the current fundamental theories, the 20th century
having now drawn to its close, I shall try to take a more sober view.
Not all my opinions may be welcomed by these ‘optimists’, but I expect
further changes of direction greater even than those of the last cen-
tury.

The reader will find that in this book I have not shied away from
presenting mathematical formulae, despite dire warnings of the severe
reduction in readership that this will entail. I have thought seriously
about this question, and have come to the conclusion that what I have
to say cannot reasonably be conveyed without a certain amount of
mathematical notation and the exploration of genuine mathematical
concepts. The understanding that we have of the principles that actually
underlie the behaviour of our physical world indeed depends upon some
appreciation of its mathematics. Some people might take this as a cause
for despair, as they will have formed the belief that they have no
capacity for mathematics, no matter at how elementary a level. How
could it be possible, they might well argue, for them to comprehend the
research going on at the cutting edge of physical theory if they cannot
even master the manipulation of fractions? Well, 1 certainly see the
difficulty.

XV



Preface

Yet I am an optimist in matters of conveying understanding. Perhaps I
am an incurable optimist. I wonder whether those readers who cannot
manipulate fractions—or those who claim that they cannot manipulate
fractions—are not deluding themselves at least a little, and that a good
proportion of them actually have a potential in this direction that they are
not aware of. No doubt there are some who, when confronted with a line
of mathematical symbols, however simply presented, can see only the stern
face of a parent or teacher who tried to force into them a non-compre-
hending parrot-like apparent competence—a duty, and a duty alone—and
no hint of the magic or beauty of the subject might be allowed to come
through. Perhaps for some it is too late; but, as I say, I am an optimist and
I believe that there are many out there, even among those who could never
master the manipulation of fractions, who have the capacity to catch some
glimpse of a wonderful world that I believe must be, to a significant degree,
genuinely accessible to them.

One of my mother’s closest friends, when she was a young girl, was
among those who could not grasp fractions. This lady once told me so
herself after she had retired from a successful career as a ballet dancer. 1
was still young, not yet fully launched in my activities as a mathematician,
but was recognized as someone who enjoyed working in that subject. ‘It’s
all that cancelling’, she said to me, ‘I could just never get the hang of
cancelling.” She was an elegant and highly intelligent woman, and there is
no doubt in my mind that the mental qualities that are required in
comprehending the sophisticated choreography that is central to ballet
are in no way inferior to those which must be brought to bear on a
mathematical problem. So, grossly overestimating my expositional abil-
ities, I attempted, as others had done before, to explain to her the simpli-
city and logical nature of the procedure of ‘cancelling’.

I believe that my efforts were as unsuccessful as were those of others.
(Incidentally, her father had been a prominent scientist, and a Fellow of
the Royal Society, so she must have had a background adequate for the
comprehension of scientific matters. Perhaps the ‘stern face’ could have
been a factor here, I do not know.) But on reflection, I now wonder
whether she, and many others like her, did not have a more rational
hang-up—one that with all my mathematical glibness I had not noticed.
There is, indeed, a profound issue that one comes up against again and
again in mathematics and in mathematical physics, which one first en-
counters in the seemingly innocent operation of cancelling a common
factor from the numerator and denominator of an ordinary numerical
fraction.

Those for whom the action of cancelling has become second nature,
because of repeated familiarity with such operations, may find themselves
insensitive to a difficulty that actually lurks behind this seemingly simple

xvi



Preface

procedure. Perhaps many of those who find cancelling mysterious are
seeing a certain profound issue more deeply than those of us who press
onwards in a cavalier way, seeming to ignore it. What issue is this? It
concerns the very way in which mathematicians can provide an existence
to their mathematical entities and how such entities may relate to physical
reality.

I recall that when at school, at the age of about 11, I was somewhat
taken aback when the teacher asked the class what a fraction (such as %)
actually is! Various suggestions came forth concerning the dividing up of
pieces of pie and the like, but these were rejected by the teacher on the
(valid) grounds that they merely referred to imprecise physical situations
to which the precise mathematical notion of a fraction was to be applied,
they did not tell us what that clear-cut mathematical notion actually is.
Other suggestions came forward, such as % is ‘something with a 3 at the top
and an 8 at the bottom with a horizontal line in between’ and I was
distinctly surprised to find that the teacher seemed to be taking these
suggestions seriously! I do not clearly recall how the matter was finally
resolved, but with the hindsight gained from my much later experiences as
a mathematics undergraduate, I guess my schoolteacher was making a
brave attempt at telling us the definition of a fraction in terms of the
ubiquitous mathematical notion of an equivalence class.

What is this notion? How can it be applied in the case of a fraction and
tell us what a fraction actually is? Let us start with my classmate’s ‘some-
thing with a 3 at the top and an 8 on the bottom’. Basically, this is
suggesting to us that a fraction is specified by an ordered pair of whole
numbers, in this case the numbers 3 and 8. But we clearly cannot regard the
fraction as being such an ordered pair because, for example, the fraction %
is the same number as the fraction %, whereas the pair (6, 16) is certainly not

the same as the pair (3, 8). This is only an issue of cancelling; for we can
3x2

write % as 525 and then cancel the 2 from the top and the bottom to get %
Why are we allowed to do this and thereby, in some sense, ‘equate’ the pair
(6, 16) with the pair (3, 8)? The mathematician’s answer—which may well
sound like a cop-out—has the cancelling rule just built in to the definition of
a fraction: a pair of whole numbers (a x n, b x n)is deemed to represent the
same fraction as the pair (a, b) whenever 7 is any non-zero whole number
(and where we should not allow b to be zero either).

But even this does not tell us what a fraction is; it merely tells us
something about the way in which we represent fractions. What is a
fraction, then? According to the mathematician’s “equivalence class”
notion, the fraction %, for example, simply is the infinite collection of all

pairs

(3,8), (—3,—-28),(6,16), (—6,—16), (9, 24), (-9, —24), (12, 32),...,
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where each pair can be obtained from each of the other pairs in the list by
repeated application of the above cancellation rule.* We also need defini-
tions telling us how to add, subtract, and multiply such infinite collections
of pairs of whole numbers, where the normal rules of algebra hold, and
how to identify the whole numbers themselves as particular types of
fraction.

This definition covers all that we mathematically need of fractions (such
as % being a number that, when added to itself, gives the number 1, etc.), and
the operation of cancelling is, as we have seen, built into the definition. Yet it
seems all very formal and we may indeed wonder whether it really captures
the intuitive notion of what a fraction is. Although this ubiquitous equiva-
lence class procedure, of which the above illustration is just a particular
instance, is very powerful as a pure-mathematical tool for establishing
consistency and mathematical existence, it can provide us with very top-
heavy-looking entities. It hardly conveys to us the intuitive notion of what %
is, for example! No wonder my mother’s friend was confused.

In my descriptions of mathematical notions, I shall try to avoid, as far
as I can, the kind of mathematical pedantry that leads us to define a
fraction in terms of an ‘infinite class of pairs’ even though it certainly
has its value in mathematical rigour and precision. In my descriptions here
I shall be more concerned with conveying the idea—and the beauty and
the magic—inherent in many important mathematical notions. The idea of
a fraction such as % is simply that it is some kind of an entity which has the
property that, when added to itself 8 times in all, gives 3. The magic is that
the idea of a fraction actually works despite the fact that we do not really
directly experience things in the physical world that are exactly quantified
by fractions—pieces of pie leading only to approximations. (This is quite
unlike the case of natural numbers, such as 1, 2, 3, which do precisely
quantify numerous entities of our direct experience.) One way to see that
fractions do make consistent sense is, indeed, to use the ‘definition’ in
terms of infinite collections of pairs of integers (whole numbers), as
indicated above. But that does not mean that % actually is such a collection.
It is better to think of % as being an entity with some kind of (Platonic)
existence of its own, and that the infinite collection of pairs is merely one
way of our coming to terms with the consistency of this type of entity.
With familiarity, we begin to believe that we can easily grasp a notion like %
as something that has its own kind of existence, and the idea of an ‘infinite
collection of pairs’ is merely a pedantic device—a device that quickly
recedes from our imaginations once we have grasped it. Much of math-
ematics is like that.

* This is called an ‘equivalence class’ because it actually is a class of entities (the entities, in this
particular case, being pairs of whole numbers), each member of which is deemed to be equivalent,
in a specified sense, to each of the other members.
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To mathematicians (at least to most of them, as far as I can make out),
mathematics is not just a cultural activity that we have ourselves created,
but it has a life of its own, and much of it finds an amazing harmony with
the physical universe. We cannot get any deep understanding of the laws
that govern the physical world without entering the world of mathematics.
In particular, the above notion of an equivalence class is relevant not only
to a great deal of important (but confusing) mathematics, but a great deal
of important (and confusing) physics as well, such as Einstein’s general
theory of relativity and the ‘gauge theory’ principles that describe the
forces of Nature according to modern particle physics. In modern physics,
one cannot avoid facing up to the subtleties of much sophisticated math-
ematics. It is for this reason that I have spent the first 16 chapters of this
work directly on the description of mathematical ideas.

What words of advice can I give to the reader for coping with this?
There are four different levels at which this book can be read. Perhaps you
are a reader, at one end of the scale, who simply turns off whenever a
mathematical formula presents itself (and some such readers may have
difficulty with coming to terms with fractions). If so, I believe that there is
still a good deal that you can gain from this book by simply skipping all
the formulae and just reading the words. I guess this would be much like
the way I sometimes used to browse through the chess magazines lying
scattered in our home when I was growing up. Chess was a big part of the
lives of my brothers and parents, but I took very little interest, except that
I enjoyed reading about the exploits of those exceptional and often strange
characters who devoted themselves to this game. I gained something from
reading about the brilliance of moves that they frequently made, even
though I did not understand them, and I made no attempt to follow
through the notations for the various positions. Yet I found this to be
an enjoyable and illuminating activity that could hold my attention.
Likewise, I hope that the mathematical accounts I give here may convey
something of interest even to some profoundly non-mathematical readers
if they, through bravery or curiosity, choose to join me in my journey of
investigation of the mathematical and physical ideas that appear to under-
lie our physical universe. Do not be afraid to skip equations (I do this
frequently myself) and, if you wish, whole chapters or parts of chapters,
when they begin to get a mite too turgid! There is a great variety in the
difficulty and technicality of the material, and something elsewhere may be
more to your liking. You may choose merely to dip in and browse. My
hope is that the extensive cross-referencing may sufficiently illuminate
unfamiliar notions, so it should be possible to track down needed concepts
and notation by turning back to earlier unread sections for clarification.

At a second level, you may be a reader who is prepared to peruse
mathematical formulae, whenever such is presented, but you may not
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have the inclination (or the time) to verify for yourself the assertions that
I shall be making. The confirmations of many of these assertions consti-
tute the solutions of the exercises that I have scattered about the mathemat-
ical portions of the book. I have indicated three levels of difficulty by the
icons —

é@ very straight forward

needs a bit of thought
not to be undertaken lightly.

It is perfectly reasonable to take these on trust, if you wish, and there is no
loss of continuity if you choose to take this position.

If, on the other hand, you are a reader who does wish to gain a facility
with these various (important) mathematical notions, but for whom the
ideas that I am describing are not all familiar, I hope that working through
these exercises will provide a significant aid towards accumulating such
skills. It is always the case, with mathematics, that a little direct experience
of thinking over things on your own can provide a much deeper under-
standing than merely reading about them. (If you need the solutions, see
the website www.roadsolutions.ox.ac.uk.)

Finally, perhaps you are already an expert, in which case you should
have no difficulty with the mathematics (most of which will be very
familiar to you) and you may have no wish to waste time with the
exercises. Yet you may find that there is something to be gained from
my own perspective on a number of topics, which are likely to be some-
what different (sometimes very different) from the usual ones. You may
have some curiosity as to my opinions relating to a number of modern
theories (e.g. supersymmetry, inflationary cosmology, the nature of the Big
Bang, black holes, string theory or M-theory, loop variables in quantum
gravity, twistor theory, and even the very foundations of quantum theory).
No doubt you will find much to disagree with me on many of these topics.
But controversy is an important part of the development of science, so I
have no regrets about presenting views that may be taken to be partly
at odds with some of the mainstream activities of modern theoretical
physics.

It may be said that this book is really about the relation between
mathematics and physics, and how the interplay between the two strongly
influences those drives that underlie our searches for a better theory of the
universe. In many modern developments, an essential ingredient of these
drives comes from the judgement of mathematical beauty, depth, and
sophistication. It is clear that such mathematical influences can be vitally
important, as with some of the most impressively successful achievements
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of 20th-century physics: Dirac’s equation for the electron, the general
framework of quantum mechanics, and Einstein’s general relativity. But
in all these cases, physical considerations—ultimately observational
ones—have provided the overriding criteria for acceptance. In many of
the modern ideas for fundamentally advancing our understanding of the
laws of the universe, adequate physical criteria—i.e. experimental data, or
even the possibility of experimental investigation—are not available. Thus
we may question whether the accessible mathematical desiderata are suffi-
cient to enable us to estimate the chances of success of these ideas. The
question is a delicate one, and I shall try to raise issues here that I do not
believe have been sufficiently discussed elsewhere.

Although, in places, I shall present opinions that may be regarded as
contentious, I have taken pains to make it clear to the reader when I am
actually taking such liberties. Accordingly, this book may indeed be used
as a genuine guide to the central ideas (and wonders) of modern physics. It
is appropriate to use it in educational classes as an honest introduction to
modern physics—as that subject is understood, as we move forward into
the early years of the third millennium.
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Notation

(Not to be read until you are familiar with the concepts, but perhaps find
the fonts confusing!)

I have tried to be reasonably consistent in the use of particular fonts in
this book, but as not all of this is standard, it may be helpful to the reader
to have the major usage that I have adopted made explicit.

Italic lightface (Greek or Latin) letters, such as in w?, p" logz,
cos0, e, or e are used in the conventional way for mathematical vari-
ables which are numerical or scalar quantities; but established numerical
constants, such as e, i, or © or established functions such as sin, cos, or log
are denoted by upright letters. Standard physical constants such as ¢, G, A,
h, g, or k are italic, however.

A vector or tensor quantity, when being thought of in its (abstract)
entirety, is denoted by a boldface italic letter, such as R for the Riemann
curvature tensor, while its set of components might be written with italic
letters (both for the kernel symbol its indices) as R,.4. In accordance with
the abstract-index notation, introduced here in §12.8, the quantity Rp.q
may alternatively stand for the entire tensor R, if this interpretation is
appropriate, and this should be made clear in the text. Abstract linear
transformations are kinds of tensors, and boldface italic letters such as T
are used for such entities also. The abstract-index form 7 is also used
here for an abstract linear transformation, where appropriate, the stagger-
ing of the indices making clear the precise connection with the ordering of
matrix multiplication. Thus, the (abstract-)index expression S%, 7", stands
for the product ST of linear transformations. As with general tensors, the
symbols S%, and T®. could alternatively (according to context or explicit
specification in the text) stand for the corresoponding arrays of compon-
ents—these being matrices—for which the corresponding bold upright
letters S and T can also be used. In that case, ST denotes the correspond-
ing matrix product. This ‘ambivalent’ interpretation of symbols such as
Rupeq or S% (either standing for the array of components or for the
abstract tensor itself) should not cause confusion, as the algebraic (or
differential) relations that these symbols are subject to are identical for
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both interpretations. A third notation for such quantities—the diagram-
matic notation—is also sometimes used here, and is described in Figs.
12.17, 12.18, 14.6, 14.7, 14.21, 19.1 and elsewhere in the book.

There are places in this book where I need to distinguish the 4-dimen-
sional spacetime entities of relativity theory from the corresponding ordin-
ary 3-dimensional purely spatial entities. Thus, while a boldface italic
notation might be used, as above, such as p or x, for the 4-momentum or
4-position, respectively, the corresponding 3-dimensional purely spatial
entities would be denoted by the corresponding upright bold letters p or x.
By analogy with the notation T for a matrix, above, as opposed to T for an
abstract linear transformation, the quantities p and x would tend to be
thought of as ‘standing for’ the three spatial components, in each case,
whereas p and x might be viewed as having a more abstract component-
free interpretation (although I shall not be particularly strict about this).
The Euclidean ‘length’ of a 3-vector quantity a = («a,a2,a3) may be written
a, where a® = a% + a% + a%, and the scalar product of a with b = (b1,b,03),
written aeb = a;b| + a»b, 4+ aszb;. This ‘dot’ notation for scalar products
applies also in the general n-dimensional context, for the scalar (or inner)
product @ @ £ of an abstract covector @ with a vector &.

A notational complication arises with quantum mechanics, however,
since physical quantities, in that subject, tend to be represented as linear
operators. I do not adopt what is a quite standard procedure in this
context, of putting ‘hats’ (circumflexes) on the letters representing the
quantum-operator versions of the familiar classical quantities, as I believe
that this leads to an unnecessary cluttering of symbols. (Instead, I shall
tend to adopt a philosophical standpoint that the classical and quantum
entities are really the ‘same’—and so it is fair to use the same symbols for
each—except that in the classical case one is justified in ignoring quantities
of the order of 7, so that the classical commutation properties ab = ba can
hold, whereas in quantum mechanics, ab might differ from ba by some-
thing of order /.) For consistency with the above, such linear operators
would seem to have to be denoted by italic bold letters (like 7)), but that
would nullify the philosophy and the distinctions called for in the preced-
ing paragraph. Accordingly, with regard to specific quantities, such as the
momentum p or p, or the position x or x, I shall tend to use the same
notation as in the classical case, in line with what has been said earlier in
this paragraph. But for less specific quantum operators, bold italic letters
such as @ will tend to be used.

The shell letters IV, 7Z, IR, ©, and IF,, respectively, for the system of
natural numbers (i.e. non-negative integers), integers, real numbers, com-
plex numbers, and the finite field with ¢ elements (¢ being some power of a
prime number, see §16.1), are now standard in mathematics, as are the
corresponding IN”, 72", IR", C", ]F‘Z, for the systems of ordered n-tuples
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of such numbers. These are canonical mathematical entities in standard
use. In this book (as is not all that uncommon), this notation is extended
to some other standard mathematical structures such as Euclidean 3-space
&3 or, more generally, Euclidean n-space IE". In frequent use in this book
is the standard flat 4-dimensional Minkowski spacetime, which is itself a
kind of ‘pseudo-’ Euclidean space, so I use the shell letter IV for this space
(with IM[" to denote the n-dimensional version—a ‘Lorentzian’ spacetime
with 1 time and (n — 1) space dimensions). Sometimes [ use € as an
adjective, to denote ‘complexified’, so that we might consider the complex
Euclidean 4-space, for example, denoted by CCIE”". The shell letter IP can
also be used as an adjective, to denote ‘projective’ (see §15.6), or as a noun,
with IP" denoting projective n-space (or I use IRTP" or CIP" if it is to be
made clear that we are concerned with real or complex projective n-space,
respectively). In twistor theory (Chapter 33), there is the complex 4-space
', which is related to M (or its complexification CMI) in a canonical
way, and there is also the projective version IP7I'. In this theory, there is
also a space IN of null twistors (the double duty that this letter serves
causing no conflict here), and its projective version 1PN,

The adjectival role of the shell letter € should not be confused with that
of the lightface sans serif C, which here stands for ‘complex conjugate of’
(as used in §13.1,2). This is basically similar to another use of C in particle
physics, namely charge conjugation, which is the operation which inter-
changes each particle with its antiparticle (see Chapters 24, 25). This
operation is usually considered in conjunction with two other basic par-
ticle-physics operations, namely P for parity which refers to the operation
of reflection in a mirror, and T, which refers to time-reveral. Sans serif
letters which are bold serve a different purpose here, labelling vector
spaces, the letters V, W, and H, being most frequently used for this
purpose. The use of H, is specific to the Hilbert spaces of quantum
mechanics, and H” would stand for a Hilbert space of n complex dimen-
sions. Vector spaces are, in a clear sense, flat. Spaces which are (or could
be) curved are denoted by script letters, such as M, S, or 7, where there is
a special use for the particular script font ¥ to denote null infinity. In
addition, I follow a fairly common convention to use script letters for
Lagrangians (£) and Hamiltonians (), in view of their very special status
in physical theory.
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AM-TEP was the King’s chief craftsman, an artist of consummate skills. It
was night, and he lay sleeping on his workshop couch, tired after a
handsomely productive evening’s work. But his sleep was restless—per-
haps from an intangible tension that had seemed to be in the air. Indeed,
he was not certain that he was asleep at all when it happened. Daytime had
come—quite suddenly—when his bones told him that surely it must still be
night.

He stood up abruptly. Something was odd. The dawn’s light could not
be in the north; yet the red light shone alarmingly through his broad
window that looked out northwards over the sea. He moved to the
window and stared out, incredulous in amazement. The Sun had never
before risen in the north! In his dazed state, it took him a few moments to
realize that this could not possibly be the Sun. It was a distant shaft of a
deep fiery red light that beamed vertically upwards from the water into the
heavens.

As he stood there, a dark cloud became apparent at the head of the
beam, giving the whole structure the appearance of a distant giant parasol,
glowing evilly, with a smoky flaming staff. The parasol’s hood began to
spread and darken—a daemon from the underworld. The night had been
clear, but now the stars disappeared one by one, swallowed up behind this
advancing monstrous creature from Hell.

Though terror must have been his natural reaction, he did not move,
transfixed for several minutes by the scene’s perfect symmetry and awe-
some beauty. But then the terrible cloud began to bend slightly to the east,
caught up by the prevailing winds. Perhaps he gained some comfort from
this and the spell was momentarily broken. But apprehension at once
returned to him as he seemed to sense a strange disturbance in the ground
beneath, accompanied by ominous-sounding rumblings of a nature quite
unfamiliar to him. He began to wonder what it was that could have
caused this fury. Never before had he witnessed a God’s anger of such
magnitude.
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His first reaction was to blame himself for the design on the sacrificial
cup that he had just completed—he had worried about it at the time. Had
his depiction of the Bull-God not been sufficiently fearsome? Had that god
been offended? But the absurdity of this thought soon struck him. The fury
he had just witnessed could not have been the result of such a trivial
action, and was surely not aimed at him specifically. But he knew that
there would be trouble at the Great Palace. The Priest-King would waste
no time in attempting to appease this Daemon-God. There would be
sacrifices. The traditional offerings of fruits or even animals would not
suffice to pacify an anger of this magnitude. The sacrifices would have to
be human.

Quite suddenly, and to his utter surprise, he was blown backwards
across the room by an impulsive blast of air followed by a violent wind.
The noise was so extreme that he was momentarily deafened. Many of his
beautifully adorned pots were whisked from their shelves and smashed
to pieces against the wall behind. As he lay on the floor in a far corner of
the room where he had been swept away by the blast, he began to recover
his senses, and saw that the room was in turmoil. He was horrified to see
one of his favourite great urns shattered to small pieces, and the wonder-
fully detailed designs, which he had so carefully crafted, reduced to
nothing.

Am-tep arose unsteadily from the floor and after a while again ap-
proached the window, this time with considerable trepidation, to re-exam-
ine that terrible scene across the sea. Now he thought he saw a
disturbance, illuminated by that far-off furnace, coming towards him.
This appeared to be a vast trough in the water, moving rapidly towards
the shore, followed by a clifflike wall of wave. He again became transfixed,
watching the approaching wave begin to acquire gigantic proportions.
Eventually the disturbance reached the shore and the sea immediately
before him drained away, leaving many ships stranded on the newly
formed beach. Then the cliff-wave entered the vacated region and struck
with a terrible violence. Without exception the ships were shattered, and
many nearby houses instantly destroyed. Though the water rose to great
heights in the air before him, his own house was spared, for it sat on high
ground a good way from the sea.

The Great Palace too was spared. But Am-tep feared that worse might
come, and he was right—though he knew not how right he was. He did
know, however, that no ordinary human sacrifice of a slave could now be
sufficient. Something more would be needed to pacify the tempestuous
anger of this terrible God. His thoughts turned to his sons and daughters,
and to his newly born grandson. Even they might not be safe.

Am-tep had been right to fear new human sacrifices. A young girl and a
youth of good birth had been soon apprehended and taken to a nearby
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temple, high on the slopes of a mountain. The ensuing ritual was well
under way when yet another catastrophe struck. The ground shook with
devastating violence, whence the temple roof fell in, instantly killing all the
priests and their intended sacrificial victims. As it happened, they would lie
there in mid-ritual—entombed for over three-and-a-half millennia!

The devastation was frightful, but not final. Many on the island where
Am-tep and his people lived survived the terrible earthquake, though the
Great Palace was itself almost totally destroyed. Much would be rebuilt
over the years. Even the Palace would recover much of its original splen-
dour, constructed on the ruins of the old. Yet Am-tep had vowed to leave
the island. His world had now changed irreparably.

In the world he knew, there had been a thousand years of peace,
prosperity, and culture where the Earth-Goddess had reigned. Wonderful
art had been allowed to flourish. There was much trade with neighbouring
lands. The magnificent Great Palace was a huge luxurious labyrinth, a
virtual city in itself, adorned by superb frescoes of animals and flowers.
There was running water, excellent drainage, and flushed sewers. War was
almost unknown and defences unnecessary. Now, Am-tep perceived the
Earth-Goddess overthrown by a Being with entirely different values.

It was some years before Am-tep actually left the island, accompanied
by his surviving family, on a ship rebuilt by his youngest son, who was a
skilled carpenter and seaman. Am-tep’s grandson had developed into an
alert child, with an interest in everything in the world around. The voyage
took some days, but the weather had been supremely calm. One clear
night, Am-tep was explaining to his grandson about the patterns in the
stars, when an odd thought overtook him: The patterns of stars had been
disturbed not one iota from what they were before the Catastrophe of the
emergence of the terrible daemon.

Am-tep knew these patterns well, for he had a keen artist’s eye. Surely,
he thought, those tiny candles of light in the sky should have been blown
at least a little from their positions by the violence of that night, just as his
pots had been smashed and his great urn shattered. The Moon also had
kept her face, just as before, and her route across the star-filled heavens
had changed not one whit, as far as Am-tep could tell. For many moons
after the Catastrophe, the skies had appeared different. There had been
darkness and strange clouds, and the Moon and Sun had sometimes worn
unusual colours. But this had now passed, and their motions seemed
utterly undisturbed. The tiny stars, likewise, had been quite unmoved.

If the heavens had shown such little concern for the Catastrophe, having
a stature far greater even than that terrible Daemon, Am-tep reasoned,
why should the forces controlling the Daemon itself show concern for
what the little people on the island had been doing, with their foolish
rituals and human sacrifice? He felt embarrassed by his own foolish
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thoughts at the time, that the daemon might be concerned by the mere
patterns on his pots.

Yet Am-tep was still troubled by the question ‘why? What deep forces
control the behaviour of the world, and why do they sometimes burst forth
in violent and seemingly incomprehensible ways? He shared his questions
with his grandson, but there were no answers.

A century passed by, and then a millennium, and still there were no
answers.

Amphos the craftsman had lived all his life in the same small town as his
father and his father before him, and his father’s father before that. He
made his living constructing beautifully decorated gold bracelets, earrings,
ceremonial cups, and other fine products of his artistic skills. Such work
had been the family trade for some forty generations—a line unbroken
since Am-tep had settled there eleven hundred years before.

But it was not just artistic skills that had been passed down from
generation to generation. Am-tep’s questions troubled Amphos just as
they had troubled Am-tep earlier. The great story of the Catastrophe
that destroyed an ancient peaceful civilization had been handed down
from father to son. Am-tep’s perception of the Catastrophe had also
survived with his descendants. Amphos, too, understood that the heavens
had a magnitude and stature so great as to be quite unconcerned by that
terrible event. Nevertheless, the event had had a catastrophic effect on the
little people with their cities and their human sacrifices and insignificant
religious rituals. Thus, by comparison, the event itself must have been the
result of enormous forces quite unconcerned by those trivial actions of
human beings. Yet the nature of those forces was as unknown in
Amphos’s day as it was to Am-tep.

Amphos had studied the structure of plants, insects and other small
animals, and crystalline rocks. His keen eye for observation had served
him well in his decorative designs. He took an interest in agriculture and
was fascinated by the growth of wheat and other plants from grain. But
none of this told him ‘why?’, and he felt unsatisfied. He believed that there
was indeed reason underlying Nature’s patterns, but he was in no way
equipped to unravel those reasons.

One clear night, Amphos looked up at the heavens, and tried to make
out from the patterns of stars the shapes of those heroes and heroines who
formed constellations in the sky. To his humble artist’s eye, those shapes
made poor resemblances. He could himself have arranged the stars far
more convincingly. He puzzled over why the gods had not organized the
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stars in a more appropriate way? As they were, the arrangements seemed
more like scattered grains randomly sowed by a farmer, rather than the
deliberate design of a god. Then an odd thought overtook him: Do not seek
for reasons in the specific patterns of stars, or of other scattered arrange-
ments of objects; look, instead, for a deeper universal order in the way that
things behave.

Amphos reasoned that we find order, after all, not in the patterns that
scattered seeds form when they fall to the ground, but in the miraculous
way that each of those seeds develops into a living plant having a superb
structure, similar in great detail to one another. We would not try to seek
the meaning in the precise arrangement of seeds sprinkled on the soil; yet,
there must be meaning in the hidden mystery of the inner forces control-
ling the growth of each seed individually, so that each one follows essen-
tially the same wonderful course. Nature’s laws must indeed have a
superbly organized precision for this to be possible.

Amphos became convinced that without precision in the underlying
laws, there could be no order in the world, whereas much order is indeed
perceived in the way that things behave. Moreover, there must be precision
in our ways of thinking about these matters if we are not to be led seriously
astray.

It so happened that word had reached Amphos of a sage who lived in
another part of the land, and whose beliefs appeared to be in sympathy
with those of Amphos. According to this sage, one could not rely on the
teachings and traditions of the past. To be certain of one’s beliefs, it was
necessary to form precise conclusions by the use of unchallengeable
reason. The nature of this precision had to be mathematical—ultimately
dependent on the notion of number and its application to geometric forms.
Accordingly, it must be number and geometry, not myth and superstition,
that governed the behaviour of the world.

As Am-tep had done a century and a millennium before, Amphos took
to the sea. He found his way to the city of Croton, where the sage and his
brotherhood of 571 wise men and 28 wise women were in search of truth.
After some time, Amphos was accepted into the brotherhood. The name
of the sage was Pythagoras.






1
The roots of science

1.1 The quest for the forces that shape the world

WHAT laws govern our universe? How shall we know them? How
may this knowledge help us to comprehend the world and hence guide
its actions to our advantage?

Since the dawn of humanity, people have been deeply concerned by
questions like these. At first, they had tried to make sense of those
influences that do control the world by referring to the kind of understand-
ing that was available from their own lives. They had imagined that
whatever or whoever it was that controlled their surroundings would do
so as they would themselves strive to control things: originally they had
considered their destiny to be under the influence of beings acting very
much in accordance with their own various familiar human drives. Such
driving forces might be pride, love, ambition, anger, fear, revenge, passion,
retribution, loyalty, or artistry. Accordingly, the course of natural
events—such as sunshine, rain, storms, famine, illness, or pestilence—
was to be understood in terms of the whims of gods or goddesses motiv-
ated by such human urges. And the only action perceived as influencing
these events would be appeasement of the god-figures.

But gradually patterns of a different kind began to establish their reli-
ability. The precision of the Sun’s motion through the sky and its clear
relation to the alternation of day with night provided the most obvious
example; but also the Sun’s positioning in relation to the heavenly orb of
stars was seen to be closely associated with the change and relentless
regularity of the seasons, and with the attendant clear-cut influence on
the weather, and consequently on vegetation and animal behaviour. The
motion of the Moon, also, appeared to be tightly controlled, and its phases
determined by its geometrical relation to the Sun. At those locations on
Earth where open oceans meet land, the tides were noticed to have a
regularity closely governed by the position (and phase) of the Moon.
Eventually, even the much more complicated apparent motions of the
planets began to yield up their secrets, revealing an immense underlying
precision and regularity. If the heavens were indeed controlled by the
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whims of gods, then these gods themselves seemed under the spell of exact
mathematical laws.

Likewise, the laws controlling earthly phenomena—such as the daily
and yearly changes in temperature, the ebb and flow of the oceans, and the
growth of plants—being seen to be influenced by the heavens in this
respect at least, shared the mathematical regularity that appeared to
guide the gods. But this kind of relationship between heavenly bodies
and earthly behaviour would sometimes be exaggerated or misunderstood
and would assume an inappropriate importance, leading to the occult and
mystical connotations of astrology. It took many centuries before the
rigour of scientific understanding enabled the true influences of the
heavens to be disentangled from purely suppositional and mystical ones.
Yet it had been clear from the earliest times that such influences did indeed
exist and that, accordingly, the mathematical laws of the heavens must
have relevance also here on Earth.

Seemingly independently of this, there were perceived to be other regu-
larities in the behaviour of earthly objects. One of these was the tendency
for all things in one vicinity to move in the same downward direction,
according to the influence that we now call gravity. Matter was observed
to transform, sometimes, from one form into another, such as with the
melting of ice or the dissolving of salt, but the total quantity of that matter
appeared never to change, which reflects the law that we now refer to as
conservation of mass. In addition, it was noticed that there are many
material bodies with the important property that they retain their shapes,
whence the idea of rigid spatial motion arose; and it became possible to
understand spatial relationships in terms of a precise, well-defined geom-
etry—the 3-dimensional geometry that we now call Euclidean. Moreover,
the notion of a ‘straight line’ in this geometry turned out to be the same as
that provided by rays of light (or lines of sight). There was a remarkable
precision and beauty to these ideas, which held a considerable fascination
for the ancients, just as it does for us today.

Yet, with regard to our everyday lives, the implications of this math-
ematical precision for the actions of the world often appeared unexciting
and limited, despite the fact that the mathematics itself seemed to repre-
sent a deep truth. Accordingly, many people in ancient times would allow
their imaginations to be carried away by their fascination with the subject
and to take them far beyond the scope of what was appropriate. In
astrology, for example, geometrical figures also often engendered mystical
and occult connotations, such as with the supposed magical powers of
pentagrams and heptagrams. And there was an entirely suppositional
attempted association between Platonic solids and the basic elementary
states of matter (see Fig. 1.1). It would not be for many centuries that the
deeper understanding that we presently have, concerning the actual
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Fig. 1.1 A fanciful association, made by the ancient Greeks, between the five
Platonic solids and the four ‘elements’ (fire, air, water, and earth), together with
the heavenly firmament represented by the dodecahedron.

relationships between mass, gravity, geometry, planetary motion, and the
behaviour of light, could come about.

1.2 Mathematical truth

The first steps towards an understanding of the real influences controll-
ing Nature required a disentangling of the true from the purely suppos-
itional. But the ancients needed to achieve something else first, before
they would be in any position to do this reliably for their understanding of
Nature. What they had to do first was to discover how to disentangle the
true from the suppositional in mathematics. A procedure was required for
telling whether a given mathematical assertion is or is not to be trusted as
true. Until that preliminary issue could be settled in a reasonable way, there
would be little hope of seriously addressing those more difficult problems
concerning forces that control the behaviour of the world and whatever
their relations might be to mathematical truth. This realization that the key
to the understanding of Nature lay within an unassailable mathematics was
perhaps the first major breakthrough in science.

Although mathematical truths of various kinds had been surmised
since ancient Egyptian and Babylonian times, it was not until the
great Greek philosophers Thales of Miletus (c.625-547 BC) and
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Pythagoras'® of Samos (¢.572-497 BC) began to introduce the notion of
mathematical proof that the first firm foundation stone of mathematical
understanding—and therefore of science itself—was laid. Thales may have
been the first to introduce this notion of proof, but it seems to have been the
Pythagoreans who first made important use of it to establish things that
were not otherwise obvious. Pythagoras also appeared to have a strong
vision of the importance of number, and of arithmetical concepts, in
governing the actions of the physical world. It is said that a big factor in
this realization was his noticing that the most beautiful harmonies produced
by lyres or flutes corresponded to the simplest fractional ratios between
the lengths of vibrating strings or pipes. He is said to have introduced the
‘Pythagorean scale’, the numerical ratios of what we now know to be
frequencies determining the principal intervals on which Western music is
essentially based.? The famous Pythagorean theorem, asserting that the
square on the hypotenuse of a right-angled triangle is equal to the sum of
the squares on the other two sides, perhaps more than anything else, showed
thatindeed there is a precise relationship between the arithmetic of numbers
and the geometry of physical space (see Chapter 2).

He had a considerable band of followers—the Pythagoreans—situated
in the city of Croton, in what is now southern Italy, but their influence on
the outside world was hindered by the fact that the members of the
Pythagorean brotherhood were all sworn to secrecy. Accordingly, almost
all of their detailed conclusions have been lost. Nonetheless, some of these
conclusions were leaked out, with unfortunate consequences for the
‘moles’—on at least one occasion, death by drowning!

In the long run, the influence of the Pythagoreans on the progress of
human thought has been enormous. For the first time, with mathematical
proof, it was possible to make significant assertions of an unassailable
nature, so that they would hold just as true even today as at the time that
they were made, no matter how our knowledge of the world has pro-
gressed since then. The truly timeless nature of mathematics was beginning
to be revealed.

But what is a mathematical proof? A proof, in mathematics, is an
impeccable argument, using only the methods of pure logical reasoning,
which enables one to infer the validity of a given mathematical assertion
from the pre-established validity of other mathematical assertions, or from
some particular primitive assertions—the axioms—whose validity is taken
to be self-evident. Once such a mathematical assertion has been estab-
lished in this way, it is referred to as a theorem.

Many of the theorems that the Pythagoreans were concerned with were
geometrical in nature; others were assertions simply about numbers. Those

*Notes, indicated in the text by superscript numbers, are gathered at the ends of the chapter
(in this case on p. 23).
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that were concerned merely with numbers have a perfectly unambiguous
validity today, just as they did in the time of Pythagoras. What about the
geometrical theorems that the Pythagoreans had obtained using their
procedures of mathematical proof? They too have a clear validity today,
but now there is a complicating issue. It is an issue whose nature is more
obvious to us from our modern vantage point than it was at that time of
Pythagoras. The ancients knew of only one kind of geometry, namely that
which we now refer to as Euclidean geometry, but now we know of many
other types. Thus, in considering the geometrical theorems of ancient
Greek times, it becomes important to specify that the notion of geometry
being referred to is indeed Euclid’s geometry. (I shall be more explicit
about these issues in §2.4, where an important example of non-Euclidean
geometry will be given.)

Euclidean geometry is a specific mathematical structure, with its own
specific axioms (including some less assured assertions referred to as postu-
lates), which provided an excellent approximation to a particular aspect of
the physical world. That was the aspect of reality, well familiar to the ancient
Greeks, which referred to the laws governing the geometry of rigid objects
and their relations to other rigid objects, as they are moved around in 3-
dimensional space. Certain of these properties were so familiar and self-
consistent that they tended to become regarded as ‘self-evident’ mathemat-
ical truths and were taken as axioms (or postulates). As we shall be seeing in
Chapters 17-19 and §§27.8,11, Einstein’s general relativity—and even the
Minkowskian spacetime of special relativity—provides geometries for the
physical universe that are different from, and yet more accurate than, the
geometry of Euclid, despite the fact that the Euclidean geometry of the
ancients was already extraordinarily accurate. Thus, we must be careful,
when considering geometrical assertions, whether to trust the ‘axioms’ as
being, in any sense, actually true.

But what does ‘true’ mean, in this context? The difficulty was well
appreciated by the great ancient Greek philosopher Plato, who lived in
Athens from ¢.429 to 347 BC, about a century after Pythagoras. Plato
made it clear that the mathematical propositions—the things that could be
regarded as unassailably true—referred not to actual physical objects (like
the approximate squares, triangles, circles, spheres, and cubes that might
be constructed from marks in the sand, or from wood or stone) but to
certain idealized entities. He envisaged that these ideal entities inhabited a
different world, distinct from the physical world. Today, we might refer to
this world as the Platonic world of mathematical forms. Physical structures,
such as squares, circles, or triangles cut from papyrus, or marked on a flat
surface, or perhaps cubes, tetrahedra, or spheres carved from marble,
might conform to these ideals very closely, but only approximately. The
actual mathematical squares, cubes, circles, spheres, triangles, etc., would
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not be part of the physical world, but would be inhabitants of Plato’s
idealized mathematical world of forms.

1.3 Is Plato’s mathematical world ‘real’?

This was an extraordinary idea for its time, and it has turned out to be a
very powerful one. But does the Platonic mathematical world actually
exist, in any meaningful sense? Many people, including philosophers,
might regard such a ‘world’ as a complete fiction—a product merely of
our unrestrained imaginations. Yet the Platonic viewpoint is indeed an
immensely valuable one. It tells us to be careful to distinguish the precise
mathematical entities from the approximations that we see around us in
the world of physical things. Moreover, it provides us with the blueprint
according to which modern science has proceeded ever since. Scientists will
put forward models of the world—or, rather, of certain aspects of the
world—and these models may be tested against previous observation and
against the results of carefully designed experiment. The models are
deemed to be appropriate if they survive such rigorous examination and
if, in addition, they are internally consistent structures. The important
point about these models, for our present discussion, is that they are
basically purely abstract mathematical models. The very question of the
internal consistency of a scientific model, in particular, is one that requires
that the model be precisely specified. The required precision demands that
the model be a mathematical one, for otherwise one cannot be sure that
these questions have well-defined answers.

If the model itself is to be assigned any kind of ‘existence’, then this
existence is located within the Platonic world of mathematical forms. Of
course, one might take a contrary viewpoint: namely that the model is
itself to have existence only within our various minds, rather than to take
Plato’s world to be in any sense absolute and ‘real’. Yet, there is something
important to be gained in regarding mathematical structures as having a
reality of their own. For our individual minds are notoriously imprecise,
unreliable, and inconsistent in their judgements. The precision, reliability,
and consistency that are required by our scientific theories demand some-
thing beyond any one of our individual (untrustworthy) minds. In math-
ematics, we find a far greater robustness than can be located in any
particular mind. Does this not point to something outside ourselves,
with a reality that lies beyond what each individual can achieve?

Nevertheless, one might still take the alternative view that the math-
ematical world has no independent existence, and consists merely of
certain ideas which have been distilled from our various minds and
which have been found to be totally trustworthy and are agreed by all.
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Yet even this viewpoint seems to leave us far short of what is required. Do
we mean ‘agreed by all’, for example, or ‘agreed by those who are in their
right minds’, or ‘agreed by all those who have a Ph.D. in mathematics’
(not much use in Plato’s day) and who have a right to venture an ‘authori-
tative’ opinion? There seems to be a danger of circularity here; for to judge
whether or not someone is ‘in his or her right mind’ requires some external
standard. So also does the meaning of ‘authoritative’, unless some stand-
ard of an unscientific nature such as ‘majority opinion’ were to be adopted
(and it should be made clear that majority opinion, no matter how
important it may be for democratic government, should in no way be
used as the criterion for scientific acceptability). Mathematics itself indeed
seems to have a robustness that goes far beyond what any individual
mathematician is capable of perceiving. Those who work in this subject,
whether they are actively engaged in mathematical research or just using
results that have been obtained by others, usually feel that they are merely
explorers in a world that lies far beyond themselves—a world which
possesses an objectivity that transcends mere opinion, be that opinion
their own or the surmise of others, no matter how expert those others
might be.

It may be helpful if I put the case for the actual existence of the Platonic
world in a different form. What I mean by this ‘existence’ is really just the
objectivity of mathematical truth. Platonic existence, as I see it, refers to
the existence of an objective external standard that is not dependent upon
our individual opinions nor upon our particular culture. Such ‘existence’
could also refer to things other than mathematics, such as to morality or
aesthetics (cf. §1.5), but I am here concerned just with mathematical
objectivity, which seems to be a much clearer issue.

Let me illustrate this issue by considering one famous example of a
mathematical truth, and relate it to the question of ‘objectivity’. In 1637,
Pierre de Fermat made his famous assertion now known as ‘Fermat’s Last
Theorem’ (that no positive nth power? of an integer, i.e. of a whole
number, can be the sum of two other positive nth powers if # is an integer
greater than 2), which he wrote down in the margin of his copy of the
Arithmetica, a book written by the 3rd-century Greek mathematician
Diophantos. In this margin, Fermat also noted: ‘I have discovered a
truly marvellous proof of this, which this margin is too narrow to contain.’
Fermat’s mathematical assertion remained unconfirmed for over 350
years, despite concerted efforts by numerous outstanding mathematicians.
A proof was finally published in 1995 by Andrew Wiles (depending on the
earlier work of various other mathematicians), and this proof has now
been accepted as a valid argument by the mathematical community.

Now, do we take the view that Fermat’s assertion was always true, long
before Fermat actually made it, or is its validity a purely cultural matter,
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dependent upon whatever might be the subjective standards of the com-
munity of human mathematicians? Let us try to suppose that the validity
of the Fermat assertion is in fact a subjective matter. Then it would not be
an absurdity for some other mathematician X to have come up with an
actual and specific counter-example to the Fermat assertion, so long as X
had done this before the date of 19954 In such a circumstance, the
mathematical community would have to accept the correctness of X’s
counter-example. From then on, any effort on the part of Wiles to prove
the Fermat assertion would have to be fruitless, for the reason that X had
got his argument in first and, as a result, the Fermat assertion would now
be false! Moreover, we could ask the further question as to whether,
consequent upon the correctness of X’s forthcoming counter-example,
Fermat himself would necessarily have been mistaken in believing in the
soundness of his ‘truly marvellous proof’, at the time that he wrote his
marginal note. On the subjective view of mathematical truth, it could
possibly have been the case that Fermat had a valid proof (which would
have been accepted as such by his peers at the time, had he revealed it) and
that it was Fermat’s secretiveness that allowed the possibility of X later
obtaining a counter-example! I think that virtually all mathematicians,
irrespective of their professed attitudes to ‘Platonism’, would regard such
possibilities as patently absurd.

Of course, it might still be the case that Wiles’s argument in fact
contains an error and that the Fermat assertion is indeed false. Or there
could be a fundamental error in Wiles’s argument but the Fermat assertion
is true nevertheless. Or it might be that Wiles’s argument is correct in its
essentials while containing ‘non-rigorous steps’ that would not be up to the
standard of some future rules of mathematical acceptability. But these
issues do not address the point that I am getting at here. The issue is the
objectivity of the Fermat assertion itself, not whether anyone’s particular
demonstration of it (or of its negation) might happen to be convincing to
the mathematical community of any particular time.

It should perhaps be mentioned that, from the point of view of math-
ematical logic, the Fermat assertion is actually a mathematical statement
of a particularly simple kind,> whose objectivity is especially apparent.
Only a tiny minority® of mathematicians would regard the truth of such
assertions as being in any way ‘subjective’—although there might be some
subjectivity about the types of argument that would be regarded as being
convincing. However, there are other kinds of mathematical assertion
whose truth could plausibly be regarded as being a ‘matter of opinion’.
Perhaps the best known of such assertions is the axiom of choice. It is not
important for us, now, to know what the axiom of choice is. (I shall
describe it in §16.3.) It is cited here only as an example. Most mathemat-
icians would probably regard the axiom of choice as ‘obviously true’, while
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others may regard it as a somewhat questionable assertion which might
even be false (and I am myself inclined, to some extent, towards this
second viewpoint). Still others would take it as an assertion whose
‘truth’ is a mere matter of opinion or, rather, as something which can be
taken one way or the other, depending upon which system of axioms and
rules of procedure (a ‘formal system’; see §16.6) one chooses to adhere to.
Mathematicians who support this final viewpoint (but who accept the
objectivity of the truth of particularly clear-cut mathematical statements,
like the Fermat assertion discussed above) would be relatively weak Pla-
tonists. Those who adhere to objectivity with regard to the truth of the
axiom of choice would be stronger Platonists.

1 shall come back to the axiom of choice in §16.3, since it has some
relevance to the mathematics underlying the behaviour of the physical
world, despite the fact that it is not addressed much in physical theory. For
the moment, it will be appropriate not to worry overly about this issue. If
the axiom of choice can be settled one way or the other by some appropri-
ate form of unassailable mathematical reasoning,” then its truth is indeed
an entirely objective matter, and either it belongs to the Platonic world or
its negation does, in the sense that I am interpreting this term ‘Platonic
world’. If the axiom of choice is, on the other hand, a mere matter of
opinion or of arbitrary decision, then the Platonic world of absolute
mathematical forms contains neither the axiom of choice nor its negation
(although it could contain assertions of the form ‘such-and-such follows
from the axiom of choice’ or ‘the axiom of choice is a theorem according
to the rules of such-and-such mathematical system’).

The mathematical assertions that can belong to Plato’s world are pre-
cisely those that are objectively true. Indeed, I would regard mathematical
objectivity as really what mathematical Platonism is all about. To say that
some mathematical assertion has a Platonic existence is merely to say that
it is true in an objective sense. A similar comment applies to mathematical
notions—such as the concept of the number 7, for example, or the rule of
multiplication of integers, or the idea that some set contains infinitely
many elements—all of which have a Platonic existence because they are
objective notions. To my way of thinking, Platonic existence is simply a
matter of objectivity and, accordingly, should certainly not be viewed as
something ‘mystical’ or ‘unscientific’, despite the fact that some people
regard it that way.

As with the axiom of choice, however, questions as to whether some
particular proposal for a mathematical entity is or is not to be regarded as
having objective existence can be delicate and sometimes technical. Des-
pite this, we certainly need not be mathematicians to appreciate the
general robustness of many mathematical concepts. In Fig. 1.2, I have
depicted various small portions of that famous mathematical entity known
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(b)

Fig. 1.2 (a) The Mandelbrot set. (b), (c), and (d) Some details, illustrating blow-
ups of those regions correspondingly marked in Fig. 1.2a, magnified by respective
linear factors 11.6, 168.9, and 1042.

as the Mandelbrot set. The set has an extraordinarily elaborate structure,
but it is not of any human design. Remarkably, this structure is defined by
a mathematical rule of particular simplicity. We shall come to this expli-
citly in §4.5, but it would distract us from our present purposes if I were to
try to provide this rule in detail now.

The point that I wish to make is that no one, not even Benoit Mandel-
brot himself when he first caught sight of the incredible complications in
the fine details of the set, had any real preconception of the set’s extraor-
dinary richness. The Mandelbrot set was certainly no invention of any
human mind. The set is just objectively there in the mathematics itself. If it
has meaning to assign an actual existence to the Mandelbrot set, then that
existence is not within our minds, for no one can fully comprehend the set’s
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endless variety and unlimited complication. Nor can its existence lie within
the multitude of computer printouts that begin to capture some of its
incredible sophistication and detail, for at best those printouts capture
but a shadow of an approximation to the set itself. Yet it has a robustness
that is beyond any doubt; for the same structure is revealed—in all its
perceivable details, to greater and greater fineness the more closely it is
examined—independently of the mathematician or computer that examines
it. Its existence can only be within the Platonic world of mathematical
forms.

I am aware that there will still be many readers who find difficulty with
assigning any kind of actual existence to mathematical structures. Let me
make the request of such readers that they merely broaden their notion of
what the term ‘existence’ can mean to them. The mathematical forms of
Plato’s world clearly do not have the same kind of existence as do ordinary
physical objects such as tables and chairs. They do not have spatial
locations; nor do they exist in time. Objective mathematical notions
must be thought of as timeless entities and are not to be regarded as
being conjured into existence at the moment that they are first humanly
perceived. The particular swirls of the Mandelbrot set that are depicted
in Fig. 1.2c or 1.2d did not attain their existence at the moment that they
were first seen on a computer screen or printout. Nor did they come about
when the general idea behind the Mandelbrot set was first humanly put
forth—not actually first by Mandelbrot, as it happened, but by R. Brooks
and J. P. Matelski, in 1981, or perhaps earlier. For certainly neither
Brooks nor Matelski, nor initially even Mandelbrot himself, had any
real conception of the elaborate detailed designs that we see in Fig. 1.2¢c
and 1.2d. Those designs were already ‘in existence’ since the beginning of
time, in the potential timeless sense that they would necessarily be revealed
precisely in the form that we perceive them today, no matter at what time
or in what location some perceiving being might have chosen to examine
them.

1.4 Three worlds and three deep mysteries

Thus, mathematical existence is different not only from physical existence
but also from an existence that is assigned by our mental perceptions. Yet
there is a deep and mysterious connection with each of those other two
forms of existence: the physical and the mental. In Fig. 1.3, 1 have
schematically indicated all of these three forms of existence—the physical,
the mental, and the Platonic mathematical—as entities belonging to three
separate ‘worlds’, drawn schematically as spheres. The mysterious connec-
tions between the worlds are also indicated, where in drawing the diagram
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Platonic
mathematical
world

Fig. 1.3 Three ‘worlds’—
the Platonic mathematical,
the physical, and the

) mental—and the three
#Physical  profound mysteries in the
world connections between them.

I have imposed upon the reader some of my beliefs, or prejudices, con-
cerning these mysteries.

It may be noted, with regard to the first of these mysteries—relating the
Platonic mathematical world to the physical world—that I am allowing
that only a small part of the world of mathematics need have relevance to
the workings of the physical world. It is certainly the case that the vast
preponderance of the activities of pure mathematicians today has no
obvious connection with physics, nor with any other science (cf. §34.9),
although we may be frequently surprised by unexpected important appli-
cations. Likewise, in relation to the second mystery, whereby mentality
comes about in association with certain physical structures (most specifi-
cally, healthy, wakeful human brains), I am not insisting that the majority
of physical structures need induce mentality. While the brain of a cat may
indeed evoke mental qualities, I am not requiring the same for a rock.
Finally, for the third mystery, I regard it as self-evident that only a small
fraction of our mental activity need be concerned with absolute mathemat-
ical truth! (More likely we are concerned with the multifarious irritations,
pleasures, worries, excitements, and the like, that fill our daily lives.) These
three facts are represented in the smallness of the base of the connection of
each world with the next, the worlds being taken in a clockwise sense in the
diagram. However, it is in the encompassing of each entire world within
the scope of its connection with the world preceding it that I am revealing
my prejudices.

Thus, according to Fig. 1.3, the entire physical world is depicted as
being governed according to mathematical laws. We shall be seeing in later
chapters that there is powerful (but incomplete) evidence in support of this
contention. On this view, everything in the physical universe is indeed
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governed in completely precise detail by mathematical principles—
perhaps by equations, such as those we shall be learning about in chapters
to follow, or perhaps by some future mathematical notions fundamen-
tally different from those which we would today label by the term ‘equa-
tions’. If this is right, then even our own physical actions would be entirely
subject to such ultimate mathematical control, where ‘control’ might still
allow for some random behaviour governed by strict probabilistic
principles.

Many people feel uncomfortable with contentions of this kind, and 1
must confess to having some unease with it myself. Nonetheless, my
personal prejudices are indeed to favour a viewpoint of this general nature,
since it is hard to see how any line can be drawn to separate physical
actions under mathematical control from those which might lie beyond it.
In my own view, the unease that many readers may share with me on this
issue partly arises from a very limited notion of what ‘mathematical
control’ might entail. Part of the purpose of this book is to touch upon,
and to reveal to the reader, some of the extraordinary richness, power, and
beauty that can spring forth once the right mathematical notions are hit
upon.

In the Mandelbrot set alone, as illustrated in Fig. 1.2, we can begin to
catch a glimpse of the scope and beauty inherent in such things. But even
these structures inhabit a very limited corner of mathematics as a whole,
where behaviour is governed by strict computational control. Beyond this
corner is an incredible potential richness. How do I really feel about the
possibility that all my actions, and those of my friends, are ultimately
governed by mathematical principles of this kind? I can live with that. I
would, indeed, prefer to have these actions controlled by something resid-
ing in some such aspect of Plato’s fabulous mathematical world than to
have them be subject to the kind of simplistic base motives, such as
pleasure-seeking, personal greed, or aggressive violence, that many
would argue to be the implications of a strictly scientific standpoint.

Yet, I can well imagine that a good many readers will still have difficulty
in accepting that all actions in the universe could be entirely subject to
mathematical laws. Likewise, many might object to two other prejudices
of mine that are implicit in Fig. 1.3. They might feel, for example, that I
am taking too hard-boiled a scientific attitude by drawing my diagram in a
way that implies that all of mentality has its roots in physicality. This is
indeed a prejudice, for while it is true that we have no reasonable scientific
evidence for the existence of ‘minds’ that do not have a physical basis, we
cannot be completely sure. Moreover, many of a religious persuasion
would argue strongly for the possibility of physically independent minds
and might appeal to what they regard as powerful evidence of a different
kind from that which is revealed by ordinary science.
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A further prejudice of mine is reflected in the fact that in Fig. 1.3 I have
represented the entire Platonic world to be within the compass of mental-
ity. This is intended to indicate that—at least in principle—there are no
mathematical truths that are beyond the scope of reason. Of course, there
are mathematical statements (even straightforward arithmetical addition
sums) that are so vastly complicated that no one could have the mental
fortitude to carry out the necessary reasoning. However, such things
would be potentially within the scope of (human) mentality and would
be consistent with the meaning of Fig. 1.3 as I have intended to represent
it. One must, nevertheless, consider that there might be other mathemat-
ical statements that lie outside even the potential compass of reason, and
these would violate the intention behind Fig. 1.3. (This matter will be
considered at greater length in §16.6, where its relation to Godel’s famous
incompleteness theorem will be discussed.)®

In Fig. 1.4, as a concession to those who do not share all my personal
prejudices on these matters, I have redrawn the connections between the
three worlds in order to allow for all three of these possible violations of
my prejudices. Accordingly, the possibility of physical action beyond the
scope of mathematical control is now taken into account. The diagram
also allows for the belief that there might be mentality that is not rooted in
physical structures. Finally, it permits the existence of true mathematical
assertions whose truth is in principle inaccessible to reason and insight.

This extended picture presents further potential mysteries that lie even
beyond those which I have allowed for in my own preferred picture of the
world, as depicted in Fig. 1.3. In my opinion, the more tightly organized
scientific viewpoint of Fig. 1.3 has mysteries enough. These mysteries are
not removed by passing to the more relaxed scheme of Fig. 1.4. For it

Platonic
mathematical AN
world AN

Fig. 1.4 A redrawing of
world Fig. 1.3 in which violations
of three of the prejudices of
the author are allowed for.
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remains a deep puzzle why mathematical laws should apply to the world
with such phenomenal precision. (We shall be glimpsing something of the
extraordinary accuracy of the basic physical theories in §19.8, §26.7,
and §27.13.) Moreover, it is not just the precision but also the subtle
sophistication and mathematical beauty of these successful theories that
is profoundly mysterious. There is also an undoubted deep mystery in how
it can come to pass that appropriately organized physical material—and
here I refer specifically to living human (or animal) brains—can somehow
conjure up the mental quality of conscious awareness. Finally, there is also
a mystery about how it is that we perceive mathematical truth. It is not just
that our brains are programmed to ‘calculate’ in reliable ways. There is
something much more profound than that in the insights that even the
humblest among us possess when we appreciate, for example, the actual
meanings of the terms ‘zero’, ‘one’, ‘two’, ‘three’, ‘four’, etc.”

Some of the issues that arise in connection with this third mystery will be
our concern in the next chapter (and more explicitly in §§16.5,6) in relation
to the notion of mathematical proof. But the main thrust of this book has
to do with the first of these mysteries: the remarkable relationship between
mathematics and the actual behaviour of the physical world. No proper
appreciation of the extraordinary power of modern science can be
achieved without at least some acquaintance with these mathematical
ideas. No doubt, many readers may find themselves daunted by the
prospect of having to come to terms with such mathematics in order to
arrive at this appreciation. Yet, I have the optimistic belief that they may
not find all these things to be so bad as they fear. Moreover, I hope that I
may persuade many reader that, despite what she or he may have previ-
ously perceived, mathematics can be fun!

I shall not be especially concerned here with the second of the mysteries
depicted in Figs. 1.3 and 1.4, namely the issue of how it is that mentality—
most particularly conscious awareness—can come about in association with
appropriate physical structures (although I shall touch upon this deep
question in §34.7). There will be enough to keep us busy in exploring the
physical universe and its associated mathematical laws. In addition, the
issues concerning mentality are profoundly contentious, and it would dis-
tract from the purpose of this book if we were to get embroiled in them.
Perhaps one comment will not be amiss here, however. This is that, in my
own opinion, there is little chance that any deep understanding of the nature
of the mind can come about without our first learning much more about the
very basis of physical reality. As will become clear from the discussions that
will be presented in later chapters, I believe that major revolutions are
required in our physical understanding. Until these revolutions have come
to pass, it is, in my view, greatly optimistic to expect that much real progress
can be made in understanding the actual nature of mental processes.'©

21



§1.5 CHAPTER 1

1.5 The Good, the True, and the Beautiful

In relation to this, there is a further set of issues raised by Figs. 1.3 and 1.4.
I have taken Plato’s notion of a ‘world of ideal forms’ only in the limited
sense of mathematical forms. Mathematics is crucially concerned with the
particular ideal of Truth. Plato himself would have insisted that there are
two other fundamental absolute ideals, namely that of the Beautiful and of
the Good. I am not at all averse to admitting to the existence of such ideals,
and to allowing the Platonic world to be extended so as to contain
absolutes of this nature.

Indeed, we shall later be encountering some of the remarkable interrela-
tions between truth and beauty that both illuminate and confuse the issues
of the discovery and acceptance of physical theories (see §§34.2,3,9 par-
ticularly; see also Fig. 34.1). Moreover, quite apart from the undoubted
(though often ambiguous) role of beauty for the mathematics underlying
the workings of the physical world, aesthetic criteria are fundamental to
the development of mathematical ideas for their own sake, providing both
the drive towards discovery and a powerful guide to truth. I would even
surmise that an important element in the mathematician’s common con-
viction that an external Platonic world actually has an existence independ-
ent of ourselves comes from the extraordinary unexpected hidden beauty
that the ideas themselves so frequently reveal.

Of less obvious relevance here—but of clear importance in the broader
context—is the question of an absolute ideal of morality: what is good and
what is bad, and how do our minds perceive these values? Morality has a
profound connection with the mental world, since it is so intimately related
to the values assigned by conscious beings and, more importantly, to the
very presence of consciousness itself. It is hard to see what morality might
mean in the absence of sentient beings. As science and technology progress,
an understanding of the physical circumstances under which mentality is
manifested becomes more and more relevant. I believe that it is more
important than ever, in today’s technological culture, that scientific ques-
tions should not be divorced from their moral implications. But these issues
would take us too far afield from the immediate scope of this book. We need
to address the question of separating true from false before we can ad-
equately attempt to apply such understanding to separate good from bad.

There is, finally, a further mystery concerning Fig. 1.3, which I have left
to the last. I have deliberately drawn the figure so as to illustrate a
paradox. How can it be that, in accordance with my own prejudices,
each world appears to encompass the next one in its entirety? I do not
regard this issue as a reason for abandoning my prejudices, but merely for
demonstrating the presence of an even deeper mystery that transcends
those which I have been pointing to above. There may be a sense in
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which the three worlds are not separate at all, but merely reflect, individu-
ally, aspects of a deeper truth about the world as a whole of which we have
little conception at the present time. We have a long way to go before such
matters can be properly illuminated.

I have allowed myself to stray too much from the issues that will
concern us here. The main purpose of this chapter has been to emphasize
the central importance that mathematics has in science, both ancient and
modern. Let us now take a glimpse into Plato’s world—at least into a
relatively small but important part of that world, of particular relevance to
the nature of physical reality.

Notes

Section 1.2

1.1. Unfortunately, almost nothing reliable is known about Pythagoras, his life, his
followers, or of their work, apart from their very existence and the recognition by
Pythagoras of the role of simple ratios in musical harmony. See Burkert (1972).
Yet much of great importance is commonly attributed to the Pythagoreans.
Accordingly, I shall use the term ‘Pythagorean’ simply as a label, with no impli-
cation intended as to historical accuracy.

1.2. This is the pure ‘diatonic scale’ in which the frequencies (in inverse proportion to
the lengths of the vibrating elements) are in the ratios 24 : 27 : 30 : 36 : 40 : 45 : 48,
giving many instances of simple ratios, which underlie harmonies that are pleasing
to the ear. The ‘white notes’ of a modern piano are tuned (according to a
compromise between Pythagorean purity of harmony and the facility of key
changes) as approximations to these Pythagorean ratios, according to the equal
temperament scale, with relative frequencies l::o*:a’:a’:0”:a!': a2, where

o= /2=1.05946.... (Note: o’ means the fifth power of o, ie.

o X o X o X o X a. The quantity /2 is the twelfth root of 2, which is the number

whose twelfth power is 2, i.e. 2!/12, so that «!2 = 2. See Note 1.3 and §5.2.)

Section 1.3

1.3. Recall from Note 1.2 that the nth power of a number is that number multiplied by
itself n times. Thus, the third power of 5 is 125, written 5° = 125; the fourth power
of 3 is 81, written 3* = 81; etc.

1.4. In fact, while Wiles was trying to fix a ‘gap’ in his proof of Fermat’s Last Theorem
which had become apparent after his initial presentation at Cambridge in June
1993, a rumour spread through the mathematical community that the mathemat-
ician Noam Elkies had found a counter-example to Fermat’s assertion. Earlier, in
1988, Elkies had found a counter-example to Euler’s conjecture—that there are no
positive solutions to the equation x* + y* + z* = w*—thereby proving it false. It
was not implausible, therefore, that he had proved that Fermat’s assertion also
was false. However, the e-mail that started the rumour was dated 1 April and was
revealed to be a spoof perpetrated by Henri Darmon; see Singh (1997), p. 293.

1.5. Technically it is a IT;-sentence; see §16.6.

1.6. I realize that, in a sense, I am falling into my own trap by making such an
assertion. The issue is not really whether the mathematicians taking such an
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extreme subjective view happen to constitute a tiny minority or not (and I have
certainly not conducted a trustworthy survey among mathematicians on this
point); the issue is whether such an extreme position is actually to be taken
seriously. I leave it to the reader to judge.

1.7. Some readers may be aware of the results of Godel and Cohen that the axiom of
choice is independent of the more basic standard axioms of set theory (the
Zermelo-Frankel axiom system). It should be made clear that the Godel-
Cohen argument does not in itself establish that the axiom of choice will never
be settled one way or the other. This kind of point is stressed, for example, in the
final section of Paul Cohen’s book (Cohen 1966, Chap. 14, §13), except that,
there, Cohen is more explicitly concerned with the continuum hypothesis than the
axiom of choice; see §16.5.

Section 1.4
1.8. There is perhaps an irony here that a fully fledged anti-Platonist, who believes
that mathematics is ‘all in the mind’ must also believe—so it seems—that there
are no true mathematical statements that are in principle beyond reason. For
example, if Fermat’s Last Theorem had been inaccessible (in principle) to reason,
then this anti-Platonist view would allow no validity either to its truth or to its
falsity, such validity coming only through the mental act of perceiving some
proof or disproof.
1.9. See e.g. Penrose (1997b).
1.10. My own views on the kind of change in our physical world-view that will be
needed in order that conscious mentality may be accommodated are expressed in
Penrose (1989, 1994, 1996,1997).
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2
An ancient theorem and a modern question

2.1 The Pythagorean theorem

LET us consider the issue of geometry. What, indeed, are the different
‘kinds of geometry’ that were alluded to in the last chapter? To lead up to
this issue, we shall return to our encounter with Pythagoras and consider
that famous theorem that bears his name:! for any right-angled triangle,
the square of the length of the hypotenuse (the side opposite the right
angle) is equal to the sum of the squares of the lengths of the other two
sides (Fig. 2.1). What reasons do we have for believing that this assertion is
true? How, indeed, do we ‘prove’ the Pythagorean theorem? Many argu-
ments are known. I wish to consider two such, chosen for their particular
transparency, each of which has a different emphasis.

For the first, consider the pattern illustrated in Fig. 2.2. It is composed
entirely of squares of two different sizes. It may be regarded as ‘obvious’
that this pattern can be continued indefinitely and that the entire plane is
thereby covered in this regular repeating way, without gaps or overlaps, by
squares of these two sizes. The repeating nature of this pattern is made
manifest by the fact that if we mark the centres of the larger squares, they
form the vertices of another system of squares, of a somewhat greater size
than either, but tilted at an angle to the original ones (Fig. 2.3) and which
alone will cover the entire plane. Each of these tilted squares is marked in
exactly the same way, so that the markings on these squares fit together to

, Fig.2.1 The Pythagorean
theorem: for any right-angled
triangle, the squared length of the
hypotenuse c is the sum of the
a squared lengths of the other two

2+ =c sides a and b.
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Fig. 2.2 A tessellation of the plane by  Fig. 2.3 The centres of the (say) larger
squares of two different sizes. squares form the vertices of a lattice of
still larger squares, tilted at an angle.

form the original two-square pattern. The same would apply if, instead of
taking the centres of the larger of the two squares of the original pattern,
we chose any other point, together with its set of corresponding points
throughout the pattern. The new pattern of tilted squares is just the same
as before but moved along without rotation—i.e. by means of a motion
referred to as a translation. For simplicity, we can now choose our starting
point to be one of the corners in the original pattern (see Fig. 2.4).

It should be clear that the area of the tilted square must be equal to the
sum of the areas of the two smaller squares—indeed the pieces into which
the markings would subdivide this larger square can, for any starting point
for the tilted squares, be moved around, without rotation, until they fit
together to make the two smaller squares (e.g. Fig. 2.5). Moreover, it is
evident from Fig. 2.4 that the edge-length of the large tilted square is the
hypotenuse of a right-angled triangle whose two other sides have lengths
equal to those of the two smaller squares. We have thus established the
Pythagorean theorem: the square on the hypotenuse is equal to the sum of
the squares on the other two sides.

The above argument does indeed provide the essentials of a simple proof
of this theorem, and, moreover, it gives us some ‘reason’ for believing that
the theorem has to be true, which might not be so obviously the case with
some more formal argument given by a succession of logical steps without
clear motivation. It should be pointed out, however, that there are several
implicit assumptions that have gone into this argument. Not the least of
these is the assumption that the seemingly obvious pattern of repeating
squares shown in Fig. 2.2 or even in Fig. 2.6 is actually geometrically
possible—or even, more critically, that a square is something geometrically
possible! What do we mean by a ‘square’ after all? We normally think of a
square as a plane figure, all of whose sides are equal and all of whose
angles are right angles. What is a right angle? Well, we can imagine two

26



An ancient theorem and a modern question §2.1

Lo

fghl N

F———=

Fig. 2.4 The lattice of tilted squares Fig. 2.5 For any particular starting
can be shifted by a translation, here so  point for the tilted square, such as that
that the vertices of the tilted lattice lie depicted, the tilted square is divided
on vertices of the original two-square into pieces that fit together to make the
lattice, showing that the side-length of  two smaller squares.

a tilted square is the hypotenuse of a

right-angled triangle (shown shaded)

whose other two side-lengths are those

of the original two squares.

N Fig. 2.6 The familiar lattice of equal
N squares. How do we know it exists?

straight lines crossing each other at some point, making four angles that
are all equal. Each of these equal angles is then a right angle.

Let us now try to construct a square. Take three equal line segments AB,
BC, and CD, where ABC and BCD are right angles, D and A being on the
same side of the line BC, as in Fig. 2.7. The question arises: is AD the same
length as the other three segments? Moreover, are the angles DAB and
CDA also right angles? These angles should be equal to one another by a
left-right symmetry in the figure, but are they actually right angles? This
only seems obvious because of our familiarity with squares, or perhaps
because we can recall from our schooldays some statement of Euclid that
can be used to tell us that the sides BA and CD would have to be ‘parallel’
to each other, and some statement that any ‘transversal’ to a pair of
parallels has to have corresponding angles equal, where it meets the two
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A 1 1D
E
Fig. 2.7 Try to construct a square. Take
] ABC and BCD as right angles, with
AB = BC = CD. Doses it follow that DA is also
equal to these lengths and that DAB and CDA are
B + C also right angles?

parallels. From this, it follows that the angle DAB would have to be
equal to the angle complementary to ADC (i.e. to the angle EDC, in
Fig. 2.7, ADE being straight) as well as being, as noted above, equal to
the angle ADC. An angle (ADC) can only be equal to its complementary
angle (EDC) if it is a right angle. We must also prove that the side AD
has the same length as BC, but this now also follows, for example, from
properties of transversals to the parallels BA and CD. So, it is indeed
true that we can prove from this kind of Euclidean argument that
squares, made up of right angles, actually do exist. But there is a deep
issue hiding here.

2.2 Euclid’s postulates

In building up his notion of geometry, Euclid took considerable care to see
what assumptions his demonstrations depended upon.? In particular, he
was careful to distinguish certain assertions called axioms—which were
taken as self-evidently true, these being basically definitions of what he
meant by points, lines, etc.—from the five postulates, which were assump-
tions whose validity seemed less certain, yet which appeared to be true of
the geometry of our world. The final one of these assumptions, referred to
as Euclid’s fifth postulate, was considered to be less obvious than the
others, and it was felt, for many centuries, that it ought to be possible to
find a way of proving it from the other more evident postulates. Euclid’s
fifth postulate is commonly referred to as the parallel postulate and 1 shall
follow this practice here.

Before discussing the parallel postulate, it is worth pointing out the
nature of the other four of Euclid’s postulates. The postulates are con-
cerned with the geometry of the (Euclidean) plane, though Euclid also
considered three-dimensional space later in his works. The basic elements
of his plane geometry are points, straight lines, and circles. Here, I shall
consider a ‘straight line’ (or simply a ‘line’) to be indefinitely extended in
both directions; otherwise I refer to a ‘line segment’. Euclid’s first postu-
late effectively asserts that there is a (unique) straight line segment
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connecting any two points. His second postulate asserts the unlimited
(continuous) extendibility of any straight line segment. His third
postulate asserts the existence of a circle with any centre and with any
value for its radius. Finally, his fourth postulate asserts the equality of all
right angles.?

From a modern perspective, some of these postulates appear a little
strange, particularly the fourth, but we must bear in mind the origin of the
ideas underlying Euclid’s geometry. Basically, he was concerned with the
movement of idealized rigid bodies and the notion of congruence which
was signalled when one such idealized rigid body was moved into coinci-
dence with another. The equality of a right angle on one body with that on
another had to do with the possibility of moving the one so that the lines
forming its right angle would lie along the lines forming the right angle of
the other. In effect, the fourth postulate is asserting the isotropy and
homogeneity of space, so that a figure in one place could have the ‘same’
(i.e. congruent) geometrical shape as a figure in some other place. The
second and third postulates express the idea that space is indefinitely
extendible and without ‘gaps’ in it, whereas the first expresses the basic
nature of a straight line segment. Although Euclid’s way of looking at
geometry was rather different from the way that we look at it today, his
first four postulates basically encapsulated our present-day notion of a
(two-dimensional) metric space with complete homogeneity and isotropy,
and infinite in extent. In fact, such a picture seems to be in close accord-
ance with the very large-scale spatial nature of the actual universe,
according to modern cosmology, as we shall be coming to in §27.11 and
§28.10.

What, then, is the nature of Euclid’s fifth postulate, the parallel postu-
late? As Euclid essentially formulated this postulate, it asserts that if two
straight line segments ¢ and b in a plane both intersect another straight line
¢ (so that ¢ is what is called a transversal of a and b) such that the sum of
the interior angles on the same side of ¢ is less than two right angles, then a
and b, when extended far enough on that side of ¢, will intersect some-
where (see Fig. 2.8a). An equivalent form of this postulate (sometimes
referred to as Playfair’s axiom) asserts that, for any straight line and for
any point not on the line, there is a unique straight line through the point
which is parallel to the line (see Fig. 2.8b). Here, ‘parallel’ lines would be
two straight lines in the same plane that do not intersect each other (and
recall that my ‘lines’ are fully extended entities, rather than Euclid’s
‘segments of lines’).I>11

@9 [2.1] Show that if Euclid’s form of the parallel postulate holds, then Playfair’s conclusion of the
uniqueness of parallels must follow.
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¢

A ]

If sum of these
angles is less

than 2 right angles
then ¢ and b meet

Unique parallel (b)
to a through P

Fig. 2.8 (a) Euclid’s parallel postulate. Lines a and b are transversals to a third
line ¢, such that the interior angles where a and b meet ¢ add to less than two right
angles. Then a and b (assumed extended far enough) will ultimately intersect each
other. (b) Playfair’s (equivalent) axiom: if ¢ is a line in a plane and P a point of the
plane not on a, then there is just one line parallel to a through P, in the plane.

Once we have the parallel postulate, we can proceed to establish the
property needed for the existence of a square. If a transversal to a pair of
straight lines meets them so that the sum of the interior angles on one
side of the transversal is two right angles, then one can show that the
lines of the pair are indeed parallel. Moreover, it immediately follows
that any other transversal of the pair has just the same angle property.
This is basically just what we needed for the argument given above
for the construction of our square. We see, indeed, that it is just the
parallel postulate that we must use to show that our construction
actually yields a square, with all its angles right angles and all its sides
the same. Without the parallel postulate, we cannot establish that
squares (in the normal sense where all their angles are right angles) actu-
ally exist.

It may seem to be merely a matter of mathematical pedantry to worry
about precisely which assumptions are needed in order to provide a
‘rigorous proof” of the existence of such an obvious thing as a square.
Why should we really be concerned with such pedantic issues, when a
‘square’ is just that familiar figure that we all know about? Well, we shall
be seeing shortly that Euclid actually showed some extraordinary perspi-
cacity in worrying about such matters. Euclid’s pedantry is related to a
deep issue that has a great deal to say about the actual geometry of the
universe, and in more than one way. In particular, it is not at all an
obvious matter whether physical ‘squares’ exist on a cosmological scale
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in the actual universe. This is a matter for observation, and the evidence at
the moment appears to be conflicting (see §2.7 and §28.10).

2.3 Similar-areas proof of the Pythagorean theorem

I shall return to the mathematical significance of not assuming the parallel
postulate in the next section. The relevant physical issues will be re-
examined in §18.4, §27.11, §28.10, and §34.4. But, before discussing such
matters, it will be instructive to turn to the other proof of the Pythagorean
theorem that I had promised above.

One of the simplest ways to see that the Pythagorean assertion is indeed
true in Euclidean geometry is to consider the configuration consisting of
the given right-angled triangle subdivided into two smaller triangles by
dropping a perpendicular from the right angle to the hypotenuse (Fig. 2.9).
There are now three triangles depicted: the original one and the two into
which it has now been subdivided. Clearly the area of the original triangle
is the sum of the areas of the two smaller ones.

Now, it is a simple matter to see that these three triangles are all similar
to one another. This means that they are all the same shape (though of
different sizes), i.e. obtained from one another by a uniform expansion or
contraction, together with a rigid motion. This follows because each of the
three triangles possesses exactly the same angles, in some order. Each of
the two smaller triangles has an angle in common with the largest one and
one of the angles of each triangle is a right angle. The third angle must also
agree because the sum of the angles in any triangle is always the same.
Now, it is a general property of similar plane figures that their areas are in
proportion to the squares of their corresponding linear dimensions. For
each triangle, we can take this linear dimension to be its longest side, i.e. its
hypotenuse. We note that the hypotenuse of each of the smaller triangles is

Fig. 2.9 Proof of the Pythagorean
theorem using similar triangles.
Take a right-angled triangle and
drop a perpendicular from its right
angle to its hypotenuse. The two
triangles into which the original
triangle is now divided have areas
which sum to that of the original
triangle. All three triangles are
similar, so their areas are in
proportion to the squares of their
respective hypotenuses. The Py-
thagorean theorem follows.

31



§2.3 CHAPTER 2

the same as one of the (non-hypotenuse) sides of the original triangle.
Thus, it follows at once (from the fact that the area of the original triangle
is the sum of the areas of the other two) that the square on the hypotenuse
on the original triangle is indeed the sum of the squares on the other two
sides: the Pythagorean theorem!

There are, again, some particular assumptions in this argument that we
shall need to examine. One important ingredient of the argument is the fact
that the angles of a triangle always add up to the same value. (This value of
this sum is of course 180°, but Euclid would have referred to it as ‘two right
angles’. The more modern ‘natural’ mathematical description is to say that
the angles of a triangle, in Euclid’s geometry, add up to m. This is to use
radians for the absolute measure of angle, where the degree sign ‘>’ counts as
7/180, so we can write 180° = m.) The usual proof is depicted in Fig. 2.10.
We extend CA to E and draw a line AD, through A, which is parallel to
CB. Then (as follows from the parallel postulate) the angles EAD and
ACB are equal, and also DAB and CBA are equal. Since the angles EAD,
DAB, and BAC add up to © (or to 180°, or to two right angles), so also
must the three angles ACB, CBA, and BAC of the triangle—as was
required to prove. But notice that the parallel postulate was used here.

This proof of the Pythagorean theorem also makes use of the fact that
the areas of similar figures are in proportion to the squares of any linear
measure of their sizes. (Here we chose the hypotenuse of each triangle to
represent this linear measure.) This fact not only depends on the very
existence of similar figures of different sizes—which for the triangles of
Fig. 2.9 we established using the parallel postulate—but also on some
more sophisticated issues that relate to how we actually define ‘area’ for
non-rectangular shapes. These general matters are addressed in terms of
the carrying out of limiting procedures, and I do not want to enter into

Fig. 2.10 Proof that the sum
of the angles of a triangle
ABC sums to t (= 180° = two
right angles). Extend CA to E;
draw AD parallel to CB. It
follows from the parallel
postulate that the angles EAD
and ACB are equal and the
angles DAB and CBA are
equal. Since the angles EAD,
DAB, and BAC sum to =, so
also do the angles ACB, CBA,
E and BAC.
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this kind of discussion just for the moment. It will take us into some deeper
issues related to the kind of numbers that are used in geometry. The
question will be returned to in §§3.1-3.

An important message of the discussion in the preceding sections is that
the Pythagorean theorem seems to depend on the parallel postulate. Is this
really so? Suppose the parallel postulate were false? Does that mean that
the Pythagorean theorem might itself actually be false? Does such a
possibility make any sense? Let us try to address the question of what
would happen if the parallel postulate is indeed allowed to be taken to be
false. We shall seem to be entering a mysterious make-belief world, where
the geometry that we learned at school is turned all topsy-turvy. Indeed,
but we shall find that there is also a deeper purpose here.

2.4 Hyperbolic geometry: conformal picture

Have a look at the picture in Fig. 2.11. It is a reproduction of one of M. C.
Escher’s woodcuts, called Circle Limit I. It actually provides us with a very
accurate representation of a kind of geometry—called hyperbolic (or
sometimes Lobachevskian) geometry—in which the parallel postulate is
false, the Pythagorean theorem fails to hold, and the angles of a triangle
do not add to m. Moreover, for a shape of a given size, there does not, in
general, exist a similar shape of a larger size.

In Fig. 2.11, Escher has used a particular representation of hyperbolic
geometry in which the entire ‘universe’ of the hyperbolic plane is
‘squashed’ into the interior of a circle in an ordinary Euclidean plane.
The bounding circle represents ‘infinity’ for this hyperbolic universe. We
can see that, in Escher’s picture, the fish appear to get very crowded as they
get close to this bounding circle. But we must think of this as an illusion.
Imagine that you happened to be one of the fish. Then whether you are
situated close to the rim of Escher’s picture or close to its centre, the entire
(hyperbolic) universe will look the same to you. The notion of ‘distance’ in
this geometry does not agree with that of the Euclidean plane in terms of
which it has been represented. As we look down upon Escher’s picture
from our Euclidean perspective, the fish near the bounding circle appear to
us to be getting very tiny. But from the ‘hyperbolic’ perspective of the white
or the black fish themselves, they think that they are exactly the same size
and shape as those near the centre. Moreover, although from our outside
Euclidean perspective they appear to get closer and closer to the bounding
circle itself, from their own hyperbolic perspective that boundary always
remains infinitely far away. Neither the bounding circle nor any of the
‘Euclidean’ space outside it has any existence for them. Their entire uni-
verse consists of what to us seems to lie strictly within the circle.
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Fig. 2.11 M. C. Escher’s woodcut Circle Limit I, illustrating the conformal repre-
sentation of the hyperbolic plane.

In more mathematical terms, how is this picture of hyperbolic geometry
constructed? Think of any circle in a Euclidean plane. The set of points
lying in the interior of this circle is to represent the set of points in the
entire hyperbolic plane. Straight lines, according to the hyperbolic geom-
etry are to be represented as segments of Euclidean circles which meet the
bounding circle orthogonally—which means at right angles. Now, it turns
out that the hyperbolic notion of an angle between any two curves, at their
point of intersection, is precisely the same as the Euclidean measure of
angle between the two curves at the intersection point. A representation of
this nature is called conformal. For this reason, the particular representa-
tion of hyperbolic geometry that Escher used is sometimes referred to as
the conformal model of the hyperbolic plane. (It is also frequently referred
to as the Poincaré disc. The dubious historical justification of this termin-
ology will be discussed in §2.6.)

We are now in a position to see whether the angles of a triangle in
hyperbolic geometry add up to © or not. A quick glance at Fig. 2.12 leads
us to suspect that they do not and that they add up to something less. In
fact, the sum of the angles of a triangle in hyperbolic geometry always falls
short of m. We might regard that as a somewhat unpleasant feature of
hyperbolic geometry, since we do not appear to get a ‘neat’ answer for the
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Fig. 2.12 The same Escher picture as Fig. 2.11, but with hyperbolic straight lines
(Euclidean circles or lines meeting the bounding circle orthogonally) and a hyper-
bolic triangle, is illustrated. Hyperbolic angles agree with the Euclidean ones. The
parallel postulate is evidently violated (lettering as in Fig. 2.8b) and the angles of a
triangle sum to less than 7.

sum of the angles of a triangle. However, there is actually something
particularly elegant and remarkable about what does happen when we
add up the angles of a hyperbolic triangle: the shortfall is always propor-
tional to the area of the triangle. More explicitly, if the three angles of the
triangle are o, 5, and y, then we have the formula (found by Johann
Heinrich Lambert 1728-1777)

n—(+p+7y) = C4,

where A4 is the area of the triangle and C is some constant. This constant
depends on the “units’ that are chosen in which lengths and areas are to be
measured. We can always scale things so that C = 1. It is, indeed, a
remarkable fact that the area of a triangle can be so simply expressed in
hyperbolic geometry. In Euclidean geometry, there is no way to express
the area of a triangle simply in terms of its angles, and the expression
for the area of a triangle in terms of its side-lengths is considerably more
complicated.
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In fact, I have not quite finished my description of hyperbolic geometry
in terms of this conformal representation, since I have not yet described
how the hyperbolic distance between two points is to be defined (and it
would be appropriate to know what ‘distance’ is before we can really talk
about areas). Let me give you an expression for the hyperbolic distance
between two points A and B inside the circle. This is

QA -PB

log o 22,
°€QB-PA

where P and Q are the points where the Euclidean circle (i.e. hyperbolic
straight line) through A and B orthogonal to the bounding circle meets this
bounding circle and where ‘QA’, etc., refer to Euclidean distances (see
Fig. 2.13). If you want to include the C of Lambert’s area formula (with
C # 1), just multiply the above distance expression by C~!/? (the recipro-
cal of the square root of C)*[>2 For reasons that I hope may become
clearer later, I shall refer to the quantity C~'/? as the pseudo-radius of the
geometry.

If mathematical expressions like the above ‘log’ formula seem daunting,
please do not worry. I am only providing it for those who like to see things
explicitly. In any case, I am not going to explain why the expression works
(e.g. why the shortest hyperbolic distance between two points, defined in
this way, is actually measured along a hyperbolic straight line, or why the
distances along a hyperbolic straight line ‘add up’ appropriately).l>3! Also,
I apologize for the ‘log’ (logarithm), but that is the way things are. In fact,

Fig. 2.13 In the conformal
representation, the hyperbolic distance
between A and B is log {QA.PB/QB.PA}
where QA, etc. are Euclidean distances, P
and Q being where the Euclidean circle
A through A and B, orthogonal to the

Q bounding circle (hyperbolic line), meets

this circle.

%9 [2.2] Can you see a simple reason why ?

3 [2.3] See if you can prove that, according to this formula, if A, B, and C are three successive points
onahyperbolicstraightline, then the hyperbolicdistances ‘AB’, etc. satisfy ‘AB’ + ‘BC’ = ‘AC’. You
may assume the general property of logarithms, log (ab) = loga + log b as described in §§5.2, 3.
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this is a natural logarithm (‘log to the base ¢’) and I shall be having a good
deal to say about it in §§5.2,3. We shall find that logarithms are really very
beautiful and mysterious entities (as is the number ¢), as well as being
important in many different contexts.

Hyperbolic geometry, with this definition of distance, turns out to have all
the properties of Euclidean geometry apart from those which need the
parallel postulate. We can construct triangles and other plane figures of
different shapes and sizes, and we can move them around ‘rigidly’ (keeping
their hyperbolic shapes and sizes from changing) with as much freedom as
we can in Euclidean geometry, so that a natural notion of when two
shapes are ‘congruent’ arises, just as in Euclidean geometry, where ‘congru-
ent’ means ‘can be moved around rigidly until they come into coincidence’.
All the white fish in Escher’s woodcut are indeed congruent to each other,
according to this hyperbolic geometry, and so also are all the black fish.

2.5 Other representations of hyperbolic geometry

Of course, the white fish do not all look the same shape and size, but that is
because we are viewing them from a Euclidean rather than a hyperbolic
perspective. Escher’s picture merely makes use of one particular Euclidean
representation of hyperbolic geometry. Hyperbolic geometry itself is a
more abstract thing which does not depend upon any particular Euclidean
representation. However, such representations are indeed very helpful to
us in that they provide a way of visualizing hyperbolic geometry by
referring it to something that is more familiar and seemingly more ‘con-
crete’ to us, namely Euclidean geometry. Moreover, such representations
make it clear that hyperbolic geometry is a consistent structure and that,
consequently, the parallel postulate cannot be proved from the other laws
of Euclidean geometry.

There are indeed other representations of hyperbolic geometry in terms
of Euclidean geometry, which are distinct from the conformal one that
Escher employed. One of these is that known as the projective model.
Here, the entire hyperbolic plane is again depicted as the interior of a
circle in a Euclidean plane, but the hyperbolic straight lines are now
represented as straight Euclidean lines (rather than as circular arcs).
There is, however, a price to pay for this apparent simplification, because
the hyperbolic angles are now not the same as the Euclidean angles, and
many people would regard this price as too high. For those readers who
are interested, the hyperbolic distance between two points A and B in this
representation is given by the expression (see Fig. 2.14)

1, RA-SB

3°°RBSA
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Fig. 2.14 In the projective representation,
the formula for hyperbolic distance is now
1log {RA.SB/RB.SA}, where R and S are

R the intersections of the Euclidean (i.e.
hyperbolic) straight line AB with the
bounding circle.

(taking C = 1, this being almost the same as the expression we had before,
for the conformal representation), where R and S are the intersections of the
extended straight line AB with the bounding circle. This representation of
hyperbolic geometry, can be obtained from the conformal one by means of
an expansion radially out from the centre by an amount given by

2R?
R>+12 ’

where R is the radius of the bounding circle and r. is the Euclidean distance
out from the centre of the bounding circle of a point in the conformal
representation (see Fig. 2.15).>4 In Fig. 2.16, Escher’s picture of Fig. 2.11
has been transformed from the conformal to the projective model using this
formula. (Despite lost detail, Eseher’s precise artistry is still evident.)
Though less appealing this way, it presents a novel viewpoint!

There is a more directly geometrical way of relating the conformal and
projective representations, via yet another clever representation of this
same geometry. All three of these representations are due to the ingenious

Fig. 2.15 To get from the conformal to
the projective representation, expand out
from the centre by a factor 2R? / (R2 + r?),
where R is the radius of the bounding
circle and r, is the Euclidean distance out
of the point in the conformal
representation.

£5[2.4] Show this. (Hint: You can use Beltrami’s geometry, as illustrated in Fig. 2.17, if you wish.)
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Fig. 2.16 Escher’s picture of Fig. 2.11 transformed from the conformal to the
projective representation.

Italian geometer Eugenio Beltrami (1835-1900). Consider a sphere S,
whose equator coincides with the bounding circle of the projective repre-
sentation of hyperbolic geometry given above. We are now going to find a
representation of hyperbolic geometry on the northern hemisphere S* of S,
which I shall call the hemispheric representation. See Fig. 2.17. To pass
from the projective representation in the plane (considered as horizontal)
to the new one on the sphere, we simply project vertically upwards (Fig.
2.17a). The straight lines in the plane, representing hyperbolic straight
lines, are represented on S by semicircles meeting the equator orthogon-
ally. Now, to get from the representation on S* to the conformal repre-
sentation on the plane, we project from the south pole (Fig. 2.17b). This is
what is called stereographic projection, and it will play important roles later
on in this book (see §8.3, §18.4, §22.9, §33.6). Two important properties of
stereographic projection that we shall come to in §8.3 are that it is con-
formal, so that it preserves angles, and that it sends circles on the sphere to
circles (or, exceptionally, to straight lines) on the plane.[>->}[2-]

A9 [2.5] Assuming these two stated properties of stereographic projection, the conformal repre-
sentation of hyperbolic geometry being as stated in §2.4, show that Beltami’s hemispheric
representation is conformal, with hyperbolic ‘straight lines’ as vertical semicircles.

#5 [2.6] Can you see how to prove these two properties? (Hint: Show, in the case of circles, that the
cone of projection is intersected by two planes of exactly opposite tilt.)
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Fig. 2.17 Beltrami’s geometry, relating three of his representations of hyperbolic
geometry. (a) The hemispheric representation (conformal on the northern hemi-
sphere ST) projects vertically to the projective representation on the equatorial
disc. (b) The hemispheric representation projects stereographically, from the south
pole to the conformal representation on the equatorial disc.

The existence of various different models of hyperbolic geometry, ex-
pressed in terms of Euclidean space, serves to emphasize the fact that these
are, indeed, merely ‘Euclidean models’ of hyperbolic geometry and are not
to be taken as telling us what hyperbolic geometry actually is. Hyperbolic
geometry has its own ‘Platonic existence’, just as does Euclidean geometry
(see §1.3 and the Preface). No one of the models is to be taken as the
‘correct’ picturing of hyperbolic geometry at the expense of the others. The
representations of it that we have been considering are very valuable as
aids to our understanding, but only because the Euclidean framework is
the one which we are more used to. For a sentient creature brought up
with a direct experience of hyperbolic (rather than Euclidean) geometry, a
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model of Euclidean geometry in hyperbolic terms might seem the more
natural way around. In §18.4, we shall encounter yet another model of
hyperbolic geometry, this time in terms of the Minkowskian geometry of
special relativity.

To end this section, let us return to the question of the existence of
squares in hyperbolic geometry. Although squares whose angles are right
angles do not exist in hyperbolic geometry, there are ‘squares’ of a more
general type, whose angles are less than right angles. The easiest way to
construct a square of this kind is to draw two straight lines intersecting at
right angles at a point O. Our ‘square’ is now the quadrilateral whose four
vertices are the intersections A, B, C, D (taken cyclicly) of these two lines
with some circle with centre O. See Fig. 2.18. Because of the symmetry of
the figure, the four sides of the resulting quadrilateral ABCD are all equal
and all of its four angles must also be equal. But are these angles
right angles? Not in hyperbolic geometry. In fact they can be any (positive)
angle we like which is less than a right angle, but not equal to a right
angle. The bigger the (hyperbolic) square (i.e. the larger the circle, in
the above construction), the smaller will be its angles. In Fig. 2.19a,
I have depicted a lattice of hyperbolic squares, using the conformal
model, where there are five squares at each vertex point (instead of the
Euclidean four), so the angle is %n, or 72°. In Fig. 2.19b, I have depicted
the same lattice using the projective model. It will be seen that this does
not allow the modifications that would be needed for the two-square
lattice of Fig. 2.2.127]

Fig. 2.18 A hyperbolic
‘square’ is a hyperbolic

B
quadrilateral, whose vertices
are the intersections A, B, C,
D (taken cyclically) of two
perpendicular hyperbolic

C A straight lines through some

point O with some circle
centred at O. Because of
symmetry, the four sides of
ABCD as well as all the four
angles are equal. These
angles are not right angles,

D

but can be equal to any given
positive angle less than %TC.

5 [2.7] See if you can do something similar, but with hyperbolic regular pentagons and squares.
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(b)

Fig. 2.19 A lattice of squares, in hyperbolic space, in which five squares meet at
each vertex, so the angles of the square are Z& or 72°. (a) Conformal representa-

5°
tion. (b) Projective representation.

2.6 Historical aspects of hyperbolic geometry

A few historical comments concerning the discovery of hyperbolic geom-
etry are appropriate here. For centuries following the publication of
Euclid’s elements, in about 300 Bc, various mathematicians attempted to
prove the fifth postulate from the other axioms and postulates. These
efforts reached their greatest heights with the heroic work by the Jesuit
Girolamo Saccheri in 1733. It would seem that Saccheri himself must
ultimately have thought his life’s work a failure, constituting merely an
unfulfilled attempt to prove the parallel postulate by showing that the
hypothesis that the angle sum of every triangle is less than two right angles
led to a contradiction. Unable to do this logically after momentous
struggles, he concluded, rather weakly:

The hypothesis of acute angle is absolutely false; because repugnant to the
nature of the straight line.’

The hypothesis of ‘acute angle’ asserts that the lines ¢ and b of Fig. 2.8.
sometimes do not meet. It is, in fact, viable and actually yields hyperbolic
geometry!

How did it come about that Saccheri effectively discovered something
that he was trying to show was impossible? Saccheri’s proposal for proving
Euclid’s fifth postulate was to make the assumption that the fifth postulate
was false and then derive a contradiction from this assumption. In this
way he proposed to make use of one of the most time-honoured and
fruitful principles ever to be put forward in mathematics—very possibly
first introduced by the Pythagoreans—called proof by contradiction (or
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reductio ad absurdum, to give it its Latin name). According to this proced-
ure, in order to prove that some assertion is true, one first makes the
supposition that the assertion in question is false, and one then argues
from this that some contradiction ensues. Having found such a contradic-
tion, one deduces that the assertion must be true after all.® Proof by
contradiction provides a very powerful method of reasoning in mathemat-
ics, frequently applied today. A quotation from the distinguished math-
ematician G. H. Hardy is apposite here:

Reductio ad absurdum, which Euclid loved so much, is one of a mathemat-
ician’s finest weapons. It is a far finer gambit than any chess gambit: a chess
player may offer the sacrifice of a pawn or even a piece, but a mathematician
offers the game.”

We shall be seeing other uses of this important principle later (see §3.1 and
§§16.4,6).

However, Saccheri failed in his attempt to find a contradiction. He was
therefore not able to obtain a proof of the fifth postulate. But in striving
for it he, in effect, found something far greater: a new geometry, different
from that of Euclid—the geometry, discussed in §§2.4,5, that we now call
hyperbolic geometry. From the assumption that Euclid’s fifth postulate
was false, he derived, instead of an actual contradiction, a host of strange-
looking, barely believable, but interesting theorems. However, strange as
these results appeared to be, none of them was actually a contradiction. As
we now know, there was no chance that Saccheri would find a genuine
contradiction in this way, for the reason that hyperbolic geometry does
actually exist, in the mathematical sense that there is such a consistent
structure. In the terminology of §1.3, hyperbolic geometry inhabits Plato’s
world of mathematical forms. (The issue of hyperbolic geometry’s physical
reality will be touched upon in §2.7 and §28.10.)

A little after Saccheri, the highly insightful mathematician Johann
Heinrich Lambert (1728-1777) also derived a host of fascinating geomet-
rical results from the assumption that Euclid’s fifth postulate is false,
including the beautiful result mentioned in §2.4 that gives the area of a
hyperbolic triangle in terms of the sum of its angles. It appears that
Lambert may well have formed the opinion, at least at some stage of his
life, that a consistent geometry perhaps could be obtained from the denial
of Euclid’s fifth postulate. Lambert’s tentative reason seems to have been
that he could contemplate the theoretical possibility of the geometry on a
‘sphere of imaginary radius’, i.e. one for which the ‘squared radius’ is
negative. Lambert’s formula n — (¢« 4  + y) = C4 gives the area, 4, of a
hyperbolic triangle, where o, , and y are the angles of the triangle and
where C is a constant (—C being what we would now call the ‘Gaussian
curvature’ of the hyperbolic plane). This formula looks basically the same
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as a previously known one due to Thomas Hariot (1560-1621),
A = R*(u+ B +7y —n), for the area A of a spherical triangle, drawn with
great circle arcs® on a sphere of radius R (see Fig. 2.20).[>8] To retrieve
Lambert’s formula, we have to put

1

But, in order to give the positive value of C, as would be needed for
hyperbolic geometry, we require the sphere’s radius to be ‘imaginary’
(i.e. to be the square root of a negative number). Note that the radius R
is given by the imaginary quantity (— C)~"/?. This explains the term
‘pseudo-radius’, introduced in §2.4, for the real quantity C~'/2. In fact
Lambert’s procedure is perfectly justified from our more modern perspec-
tives (see Chapter 4 and §18.4), and it indicates great insight on his part to
have foreseen this.

It is, however, the conventional standpoint (somewhat unfair, in my
opinion) to deny Lambert the honour of having first constructed non-
Euclidean geometry, and to consider that (about half a century later) the
first person to have come to a clear acceptance of a fully consistent
geometry, distinct from that of Euclid, in which the parallel postulate is
false, was the great mathematician Carl Friedrich Gauss. Being an excep-
tionally cautious man, and being fearful of the controversy that such a
revelation might cause, Gauss did not publish his findings, and kept them to
himself.® Some 30 years after Gauss had begun working on it, hyperbolic

Fig. 2.20 Hariot’s formula for the
area of a spherical triangle, with angles
o, B, y,is A= R o+ f+7y—m).
Lambert’s formula, for a hyperbolic
triangle, has C = —1/R>.

#5 [2.8] Try to prove this spherical triangle formula, basically using only symmetry arguments
and the fact that the total area of the sphere is 4T R>. Hint: Start with finding the area of a segment
of a sphere bounded by two great circle arcs connecting a pair of antipodal points on the sphere;
then cut and paste and use symmetry arguments. Keep Fig. 2.20 in mind.
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geometry was independently rediscovered by various others, including the
Hungarian Janos Bolyai (by 1829) and, most particularly, the Russian
artillery man Nicolai Ivanovich Lobachevsky in about 1826 (whence
hyperbolic geometry is frequently called Lobachevskian geometry).

The specific projective and conformal realizations of hyperbolic geom-
etry that I have described above were both found by Eugenio Beltrami,
and published in 1868, together with some other elegant representations
including the hemispherical one mentioned in §2.5. The conformal
representation is, however, commonly referred to as the ‘Poincaré
model’, because Poincaré’s rediscovery of this representation in 1882 is
better known than the original work of Beltrami (largely because of the
important use that Poincaré made of this model).!® Likewise, poor old
Beltrami’s projective representation is sometimes called the ‘Klein repre-
sentation’. It is not uncommon in mathematics that the name normally
attached to a mathematical concept is not that of the original discov-
erer. At least, in this case, Poincaré did rediscover the conformal repre-
sentation (as did Klein the projective one in 1871). There are other
instances in mathematics where the mathematician(s) whose name(s)
are attached to a result did not even know of the result in question!!!

The representation of hyperbolic geometry that Beltrami is best
known for is yet another one, which he found also in 1868. This
represents the geometry on a certain surface known as a pseudo-sphere
(see Fig. 2.21). This surface is obtained by rotating a tractrix, a curve
first investigated by Isaac Newton in 1676, about its ‘asymptote’. The
asymptote is a straight line which the curve approaches, becoming
asymptotically tangent to it as the curve recedes to infinity. Here, we
are to imagine the asymptote to be drawn on a horizontal plane of
rough texture. We are to think of a light, straight, stiff rod, at one end
P of which is attached a heavy point-like weight, and the other end R
moves along the asymptote. The point P then traces out a tractrix.
Ferdinand Minding found, in 1839, that the pseudo-sphere has a constant

R Asymptote

()

Fig. 2.21 (a) A pseudo-sphere. This is obtained by rotating, about its asymptote
(b)atractrix. To construct a tractrix, imagine its plane to be horizontal, over which is
dragged a light, frictionless straight, stiffrod. One end of the rod is a point-like weight
P with friction, and the other end R moves along the (straight) asymptote.
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negative intrinsic geometry, and Beltrami used this fact to construct the first
model of hyperbolic geometry. Beltrami’s pseudo-sphere model seems to be
the one that persuaded mathematicians of the consistency of plane hyper-
bolic geometry, since the measure of hyperbolic distance agrees with
the Euclidean distance along the surface. However, it is a somewhat awk-
ward model, because it represents hyperbolic geometry only locally, rather
than presenting the entire geometry all at once, as do Beltrami’s other
models.

2.7 Relation to physical space

Hyperbolic geometry also works perfectly well in higher dimensions. More-
over, there are higher-dimensional versions of both the conformal and
projective models. For three-dimensional hyperbolic geometry, instead of
a bounding circle, we have a bounding sphere. The entire infinite three-
dimensional hyperbolic geometry is represented by the interior of this
finite Euclidean sphere. The rest is basically just as we had it before. In the
conformal model, straight lines in this three-dimensional hyperbolic geom-
etry are represented as Euclidean circles which meet the bounding sphere
orthogonally; angles are given by the Euclidean measures, and distances are
given by the same formula as in the two-dimensional case. In the projective
model, the hyperbolic straight lines are Euclidean straight lines, and dis-
tances are again given by the same formula as in the two-dimensional case.

What about our actual universe on cosmological scales? Do we expect that
its spatial geometry is Euclidean, or might it accord more closely with some
other geometry, such as the remarkable hyperbolic geometry (but in three
dimensions) that we have been examining in §§2.4-6. This is indeed a serious
question. We know from Einstein’s general relativity (which we shall come to
in §17.9 and §19.6) that Euclid’s geometry is only an (extraordinarily accur-
ate) approximation to the actual geometry of physical space. This physical
geometry is not even exactly uniform, having small ripples of irregularity
owing to the presence of matter density. Yet, strikingly, according to the best
observational evidence available to cosmologists today, these ripples appear
to average out, on cosmological scales, to a remarkably exact degree (see
§27.13 and §§28.4-10), and the spatial geometry of the actual universe seems
to accord with a uniform (homogeneous and isotropic—see §27.11) geom-
etry extraordinarily closely. Euclid’s first four postulates, at least, would
seem to have stood the test of time impressively well.

A remark of clarification is needed here. Basically, there are three
types of geometry that would satisfy the conditions of homogeneity
(every point the same) and isotropy (every direction the same), referred
to as Euclidean, hyperbolic, and elliptic. Euclidean geometry is familiar
to us (and has been for some 23 centuries). Hyperbolic geometry
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has been our main concern in this chapter. But what is elliptic
geometry? Essentially, elliptic plane geometry is that satisfied by figures
drawn on the surface of a sphere. It figured in the discussion of
Lambert’s approach to hyperbolic geometry in §2.6. See Fig. 2.22a,b,c,

Fig.2.22 The three basic kinds of uniform plane geometry, as illustrated by Escher
usingtessellations of angels and devils. (a) Elliptic case (positive curvature), (b) Eucli-
dean case (zero curvature), and (c) Hyperbolic case (negative curvature)—in the
conformal representation (Escher’s Circle Limit IV, to be compared with Fig. 2.17).
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for Escher’s rendering of the elliptic, Euclidean, and hyperbolic cases,
respectively, using a similar tessellation of angels and devils in all three
cases, the third one providing an interesting alternative to Fig. 2.11. (There
is also a three-dimensional version of elliptic geometry, and there are
versions in which diametrically opposite points of the sphere are con-
sidered to represent the same point. These issues will be discussed a little
more fully in §27.11.) However, the elliptic case could be said to violate
Euclid’s second and third postulates (as well as the first). For it is a
geometry that is finite in extent (and for which more than one line segment
joins a pair of points).

What, then, is the observational status of the large-scale spatial geom-
etry of the universe? It is only fair to say that we do not yet know, although
there have been recent widely publicized claims that Euclid was right all
along, and his fifth postulate holds true also, so the averaged spatial
geometry is indeed what we call ‘Euclidean’.!> On the other hand, there
is also evidence (some of it coming from the same experiments) that seems
to point fairly firmly to a hyperbolic overall geometry for the spatial
universe.'3 Moreover, some theoreticians have long argued for the elliptic
case, and this is certainly not ruled out by that same evidence that is
argued to support the Euclidean case (see the later parts of §34.4). As
the reader will perceive, the issue is still fraught with controversy and, as
might be expected, often heated argument. In later chapters in this book, I
shall try to present a good many of the considerations that have been put
forward in this connection (and I do not attempt to hide my own opinion
in favour of the hyperbolic case, while trying to be as fair to the others as I
can).

Fortunately for those, such as myself, who are attracted to the beauties
of hyperbolic geometry, and also to the magnificence of modern physics,
there is another role for this superb geometry that is undisputedly funda-
mental to our modern understanding of the physical universe. For the
space of velocities, according to modern relativity theory, is certainly a
three-dimensional hyperbolic geometry (see §18.4), rather than the Euclid-
ean one that would hold in the older Newtonian theory. This helps us to
understand some of the puzzles of relativity. For example, imagine a
projectile hurled forward, with near light speed, from a vehicle that also
moves forwards with comparable speed past a building. Yet, relative to
that building, the projectile can never exceed light speed. Though this
seems impossible, we shall see in §18.4 that it finds a direct explanation
in terms of hyperbolic geometry. But these fascinating matters must wait
until later chapters.

What about the Pythagorean theorem, which we have seen to fail in
hyperbolic geometry? Must we abandon this greatest of the specific
Pythagorean gifts to posterity? Not at all, for hyperbolic geometry—and,
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indeed, all the ‘Riemannian’ geometries that generalize hyperbolic geom-
etry in an irregularly curved way (forming the essential framework for
Einstein’s general theory of relativity; see §13.8, §14.7, §18.1, and §19.6)—
depends vitally upon the Pythagorean theorem holding in the limit of
small distances. Moreover, its enormous influence permeates other vast
areas of mathematics and physics (e.g. the “unitary’ metric structure of
quantum mechanics, see §22.3). Despite the fact that this theorem is, in a
sense, superseded for ‘large’ distances, it remains central to the small-scale
structure of geometry, finding a range of application that enormously
exceeds that for which it was originally put forward.

Notes

Section 2.1

2.1. Itis historically very unclear who actually first proved what we now refer to as the
‘Pythagorean theorem’, see Note 1.1. The ancient Egyptians and Babylonians
seem to have known at least many instances of this theorem. The true role played
by Pythagoras or his followers is largely surmise.

Section 2.2

2.2. Even with this amount of care, however, various hidden assumptions remained in
Euclid’s work, mainly to do with what we would now call ‘topological’ issues that
would have seemed to be ‘intuitively obvious’ to Euclid and his contemporaries.
These unmentioned assumptions were pointed out only centuries later, particu-
larly by Hilbert at the end of the 19th century. I shall ignore these in what follows.

2.3. See e.g. Thomas (1939).

Section 2.4

2.4. The ‘exponent’ notation, such as C~'/~, is frequently used in this book. As already
referred to in Note 1.1, @ means a x a x a x a x a; correspondingly, for a positive
integer n, the product of @ with itself a total of n times is written ¢”. This notation
extends to negative exponents, so that a~! is the reciprocal 1/a of a, and a " is the
reciprocal 1/a" of a”, or equivalently (a*' )". In accordance with the more general
discussion of §5.2, a!/”, for a positive number a, is the ‘nth root of a’, which is the
(positive) number satisfying (a'/")"= a (see Note 1.1). Moreover, @”/" is the mth
power of a'/.

Section 2.6

2.5. Saccheri (1733), Prop. XXXIII.

2.6. There is a standpoint known as intuitionism, which is held to by a (rather small)
minority of mathematicians, in which the principle of ‘proof by contradiction’ is
not accepted. The objection is that this principle can be non-constructive in that it
sometimes leads to an assertion of the existence of some mathematical entity,
without any actual construction for it having been provided. This has some
relevance to the issues discussed in §16.6. See Heyting (1956).

2.7. Hardy (1940), p. 34.

2.8. Great circle arcs are the ‘shortest’ curves (geodesics) on the surface of a sphere;
they lie on planes through the sphere’s centre.

1/2
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2.9. It is a matter of some dispute whether Gauss, who was professionally concerned
with matters of geodesy, might actually have tried to ascertain whether there are
measurable deviations from Euclidean geometry in physical space. Owing to his
well-known reticence in matters of non-Euclidean geometry, it is unlikely that
he would let it be known if he were in fact trying to do this, particularly since (as
we now know) he would be bound to fail, owing to the smallness of the effect,
according to modern theory. The present consensus seems to be that he was ‘just
doing geodesy’, being concerned with the curvature of the Earth, and not
of space. But I find it a little hard to believe that he would not also have been
on the lookout for any significant discrepancy with Euclidean geometry; see
Fauvel and Gray (1987).

2.10. The so-called ‘Poincaré half-plane’ representation is also originally due to Bel-
trami; see Beltrami (1868).

2.11. This appears to have applied even to the great Gauss himself (who had, on the
other hand, very frequently anticipated other mathematicians’ work). There is an
important topological mathematical theorem now referred to as the ‘Gauss—
Bonnet theorem’, which can be elegantly proved by use of the so-called ‘Gauss
map’, but the theorem itself appears actually to be due to Blaschke and the
elegant proof procedure just referred to was found by Olinde Rodrigues. It
appears that neither the result nor the proof procedure were even known to
Gauss or to Bonnet. There is a more elemental ‘Gauss—Bonnet’ theorem, cor-
rectly cited in several texts, see Willmore (1959), also Rindler (2001).

Section 2.7

2.12. The main evidence for the overall structure of the universe, as a whole comes
from a detailed analysis of the cosmic microwave background radiation (CMB)
that will be discussed in §§27.7,10,11,13, §§28.5,10, and §30.14. A basic reference
is de Bernardis et al. (2000); for more accurate, more recent data, see Netterfield
et al. (2001) (concerning BOOMERanG). See also Hanany et al. (2000) (con-
cerning MAXIMA) and Halverson et al. (2001) (concerning DASI).

2.13. See Gurzadyan and Torres (1997) and Gurzadyan and Kocharyan (1994) for the
theoretical underpinnings, and Gurzadyan and Kocharyan (1992) (for COBE
data) and Gurzadyan et al. (2002, 2003) (for BOOMERanG data and (2004) for
WMAP data) for the corresponding analysis of the actual CMB data.
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3
Kinds of number in the physical world

3.1 A Pythagorean catastrophe?

LET us now return to the issue of proof by contradiction, the very principle
that Saccheri tried hard to use in his attempted proof of Euclid’s fifth
postulate. There are many instances in classical mathematics where the
principle has been successfully applied. One of the most famous of these
dates back to the Pythagoreans, and it settled a mathematical issue in a
way which greatly troubled them. This was the following. Can one find a
rational number (i.e. a fraction) whose square is precisely the number 2?
The answer turns out to be no, and the mathematical assertion that I shall
demonstrate shortly is, indeed, that there is no such rational number.

Why were the Pythagoreans so troubled by this discovery? Recall that a
fraction—that is, a rational number—is something that can be expressed
as the ratio a/b of two integers (or whole numbers) a and b, with b non-
zero. (See the Preface for a discussion of the definition of a fraction.) The
Pythagoreans had originally hoped that all their geometry could be ex-
pressed in terms of lengths that could be measured in terms of rational
numbers. Rational numbers are rather simple quantities, being describable
and understood in simple finite terms; yet they can be used to specify
distances that are as small as we please or as large as we please. If all
geometry could be done with rationals, then this would make things
relatively simple and easily comprehensible. The notion of an ‘irrational’
number, on the other hand, requires infinite processes, and this had
presented considerable difficulties for the ancients (and with good reason).
Why is there a difficulty in the fact that there is no rational number that
squares to 2? This comes from the Pythagorean theorem itself. If, in
Euclidean geometry, we have a square whose side length is unity, then
its diagonal length is a number whose square is 1> + 12 = 2 (see Fig. 3.1).
It would indeed be catastrophic for geometry if there were no actual
number that could describe the length of the diagonal of a square. The
Pythagoreans tried, at first, to make do with a notion of ‘actual number’
that could be described simply in terms of ratios of whole numbers. Let us
see why this will not work.
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Fig. 3.1 A square of unit side-length has
diagonal v/2, by the Pythagorean theorem.

1

The issue is to see why the equation

a2
(-
b
has no solution for integers a and b, where we take these integers to be
positive. We shall use proof by contradiction to prove that no such ¢ and b
can exist. We therefore try to suppose, on the contrary, that such an ¢ and

b do exist. Multiplying the above equation by »? on both sides, we find that
it becomes

a* = 2b*

and we clearly conclude' that a*> > b > 0. Now the right-hand side, 20, of
the above equation is even, whence a must be even (not odd, since the square
of any odd number is odd). Hence a = 2¢, for some positive integer c.
Substituting 2¢ for a in the above equation, and squaring it out, we obtain

4¢? = 2b°,
that is, dividing both sides by 2,
b =20,

and we conclude > > ¢ > 0. Now, this is precisely the same equation that
we had displayed before, except that b now replaces a, and ¢ replaces b.
Note that the corresponding integers are now smaller than they were
before. We can now repeat the argument again and again, obtaining an
unending sequence of equations

a> =20, b =23, P =242, d* =26, ...,
where

P> >E>dP >l >,
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all of these integers being positive. But any decreasing sequence of
positive integers must come to an end, contradicting the fact that this
sequence is unending. This provides us with a contradiction to what
has been supposed, namely that there is a rational number which squares
to 2. It follows that there is no such rational number—as was required to
prove.?

Certain points should be remarked upon in the above argument. In
the first place, in accordance with the normal procedures of math-
ematical proof, certain properties of numbers have been appealed to
in the argument that were taken as either ‘obvious’ or having been
previously established. For example, we made use of the fact that the
square of an odd number is always odd and, moreover, that if an
integer is not odd then it is even. We also used the fundamental fact
that every strictly decreasing sequence of positive integers must come
to an end.

One reason that it can be important to identify the precise assumptions
that go into a proof—even though some of these assumptions could be
perfectly ‘obvious’ things—is that mathematicians are frequently inter-
ested in other kinds of entity than those with which the proof might be
originally concerned. If these other entities satisfy the same assumptions,
then the proof will still go through and the assertion that had been proved
will be seen to have a greater generality than originally perceived, since it
will apply to these other entities also. On the other hand, if some of the
needed assumptions fail to hold for these alternative entities, then the
assertion that may turn out to be false for these entities. (For example, it
is important to realize that the parallel postulate was used in the proofs of
the Pythagorean theorem given in §2.2, for the theorem is actually false for
hyperbolic geometry.)

In the above argument, the original entities are integers and we
are concerned with those numbers—the rational numbers—that are
constructed as quotients of integers. With such numbers it is indeed
the case that none of them squares to 2. But there are other kinds
of number than merely integers and rationals. Indeed, the need for
a square root of 2 forced the ancient Greeks, very much against
their wills at the time, to proceed outside the confines of integers
and rational numbers—the only kinds of number that they had previ-
ously been prepared to accept. The kind of number that they found
themselves driven to was what we now call a ‘real number’: a number
that we now express in terms of an unending decimal expansion (although
such a representation was not available to the ancient Greeks). In fact, 2
does indeed have a real-number square root, namely (as we would now
write it)
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V2 = 1.414213 562373095048 801 688 72.. . .

We shall consider the physical status of such ‘real’ numbers more closely in
the next section.

As a curiosity, we may ask why the above proof of the non-existence of
a square root of 2 fails for real numbers (or for real-number ratios, which
amounts to the same thing). What happens if we replace ‘integer’ by ‘real
number’ throughout the argument? The basic difference is that it is not
true that any strictly decreasing sequence of positive reals (or even of
fractions) must come to an end, and the argument breaks down at that
point.3 (Consider the unending sequence 1, %, i, &, 1. 35...., for
example.) One might worry what an ‘odd’ and ‘even’ real number would
be in this context. In fact the argument encounters no difficulty at that
stage because all real numbers would have to count as ‘even’, since for any
real a there is always a real ¢ such that a = 2¢, division by 2 being always
possible for reals.

3.2 The real-number system

Thus it was that the Greeks were forced into the realization that rational
numbers are not enough, if the ideas of (Euclid’s) geometry are to be
properly developed. Nowadays, we do not worry unduly if a certain
geometrical quantity cannot be measured simply in terms of rational
numbers alone. This is because the notion of a ‘real number’ is very
familiar to us. Although our pocket calculators express numbers in
terms of only a finite number of digits, we readily accept that this is an
approximation forced upon us by the fact that the calculator is a finite
object. We are prepared to allow that the ideal (Platonic) mathematical
number could certainly require that the decimal expansion continues
indefinitely. This applies, of course, even to the decimal representation of
most fractions, such as

1=0.333333333...,
2 =2.416666666... ,
2 =1.285714285714285,
B =1.60135135135.
For a fraction, the decimal expanson is always ultimately periodic, which is
to say that after a certain point the infinite sequence of digits consists of

some finite sequence repeated indefinitely. In the above examples the
repeated sequences are, respectively, 3, 6, 285714, and 135.
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Decimal expansions were not available to the ancient Greeks, but they
had their own ways of coming to terms with irrational numbers. In effect,
what they adopted was a system of representing numbers in terms of what
are now called continued fractions. There is no need to go into this in full
detail here, but some brief comments are appropriate. A continued frac-
tion is a finite or infinite expression a + (b + (¢ + (d+---)~")™")~!, where
a, b, c,d, ... are positive integers:

a—+

1
b+

1
C+d+

Any rational number larger than 1 can be written as a terminating such
expression (where to avoid ambiguity we normally require the final integer
to be greater than 1), e.g. 52/9 =5+ (1+3+@2) H H™"
59—2 — 54—
l+——=
341
2
and, to represent a positive rational less than 1, we just allow the first
integer in the expression to be zero. To express a real number, which is not
rational, we simply!3-!l allow the continued-fraction expression to run on
forever, some examples being?

V2=1+Q+C+Q+Q+--) HHH,
T-V3=54+0C+(1+Q+(1+Q+(1+Q+ ) ) H Hhy )y
T=34+T+15+10+QR2+A+A+(1+C2+- ---)"HHHHh=hH=h=hH=1

In the first two of these infinite examples, the sequences of natural
numbers that appear—namely 1, 2, 2, 2, 2, ... in the first case and 5, 3,
1, 2, 1, 2, 1, 2, ... in the second—have the property that they are
ultimately periodic (the 2 repeating indefinitely in the first case and the
sequence 1, 2 repeating indefinitely in the second).?-?l Recall that, as

469 [3.1] Experiment with your pocket calculator (assuming you have VA and ‘x~!" keys) to obtain
these expansions to the accuracy available. Take © = 3.141 592 653 589 793 ... (Hint: Keep taking
note of the integer part of each number, subtracting it off, and then forming the reciprocal of the
remainder.)

£3[3.2] Assuming this eventual periodicity of these two continued-fraction expressions, show that
the numbers they represent must be the quantities on the left. (Hint: Find a quadratic equation
that must be satisfied by this quantity, and refer to Note 3.6.)
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already noted above, in the familiar decimal notation, it is the rational
numbers that have (finite or) ultimately periodic expressions. We may
regard it as a strength of the Greek ‘continued-fraction’ representation,
on the other hand, that the rational numbers now always have a finite
description. A natural question to ask, in this context, is: which numbers
have an ultimately periodic continued-fraction representation? It is a re-
markable theorem, first proved, to our knowledge, by the great 18th-
century mathematician Joseph C. Lagrange (whose most important
other ideas we shall encounter later, particularly in Chapter 20) that the
numbers whose representation in terms of continued fractions are ultim-
ately periodic are what are called quadratic irrationals.®

What is a quadratic irrational and what is its importance for Greek
geometry? It is a number that can be written in the form

a+ Vb,

where a and b are fractions, and where b is not a perfect square. Such
numbers are important in Euclidean geometry because they are the
most immediate irrational numbers that are encountered in ruler-and-
compass constructions. (Recall the Pythagorean theorem, which in §3.1
first led us to consider the problem of v/2, and other simple constructions
of Euclidean lengths directly lead us to other numbers of the above
form.)

Particular examples of quadratic irrationals are those cases where a = 0
and b is a (non-square) natural number (or rational greater than 1):

V2, V3, V5, V6, V7, V8, V10, V11, ... .

The continued-fraction representation of such a number is particularly
striking. The sequence of natural numbers that defines it as a continued
fraction has a curious characteristic property. It starts with some number
A, then it is immediately followed by a ‘palindromic’ sequence (i.e.
one which reads the same backwards), B, C, D, ..., D, C, B, followed
by 24, after which the sequence B, C, D, ..., D, C, B, 24 repeats
itself indefinitely. The number /14 is a good example, for which the
sequence is

3,1,2,1,6,1,2,1,6,1,2,1,6,1,2,1,6, ....

Here A =3 and the palindromic sequence B, C, D, ..., D, C, B is just
the three-term sequence 1, 2, 1.

How much of this was known to the ancient Greeks? It seems very likely
that they knew quite a lot—very possibly all the things that I have
described above (including Lagrange’s theorem), although they may well
have lacked rigorous proofs for everything. Plato’s contemporary Theae-

56



Kinds of number in the physical world §3.2

tetos seems to have established much of this. There appears even to be
some evidence of this knowledge (including the repeating palindromic
sequences referred to above) revealed in Plato’s dialectics.”

Although incorporating the quadratic irrationals gets us some way
towards numbers adequate for Euclidean geometry, it does not do all
that is needed. In the tenth (and most difficult) book of Euclid, numbers
like Va+ Vb are considered (with @ and b positive rationals). These
are not generally quadratic irrationals, but they occur, nevertheless, in
ruler-and-compass constructions. Numbers sufficient for such geometric
constructions would be those that can be built up from natural numbers
by repeated use of the operations of addition, subtraction, multiplication,
division, and the taking of square roots. But operating exclusively with
such numbers gets extremely complicated, and these numbers are still
too limited for considerations of Euclidean geometry that go beyond
ruler-and-compass constructions. It is much more satisfactory to take
the bold step—and how bold a step this actually is will be indicated in
§§16.3-5—of allowing infinite continued-fraction expressions that are
completely general. This provided the Greeks with a way of describing
numbers that does turn out to be adequate for Euclidean geometry.

These numbers are indeed, in modern terminology, the so-called ‘real
numbers’. Although a fully satisfactory definition of such numbers is not
regarded as having been found until the 19th century (with the work of
Dedekind, Cantor, and others), the great ancient Greek mathematician
and astronomer Eudoxos, who had been one of Plato’s students, had
obtained the essential ideas already in the 4th century BC. A few words
about Eudoxos’s ideas are appropriate here.

First, we note that the numbers in Euclidean geometry can be expressed
in terms of ratios of lengths, rather than directly in terms of lengths. In this
way, no specific unit of length (such as ‘inch’ or Greek ‘dactylos’ was
needed. Moreover, with ratios of lengths, there would be no restriction as
to how many such ratios might be multiplied together (obviating the
apparent need for higher-dimensional ‘hypervolumes’ when more than
three lengths are multiplied together). The first step in the Eudoxan theory
was to supply a criterion as to when a length ratio a : b would be greater
than another such ratio c: d. This criterion is that some positive integers M
and N exist such that the length ¢ added to itself M times exceeds b added
to itself N times, while also d added to itself N times exceeds ¢ added to
itself M times.3-31 A corresponding criterion holds expressing the condi-
tion that the ratio a : b be less than the ratio ¢ : d. The condition for
equality of these ratios would be that neither of these criteria hold. With
this ingenious notion of ‘equality’ of such ratios, Eudoxos had, in effect, an

[3.3] Can you see why this works?
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abstract concept of a ‘real number’ in terms of length ratios. He also
provided rules for the sum and product of such real numbers.[34

There was a basic difference in viewpoint, however, between the Greek
notion of a real number and the modern one, because the Greeks regarded
the number system as basically ‘given’ to us, in terms of the notion of
distance in physical space, so the problem was to try to ascertain how these
‘distance’ measures actually behaved. For ‘space’ may well have had the
appearance of being itself a Platonic absolute even though actual physical
objects existing in this space would inevitably fall short of the Platonic
ideal.® (However, we shall be seeing in §17.9 and §§19.6,8 how Einstein’s
general theory of relativity has now changed this perspective on space and
matter in a fundamental way.)

A physical object such as a square drawn in the sand or a cube hewn
from marble might have been regarded by the ancient Greeks as a reason-
able or sometimes an excellent approximation to the Platonic geometrical
ideal. Yet any such object would nevertheless provide a mere approxima-
tion. Lying behind such approximations to the Platonic forms—so it
would have appeared—would be space itself: an entity of such abstract
or notional existence that it could well have been regarded as a direct
realization of a Platonic reality. The measure of distance in this ideal
geometry would be something to ascertain; accordingly, it would be ap-
propriate to try to extract this ideal notion of real number from a geom-
etry of a Euclidean space that was assumed to be given. In effect, this is
what Eudoxos succeeded in doing.

By the 19th and 20th centuries, however, the view had emerged that the
mathematical notion of number should stand separately from the nature of
physical space. Since mathematically consistent geometries other than that
of Euclid had been shown to exist, this rendered it inappropriate to insist
that the mathematical notion of ‘geometry’ should be necessarily extracted
from the supposed nature of ‘actual’ physical space. Moreover, it could be
very difficult, if not impossible, to ascertain the detailed nature of this
supposed underlying ‘Platonic physical geometry’ in terms of the behaviour
of imperfect physical objects. In order to know the nature of the numbers
according to which ‘geometrical distance’ is to be defined, for example, it
would be necessary to know what happens both at indefinitely tiny and
indefinitely large distances. Even today, these questions are without clear-
cut resolution (and I shall be addressing them again in later chapters). Thus,
it was far more appropriate to develop the nature of number in a way that
does not directly refer to physical measures. Accordingly, Richard Dede-
kind and Georg Cantor developed their ideas of what real numbers ‘are’ by
use of notions that do not directly refer to geometry.

15 [3.4] Can you see how to formulate these?
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Dedekind’s definition of a real number is in terms of infinite sets of
rational numbers. Basically, we think of the rational numbers, both posi-
tive and negative (and zero), to be arranged in order of size. We can
imagine that this ordering takes place from left to right, where we think
of the negative rationals as being displayed going off indefinitely to the left,
with 0 in the middle, and the positive rationals displayed going off indefi-
nitely to the right. (This is just for visualization purposes; in fact Dede-
kind’s procedure is entirely abstract.) Dedekind imagines a ‘cut’ which
divides this display neatly in two, with those to the left of the cut being all
smaller than those to the right. When the ‘knife-edge’ of the cut does not
‘hit’ an actual rational number but falls between them, we say that it
defines an irrational real number. More correctly, this occurs when those
to the left have no actual largest member and those to the right, no actual
smallest one. When the system of ‘irrationals’, as defined in terms of such
cuts, is adjoined to the system of rational numbers that we already have,
then the complete family of real numbers is obtained.

Dedekind’s procedure leads, by means of simple definitions, directly to
the laws of addition, subtraction, multiplication, and division for real
numbers. Moreover, it enables one to go further and define limits, whereby
such things as the infinite continued fraction that we saw before

1+4C2+Q2+Q2+Q2+--) HHH!

or the infinite sum

may be assigned real-number meanings. In fact, the first gives us the
irrational number v/2, and the second, %n. The ability to take limits is
fundamental for many mathematical notions, and it is this that gives the
real numbers their particular strengths.” (The reader may recall that the
need for ‘limiting procedures’ was a requirement for the general definition
of areas, as was indicated in §2.3.)

3.3 Real numbers in the physical world

There is a profound issue that is being touched upon here. In the develop-
ment of mathematical ideas, one important initial driving force has always
been to find mathematical structures that accurately mirror the behaviour
of the physical world. But it is normally not possible to examine the
physical world itself in such precise detail that appropriately clear-cut
mathematical notions can be abstracted directly from it. Instead, progress
is made because mathematical notions tend to have a ‘momentum’ of their
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own that appears to spring almost entirely from within the subject itself.
Mathematical ideas develop, and various kinds of problem seem to arise
naturally. Some of these (as was the case with the problem of finding the
length of the diagonal of a square) can lead to an essential extension of the
original mathematical concepts in terms of which the problem had been
formulated. Such extensions may seem to be forced upon us, or they may
arise in ways that appear to be matters of convenience, consistency, or
mathematical elegance. Accordingly, the development of mathematics
may seem to diverge from what it had been set up to achieve, namely
simply to reflect physical behaviour. Yet, in many instances, this drive for
mathematical consistency and elegance takes us to mathematical struc-
tures and concepts which turn out to mirror the physical world in a much
deeper and more broad-ranging way than those that we started with. It is
as though Nature herself is guided by the same kind of criteria of consist-
ency and elegance as those that guide human mathematical thought.

An example of this is the real-number system itself. We have no direct
evidence from Nature that there is a physical notion of ‘distance’ that
extends to arbitrarily large scales; still less is there evidence that such a
notion can be applied on the indefinitely tiny level. Indeed, there is no
evidence that ‘points in space’ actually exist in accordance with a geometry
that precisely makes use of real-number distances. In Euclid’s day, there
was scant evidence to support even the contention that such Euclidean
‘distances’ extended outwards beyond, say, about 10'? metres,!* or in-
wards to as little as 10~> metres. Yet, having been driven mathematically
by the consistency and elegance of the real-number system, all of our
broad-ranging and successful physical theories to date have, without
exception, still clung to this ancient notion of ‘real number’. Although
there might appear to have been little justification for doing this from the
evidence that was available in Euclid’s day, our faith in the real-number
system appears to have been rewarded. For our successful modern theories
of cosmology now allow us to extend the range of our real-number
distances out to about 10*® metres or more, while the accuracy of our
theories of particle physics extends this range inwards to 107 metres or
less. (The only scale at which it has been seriously proposed that a change
might come about is some 18 orders of magnitude smaller even than that,
namely 1073 metres, which is the ‘Planck scale’ of quantum gravity that
will feature strongly in some of our later discussions; see §§31.1,6-12,14
and §32.7.) It may be regarded as a remarkable justification of our use of
mathematical idealizations that the range of validity of the real-number
system has extended from the total of about 107, from the smallest to the
largest, that seemed appropriate in Euclid’s day to at least the 10*3 that our
theories directly employ today, this representing a stupendous increase by
a factor of some 10%.
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There is a good deal more to the physical validity of the real-number
system than this. In the first place, we must consider that areas and
volumes are also quantities for which real-number measures are accurately
appropriate. A volume measure is the cube of a distance measure (and an
area is the square of a distance). Accordingly, in the case of volumes, we
may consider that it is the cube of the above range that is relevant. For
Euclid’s time, this would give us a range of about (10'7)"=10°"; for
today’s theories, at least (1043)3: 10'?. Moreover, there are other phys-
ical measures that require real-number descriptions, according to our
presently successful theories. The most noteworthy of these is time.
According to relativity theory, this needs to be adjoined to space to
provide us with spacetime (which is the subject of our deliberations
in Chapter 17). Spacetime volumes are four-dimensional, and it might
well be considered that the temporal range (of again about 10** or more
in total range, in our well-tested theories) should also be incorporated
into our considerations, giving a total of something like at least 10'72.
We shall see some far larger real numbers even than this coming into our
later considerations (see §27.13 and §28.7), although it is not really clear in
some cases that the use of real numbers (rather than, say, integers) is
essential.

More importantly for physical theory, from Archimedes, through Gali-
leo and Newton, to Maxwell, Einstein, Schrédinger, Dirac, and the rest, a
crucial role for the real-number system has been that it provides a neces-
sary framework for the standard formulation of the calculus (see Chapter
6). All successful dynamical theories have required notions of the calculus
for their formulations. Now, the conventional approach to calculus re-
quires the infinitesimal nature of the reals to be what it is. That is to say, on
the small end of the scale, it is the entire range of the real numbers that is
in principle being made use of. The ideas of calculus underlie other
physical notions, such as velocity, momentum, and energy. Consequently,
the real-number system enters our successful physical theories in a funda-
mental way for our description of all these quantities also. Here, as
mentioned earlier in connection with areas, in §2.3 and §3.2, the infinite-
simal limit of small-scale structure of the real-number system is being
called upon.

Yet we may still ask whether the real-number system is really ‘correct’
for the description of physical reality at its deepest levels. When quantum-
mechanical ideas were beginning to be introduced early in the 20th cen-
tury, there was the feeling that perhaps we were now beginning to witness
a discrete or granular nature to the physical world at its smallest scales.!!
Energy could apparently exist only in discrete bundles—or ‘quanta’—and
the physical quantities of ‘action’ and ‘spin’ seemed to occur only in
discrete multiples of a fundamental unit (see §§20.1,5 for the classical
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concept of action and §26.6 for its quantum counterpart; see §§22.8—12 for
spin). Accordingly, various physicists attempted to build up an alternative
picture of the world in which discrete processes governed all actions at the
tiniest levels.

However, as we now understand quantum mechanics, that theory does
not force us (nor even lead us) to the view that there is a discrete or
granular nature to space, time, or energy at its tiniest levels (see Chapters
21 and 22, particularly the last sentence of §22.13). Nevertheless, the idea
has remained with us that there may indeed be, at root, such a fundamen-
tal discreteness to Nature, despite the fact that quantum mechanics, in its
standard formulation, certainly does not imply this. For example, the
great quantum physicist Erwin Schrédinger was among the first to pro-
pose that a change to some form of fundamental spatial discreteness might
actually be necessary:!?

The idea of a continuous range, so familiar to mathematicians in our days, is
something quite exorbitant, an enormous extrapolation of what is accessible
to us.

He related this proposal to some early Greek thinking concerning the
discreteness of Nature. Einstein, also, suggested, in his last published
words, that a discretely based (‘algebraic’) theory might be the way for-
ward for the future physics:!3

One can give good reasons why reality cannot be represented as a continu-
ous field....Quantum phenomena...must lead to an attempt to find a
purely algebraic theory for the description of reality. But nobody knows
how to obtain the basis of such a theory.'*

Others!? also have pursued ideas of this kind; see §33.1. In the late 1950s, 1
myself tried this sort of thing, coming up with a scheme that I referred to
as the theory of ‘spin networks’, in which the discrete nature of quantum-
mechanical spin is taken as the fundamental building block for a combina-
torial (i.e. discrete rather than real-number-based) approach to physics.
(This scheme will be briefly described in §32.6.) Although my own ideas
along this particular direction did not develop to a comprehensive theory
(but, to some extent, became later transmogrified into ‘twistor theory’;
see §33.2), the theory of spin networks has now been imported, by
others, into one of the major programmes for attacking the fundamental
problem of quantum gravity.'® 1 shall give brief descriptions of these
various ideas in Chapter 32. Nevertheless, as tried and tested physical
theory stands today—as it has for the past 24 centuries—real numbers
still form a fundamental ingredient of our understanding of the physical
world.
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3.4 Do natural numbers need the physical world?

In the above description, in §3.2, of the Dedekind approach to the real-
number system, I have presupposed that the rational numbers are already
taken as “‘understood’. In fact, it is not a difficult step from the integers to
the rationals; rationals are just ratios of integers (see the Preface). What
about the integers themselves, then? Are these rooted in physical ideas?
The discrete approaches to physics that were referred to in the previous
two paragraphs certainly depend upon our notion of natural number (i.e.
‘counting number’) and its extension, by the inclusion of the negative
numbers, to the integers. Negative numbers were not considered, by the
Greeks, to be actual ‘numbers’, so let us continue our considerations by
first asking about the physical status of the natural numbers themselves.

The natural numbers are the quantities that we now denote by 0, 1, 2, 3,
4, etc., i.e. they are the non-negative whole numbers. (The modern pro-
cedure is to include O in this list, which is an appropriate thing to do from
the mathematical point of view, although the ancient Greeks appear not to
have recognized ‘zero’ as an actual number. This had to wait for the Hindu
mathematicians of India, starting with Brahmagupta in 7th century and
followed up by Mahavira and Bhaskara in the 9th and 12th century,
respectively.) The role of the natural numbers is clear and unambiguous.
They are indeed the most elementary ‘counting numbers’, which have a
basic role whatever the laws of geometry or physics might be. Natural
numbers are subject to certain familiar operations, most particularly the
operations of addition (such as 37 + 79 = 116) and multiplication (e.g.
37 x 79 = 2923), which enable pairs of natural numbers to be combined
together to produce new natural numbers. These operations are independ-
ent of the nature of the geometry of the world.

We can, however, raise the question of whether the natural numbers
themselves have a meaning or indeed existence independent of the actual
nature of the physical world. Perhaps our notion of natural numbers
depends upon there being, in our universe, reasonably well-defined dis-
crete objects that persist in time. Natural numbers initially arise when we
wish to count things, after all. But this seems to depend upon there
actually being persistent distinguishable ‘things’ in the universe which
are available to be ‘counted’. Suppose, on the other hand, our universe
were such that numbers of objects had a tendency to keep changing.
Would natural numbers actually be ‘natural’ concepts in such a universe?
Moreover, perhaps the universe actually contains only a finite number of
‘things’, in which case the ‘natural’ numbers might themselves come to an
end at some point! We can even envisage a universe which consists only of
an amorphous featureless substance, for which the very notion of numer-
ical quantification might seem intrinsically inappropriate. Would the
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notion of ‘natural number’ be at all relevant for the description of uni-
verses of this kind?

Even though it might well be the case that inhabitants of such a universe
would find our present mathematical concept of a ‘natural number’ diffi-
cult to come upon, it is hard to imagine that there would not still be an
important role for such fundamental entities. There are various ways in
which natural numbers can be introduced in pure mathematics, and these
do not seem to depend upon the actual nature of the physical universe at
all. Basically, it is the notion of a ‘set’ which needs to be brought into play,
this being an abstraction that does not appear to be concerned, in any
essential way, with the specific structure of the physical universe. In fact,
there are certain definite subtleties concerning this question, and I shall
return to that issue later (in §16.5). For the moment, it will be convenient
to ignore such subtleties.

Let us consider one way (anticipated by Cantor and promoted by the
distinguished mathematician John von Neumann) in which natural
numbers can be introduced merely using the abstract notion of set. This
procedure enables one to define what are called ‘ordinal numbers’. The
simplest set of all is referred to as the ‘null set’ or the ‘empty set’, and it is
characterized by the fact that it contains no members whatever! The empty
set is usually denoted by the symbol @, and we can write this definition

@=1{1

where the curly brackets delineate a set, the specific set under consider-
ation having, as its members, the quantities indicated within the brackets.
In this case, there is nothing within the brackets, so the set being described
is indeed the empty set. Let us associate @ with the natural number 0. We
can now proceed further and define the set whose only member is &; i.e.
the set {&}. It is important to realize that {&} is not the same set as the
empty set @. The set {&} has one member (namely &), whereas @ itself has
none at all. Let us associate {&} with the natural number 1. We next define
the set whose two members are the two sets that we just encountered,
namely @ and {@}, so this new set is {&, {&} }, which is to be associated
with the natural number 2. Then we associate with 3 the collection of all
the three entities that we have encountered up to this point, namely the set
{@, {@}, {2, {&}}}, and with 4 the set {@, {7}, {¥, {T}}, {D, {T},
{@, {@} } } }, whose members are again the sets that we have encountered
previously, and so on. This may not be how we usually think of natural
numbers, as a matter of definition, but it is one of the ways that mathem-
aticians can come to the concept. (Compare this with the discussion in the
Preface.) Moreover, it shows us, at least, that things like the natural
numbers'” can be conjured literally out of nothing, merely by employing
the abstract notion of ‘set’. We get an infinite sequence of abstract
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(Platonic) mathematical entities—sets containing, respectively, zero, one,
two, three, etc., elements, one set for each of the natural numbers, quite
independently of the actual physical nature of the universe. In Fig.1.3 we
envisaged a kind of independent ‘existence’ for Platonic mathematical
notions—in this case, the natural numbers themselves—yet this ‘existence’
can seemingly be conjured up by, and certainly accessed by, the mere
exercise of our mental imaginations, without any reference to the details
of the nature of the physical universe. Dedekind’s construction, moreover,
shows how this ‘purely mental’ kind of procedure can be carried further,
enabling us to ‘construct’ the entire system of real numbers,!® still without
any reference to the actual physical nature of the world. Yet, as indicated
above, ‘real numbers’ indeed seem to have a direct relevance to the real
structure of the world—illustrating the very mysterious nature of the “first
mystery’ depicted in Fig.1.3.

3.5 Discrete numbers in the physical world

But I am getting slightly ahead of myself. We may recall that Dedekind’s
construction really made use of sets of rational numbers, not of natural
numbers directly. As indicated above, it is not hard to ‘define’ what we
mean by a rational number once we have the notion of natural number.
But, as an intermediate step, it is appropriate to define the notion of an
integer, which is a natural number or the negative of a natural number (the
number zero being its own negative). In a formal sense, there is no
difficulty in giving a mathematical definition of ‘negative’: roughly speak-
ing we just attach a ‘sign’, written as ‘-, to each natural number (except 0)
and define all the arithmetical rules of addition, subtraction, multiplica-
tion, and division (except by 0) consistently. This does not address the
question of the ‘physical meaning’ of a negative number, however. What
might it mean to say that there are minus three cows in a field, for
example?

I think that it is clear that, unlike the natural numbers themselves, there
is no evident physical content to the notion of a negative number of
physical objects. Negative integers certainly have an extremely valuable
organizational role, such as with bank balances and other financial trans-
actions. But do they have direct relevance to the physical world? When 1
say ‘direct relevance’ here, I am not referring to circumstances where it
would appear that it is negative real numbers that are the relevant meas-
ures, such as when a distance measured in one direction counts as positive
while that measured in the opposite direction would count as negative (or
the same thing with regard to time, in which times extending into the past
might count as negative). I am referring, instead, to numbers that are
scalar quantities, in the sense that there is no directional (or temporal)

65



§3.5 CHAPTER 3

aspect to the quantity in question. In these circumstances it appears to be
the case that it is the system of integers, both positive and negative, that
has direct physical relevance.

It is a remarkable fact that only in about the last hundred years has it
become apparent that the system of integers does indeed seem to have such
direct physical relevance. The first example of a physical quantity which
seems to be appropriately quantified by integers is electric charge.'® As far
as is known (although there is as yet no complete theoretical justification
of this fact), the electric charge of any discrete isolated body is indeed
quantified in terms of integral multiples, positive, negative, or zero, of one
particular value, namely the charge on the proton (or on the electron,
which is the negative of that of the proton).?? It is now believed that
protons are composite objects built up, in a sense, from smaller entities
referred to as ‘quarks’ (and additional chargeless entities called ‘gluons’).
There are three quarks to each proton, the quarks having electric charges
with respective values %, %, — % These constituent charges add up to give
the total value 1 for the proton. If quarks are fundamental entities, then
the basic charge unit is one third of that which we seemed to have before.
Nevertheless, it is still true that electric charge is measured in terms of
integers, but now it is integer multiples of one third of a proton charge.
(The role of quarks and gluons in modern particle physics will be discussed
in §§25.3-7.)

Electric charge is just one instance of what is called an additive quantum
number. Quantum numbers are quantities that serve to characterize
the particles of Nature. Such a quantum number, which I shall here
take to be a real number of some kind, is ‘additive’ if, in order to derive
its value for a composite entity, we simply add up the individual values for
the constituent particles—taking due account of the signs, of course, as
with the above-mentioned case of the proton and its constituent quarks. It
is a very striking fact, according to the state of our present physical
knowledge, that all known additive quantum numbers®>' are indeed
quantified in terms of the system of integers, not general real numbers,
and not simply natural numbers—so that the negative values actually do
occur.

In fact, according to 20th-century physics, there is now a certain sense in
which it is meaningful to refer to a negative number of physical entities.
The great physicist Paul Dirac put forward, in 1929-31, his theory of
antiparticles, according to which (as it was later understood), for each
type of particle, there is also a corresponding antiparticle for which each
additive quantum number has precisely the negative of the value that it has
for the original particle; see §§24.2,8. Thus, the system of integers (with
negatives included) does indeed appear to have a clear relevance to the
physical universe—a physical relevance that has become apparent only in
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the 20th century, despite those many centuries for which integers have
found great value in mathematics, commerce, and many other human
activities.

One important qualification should be made at this juncture, however.
Although it is true that, in a sense, an antiproton is a negative proton, it is
not really ‘minus one proton’. The reason is that the sign reversal refers
only to additive quantum numbers, whereas the notion of mass is not
additive in modern physical theory. This issue will be explained in a bit
more detail in §18.7. ‘Minus one proton’ would have to be an antiproton
whose mass is the negative of the mass value of an ordinary proton. But
the mass of an actual physical particle is not allowed to be negative. An
antiproton has the same mass as an ordinary proton, which is a positive
mass. We shall be seeing later that, according to the ideas of quantum field
theory, there are things called ‘virtual’ particles for which the mass (or,
more correctly, energy) can be negative. ‘Minus one proton’ would really
be a virtual antiproton. But a virtual particle does not have an independ-
ent existence as an ‘actual particle’.

Let us now ask the corresponding question about the rational numbers.
Has this system of numbers found any direct relevance to the physical
universe? As far as is known, this does not appear to be the case, at least as
far as conventional theory is concerned. There are some physical curios-
ities?> in which the family of rational numbers does play its part, but it
would be hard to maintain that these reveal any fundamental physical role
for rational numbers. On the other hand, it may be that there is a
particular role for the rationals in fundamental quantum-mechanical
probabilities (a rational probability possibly representing a choice between
alternatives, each of which involves just a finite number of possibilities).
This kind of thing plays a role in the theory of spin networks, as will be
briefly described in §32.6. As of now, the proper status of these ideas is
unclear.

Yet, there are other kinds of number which, according to accepted
theory, do appear to play a fundamental role in the workings of the
universe. The most important and striking of these are the complex
numbers, in which the seemingly mystical quantity v/—1, usually denoted
by 1’ is introduced and adjoined to the real-number system. First encoun-
tered in the 16th century, but treated for hundreds of years with distrust,
the mathematical utility of complex numbers gradually impressed the
mathematical community to a greater and greater degree, until complex
numbers became an indispensable, even magical, ingredient of our math-
ematical thinking. Yet we now find that they are fundamental not just to
mathematics: these strange numbers also play an extraordinary and very
basic role in the operation of the physical universe at its tiniest scales. This
is a cause for wonder, and it is an even more striking instance of the
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convergence between mathematical ideas and the deeper workings of the
physical universe than is the system of real numbers that we have been
considering in this section. Let us come to these remarkable numbers
next.

Notes

Section 3.1

3.1. The notations >, <, =, <, frequently used in this book, respectively stand for ‘is
greater than’, ‘is less than’, ‘is greater than or equal to’, and ‘is less than or equal
to’ (made appropriately grammatical).

3.2. Some readers might be aware of an apparently shorter argument which starts by
demanding that a/b be ‘in its lowest terms’ (i.e. that a and » have no common
factor). However, this assumes that such a lowest-terms expression always exists,
which, though perfectly true, needs to be shown. Finding a lowest-term expression
for a given fraction 4/B (implicitly or explicitly—say using the procedure known
as Euclid’s algorithm; see, for example, Hardy and Wright 1945, p. 134;
Davenport 1952, p. 26; Littlewood 1949, Chap. 4; and Penrose 1989, Chap. 2)
involves reasoning similar to that given in the text, but more complicated.

3.3. One might well object that it is somewhat curious to use real numbers in the above
proof, since the ‘real rationals’ (i.e. quotients of reals) would simply be real
numbers all over again. This does not invalidate what has just been said, however.
It may be remarked that it is as well that @ and b were taken to be integers, in the
original argument, and not themselves taken to be rationals. For, if « and b were
merely rational, then the argument would fail at the ‘decreasing sequence’ part,
even though the result itself would still be true.

Section 3.2

3.4. At a casual glance, expressions like ¢+ (b+ (c+(d+ --- )™H™)~! may look
rather odd. However, they are very natural in the context of ancient Greek
thinking (although the Greeks did not use this particular notation). The procedure
of Euclid’s algorithm was referred to in Note 3.2 in the context of finding the
lowest-term form of a fraction. Euclid’s algorithm (when unravelled) leads pre-
cisely to such a continued fraction expression. The Greeks would apply this same
procedure to the ratio of two geometrical lengths. In the most general case, the
result would be an infinite continued fraction, of the kind considered here.

3.5. For more information (with proofs) concerning continued fractions, see the
elegant account given in Chapter 4 of Davenport (1952). It may be remarked
that in certain respects the continued-fraction representation of real numbers is
deeper and more interesting than the normal one in terms of decimal expansions,
finding applications in many different areas of modern mathematics, including the
hyperbolic geometry discussed in §§2.24,25. On the other hand, continued frac-
tions are not at all well suited for (most) practical calculation, the conventional
decimal representation being far easier to use.

3.6. Quadratic irrationals are so called because they arise in the solution of a general
quadratic equation

Ax* + Bx+ C =0,
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3.7.

3.8.

3.9.

with 4 non-zero, the solutions being

B B\’ C P B\’ C

oA (ﬂ) By i (ﬂ) i
where, to keep within the realm of real numbers, we must have B> greater than
4A4C. When A, B, and C are integers or rational numbers, and where there is
no rational solution to the equation, the solutions are indeed quadratic irra-
tionals.
Professor Stelios Negrepontis informs me that this evidence is to be found in
the Platonic dialogue the Statesman ( = Politikos), the third in the ‘trilogy’ the
Theaetetos-the Sophist-the Politikos. See Negrepontis (2000).
See Sorabji (1983, 1988) for an account of ancient Greek thinking on the nature
of space.
See Hardy (1914); Conway (1976); Burkill (1962).

Section 3.3

3.10.

The scientific notation ‘10'>’ for a ‘million million’ makes use of exponents,
as described in Notes 1.1 and 2.1. In this book, I shall tend to avoid verbal
terms such as ‘million’, and especially ‘billion’, in preference to this much clearer
scientific notation. The word ‘billion’ is particularly confusing, as in American
usage—now commonly adopted also in the UK—billion’ refers to 10°, whereas,
in the older (more logical) UK usage, in agreement with most other European
languages, it refers to 10'2. Negative exponents, such as in 107 (which refers
to ‘one millionth’), are also used here in accordance with the normal scientific
notation.

The distance 10'> metres is about 7 times the Earth-Sun separation.This is
roughly the distance of the planet Jupiter, although that distance was not known
in Euclid’s day and would have been guessed to be rather smaller.

3.11. See, for example, Russell (1927), Chap. 4.

3.12. Schrédinger (1952), pp. 30-1.

3.13. See Stachel (1993).

3.14. Einstein (1955), p. 166.

3.15. See e.g. Snyder (1947); Schild (1949); and Ahmavaara (1965).

3.16. See Ashtekar (1986); Ashtekar and Lewandowski (2004); Smolin (1998, 2001);
Rovelli (1998, 2003).

Section 3.4

3.17. The notion of ‘ordinal number’, provided here in the finite case, extends also to
infinite ordinal numbers, the smallest being Cantor’s ‘®’, which is the ordered
collection of all finite ordinals.

3.18. This notion of ‘construct’ should not be taken in too strong a sense, however. We
shall be finding in §16.6 that there are certain real numbers (in fact most of them)
that are inaccessible by any computational procedure.

Section 3.5

3.19. The Irish physicist George Johnstone Stoney was the first, in 1874, to give a

(crude) estimate of the basic electric charge, and, in 1891, coined the term
‘electron’ for this fundamental unit. In 1909, the American physicist Robert
Andrews Millikan designed his famous ‘oil-drop’ experiment, which precisely
showed that the charge on electrically charged bodies (the oil drops, in his
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experiment) came in integer multiples of a well-defined value—the electron
charge.

3.20. In 1959, R. A. Lyttleton and H. Bondi proposed that a slight difference in the
proton and (minus) the electron charges, of the order of one part in 10'8
might account for the expansion of the universe, (for which, see §§27.11,13,
and Chapter 28). See Lyttleton and Bondi (1959). Unfortunately, for
this theory, such a discrepancy was soon disproved in several experiments.
Nevertheless, this idea provided an excellent example of creative thinking.

3.21. I am here distinguishing the ‘additive’ quantum numbers from the numbers that
physicists call ‘multiplicative’, which we shall come to in §5.5.

3.22. For example, in the ‘fractional quantum Hall effect’, one finds rational numbers
playing a key role; see, for example, Frohlich and Pedrini (2000).
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4
Magical complex numbers

4.1 The magic number ‘i’

How is it that —1 can have a square root? The square of a positive number
is always positive, and the square of a negative number is again positive
(and the square of 0 is just 0 again, so that is hardly of use to us here). It
seems impossible that we can find a number whose square is actually
negative. Yet, this is the kind of situation that we have seen before,
when we ascertained that 2 has no square root within the system of
rational numbers. In that case we resolved the situation by extending
our system of numbers from the rationals to a larger system, and we
settled on the system of reals. Perhaps the same trick will work again.
Indeed it will. In fact what we have to do is something much easier and
far less drastic than the passage from the rationals to the reals. (Raphael
Bombelli introduced the procedure in 1572 in his work L’Algebra,
following Gerolamo Cardano’s original encounters with complex numbers
in his Ars Magna of 1545.) All we need do is introduce a single quantity,
called ‘’, which is to square to —1, and adjoin it to the system of reals,
allowing combinations of i with real numbers to form expressions such as

a+1b,

where a and b are arbitrary real numbers. Any such combination is called a
complex number. It is easy to see how to add complex numbers:

(a+ib)+ (c+id) = (a+¢) +i(b +d)

which is of the same form as before (with the real numbers @ + ¢ and b + d
taking the place of the ¢ and b that we had in our original expression).
What about multiplication? This is almost as easy. Let us find the product
of a 4 1b with ¢ + id. We first simply multiply these factors, expanding the
expression using the ordinary rules of algebra:!

(a +1b)(c +id) = ac + ibc + aid + ibid
= ac + i(bc + ad) + i°hd.
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But i = —1, so we can rewrite this as
(a +1b)(c +id) = (ac — bd) + i(bc + ad),

which is again of the same form as our original a + ib, but with ac — bd
taking the place of @ and bc + ad taking the place of b.

It is easy enough to subtract two complex numbers, but what about
division? Recall that in the ordinary arithmetic we are allowed to divide by
any real number that is not zero. Now let us try to divide the complex
number « + ib by the complex number ¢ + id. We must take the latter to
be non-zero, which means that the real numbers ¢ and d cannot both be
zero. Hence ¢ + d*> > 0, and therefore ¢> + d*> # 0, so we are allowed to
divide by ¢? 4 d?. It is a direct exercisel*!] to check (multiplying both sides
of the expression below by ¢ + id) that

(a—l—ib)_ac+bd+ibc—ad
(c+id) 2 +d? A +d*’

This is of the same general form as before, so it is again a complex
number.

When we get used to playing with these complex numbers, we cease to
think of a + 1b as a pair of things, namely the two real numbers « and b,
but we think of a + ib as an entire thing on its own, and we could use a
single letter, say z, to denote the whole complex number z = a + ib. It may
be checked that all the normal rules of algebra are satisfied by complex
numbers.[*2! In fact, all this is a good deal more straightforward than
checking everything for real numbers. (For that check, we imagine that we
had previously convinced ourselves that the rules of algebra are satisfied
for fractions, and then we have to use Dedekind’s ‘cuts’ to show that the
rules still work for real numbers.) From this point of view, it seems rather
extraordinary that complex numbers were viewed with suspicion for so
long, whereas the much more complicated extension from the rationals to
the reals had, after ancient Greek times, been generally accepted without
question.

Presumably this suspicion arose because people could not ‘see’ the
complex numbers as being presented to them in any obvious way by the
physical world. In the case of the real numbers, it had seemed that
distances, times, and other physical quantities were providing the reality
that such numbers required; yet the complex numbers had appeared to be
merely invented entities, called forth from the imaginations of mathemat-

4 [4.1] Do this.

£3 [4.2] Check this, the relevant rules being w+z=z+w, w+ u+z) = W+ u) + z, wz = zw,
w(uz) = (wu)z, wu+z) =wu+wz, w+0=w, wl = w.
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icians who desired numbers with a greater scope than the ones that they
had known before. But we should recall from §3.3 that the connection the
mathematical real numbers have with those physical concepts of length or
time is not as clear as we had imagined it to be. We cannot directly see the
minute details of a Dedekind cut, nor is it clear that arbitrarily great or
arbitrarily tiny times or lengths actually exist in nature. One could say that
the so-called ‘real numbers’ are as much a product of mathematicians’
imaginations as are the complex numbers. Yet we shall find that complex
numbers, as much as reals, and perhaps even more, find a unity with
nature that is truly remarkable. It is as though Nature herself is as
impressed by the scope and consistency of the complex-number system
as we are ourselves, and has entrusted to these numbers the precise
operations of her world at its minutest scales. In Chapters 21-23, we
shall be seeing, in detail, how this works.

Moreover, to refer just to the scope and to the consistency of complex
numbers does not do justice to this system. There is something more
which, in my view, can only be referred to as ‘magic’. In the remainder
of this chapter, and in the next two, I shall endeavour to convey to the
reader something of the flavour of this magic. Then, in Chapters 7-9, we
shall again witness this complex-number magic in some of its most striking
and unexpected manifestations.

Over the four centuries that complex numbers have been known, a great
many magical qualities have been gradually revealed. Yet this is a magic
that had been perceived to lie within mathematics, and it indeed provided
a utility and a depth of mathematical insight that could not be achieved by
use of the reals alone. There had not been any reason to expect that the
physical world should be concerned with it. And for some 350 years from
the time that these numbers were introduced through the works of Car-
dano and Bombelli, it was purely through their mathematical role that the
magic of the complex-number system was perceived. It would, no doubt,
have come as a great surprise to all those who had voiced their suspicion of
complex numbers to find that, according to the physics of the latter three-
quarters of the 20th century, the laws governing the behaviour of the
world, at its tiniest scales, is fundamentally governed by the complex-
number system.

These matters will be central to some of the later parts of this book
(particularly in Chapters 21-23). For the moment, let us concentrate on
some of the mathematical magic of complex numbers, leaving their phys-
ical magic until later. Recall that all we have done is to demand that —1
have a square root, together with demanding that the normal laws of
arithmetic be retained, and we have ascertained that these demands can
be satisfied consistently. This seems like a fairly simple thing to have done.
But now for the magic!
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4.2 Solving equations with complex numbers

In what follows, I shall find it necessary to introduce somewhat more
mathematical notation than previously. I apologize for this. However, it
is hardly possible to convey serious mathematical ideas without the use of
a certain amount of notation. I appreciate that there will be many readers
who are uncomfortable with these things. My advice to such readers is
basically just to read the words and not to bother too much about trying to
understand the equations. At least, just skim over the various formulae
and press on. There will, indeed, be quite a number of serious mathemat-
ical expressions scattered about this book, particularly in some of the later
chapters. My guess is that certain aspects of understanding will eventually
begin to come through even if you make little attempt to understand what
all the expressions actually mean in detail. I hope so, because the magic of
complex numbers, in particular, is a miracle well worth appreciating. If
you can cope with the mathematical notation, then so much the better.

First of all, we may ask whether other numbers have square roots. What
about —2, for example? That’s easy. The complex number iv/2 certainly
squares to —2, and so also does —iv/2. Moreover, for any positive real
number a, the complex number iy/a squares to —a, and —i/a does also.
There is no real magic here. But what about the general complex number
a + ib (where a and b are real)? We find that the complex number

\/1 (a—i— a2+b2> —Fi\/1 (—a—|— a? +b2>

2 2

squares to a +1ib (and so does its negative).[*3] Thus, we see that, even
though we only adjoined a square root for a single quantity (namely —1),
we find that every number in the resulting system now automatically has a
square root! This is quite different from what happened in the passage
from the rationals to the reals. In that case, the mere introduction of the
quantity v/2 into the system of rationals would have got us almost no-
where.

But this is just the very beginning. We can ask about cube roots, fifth
roots, 999th roots, mth roots—or even i-th roots. We find, miraculously,
that whatever complex root we choose and whatever complex number we
apply it to (excluding 0), there is always a complex-number solution to this
problem. (In fact, there will normally be a number of different solutions to
the problem, as we shall be seeing shortly. We noted above that for square
roots we get two solutions, the negative of the square root of a complex
number z being also a square root of z. For higher roots there are more
solutions; see §5.4.)

40 [4.3] Check this.
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We are still barely scratching the surface of complex-number magic. What
I'have just asserted above is really quite simple to establish (once we have the
notion of a logarithm of a complex number, as we shall shortly, in Chapter 5).
Somewhat more remarkable is the so-called ‘fundamental theorem of alge-
bra’ which, in effect, asserts that any polynomial equation, such as

l—z+z4=0
or
n+iz— V41723 + 2% =0,

must have complex-number solutions. More explicitly, there will always be
a solution (normally several different ones) to any equation of the form

a0+ a1z + w2t + a3z + -+ a2t =0,

where ay, a1, az, as , ..., a, are given complex numbers with the a, taken as
non-zero.” (Here n can be any positive integer that we care to choose, as big
as we like.) For comparison, we may recall that i was introduced, in effect,
simply to provide a solution to the one particular equation

1+22=0.

We get all the rest free!

Before proceeding further, it is worth mentioning the problem that Car-
dano had been concerned with, from around 1539, when he first encountered
complex numbers and caught a hint of another aspect of their attendant
magical properties. This problem was, in effect, to find an expression for the
general solution of a (real) cubic equation (i.e. n = 3 in the above). Cardano
found that the general cubic could be reduced to the form

x* = 3px +2g

by a simple transformation. Here p and ¢ are to be real numbers, and |
have reverted to the use of x in the equation, rather than z, to indicate that
we are now concerned with real-number solutions rather than complex
ones. Cardano’s complete solution (as published in his 1545 book Ars
Magna) seems to have been developed from an earlier partial solution that
he had learnt in 1539 from Niccolo Fontana (‘Tartaglia’), although this
partial solution (and perhaps even the complete solution) had been found
earlier (before 1526) by Scipione del Ferro.? The (del Ferro—)Cardano
solution was essentially the following (written in modern notation):

X = (g +wi+ (g —w),
where
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1
w=(g’ —p’).

Now this equation presents no fundamental problem within the system of
real numbers if

q =p.

In this case there is just one real solution x to the equation, and it is indeed
correctly given by the (del Ferro—)Cardano formula, as given above. But if
T <p,
the so-called irreducible case, then, although there are now three real solu-
tions, the formula involves the square root of the negative number ¢> — p?
and so it cannot be used without bringing in complex numbers. In fact, as
Bombelli later showed (in Chapter 2 of his L’Algebra of 1572), if we do allow
ourselves to admit complex numbers, then all three real solutions are indeed
correctly expressed by the formula.* (This makes sense because the expres-
sion provides us with two complex numbers added together, where the parts
involving i cancel out in the sum, giving a real-number answer.’) What is
mysterious about this is that even though it would seem that the problem
has nothing to do with complex numbers—the equation having real coeffi-
cients and all its solutions being real (in this ‘irreducible’ case)—we need to
journey through this seemingly alien territory of the complex-number world
in order that the formula may allow us to return with our purely real-
number solutions. Had we restricted ourselves to the straight and narrow
‘real’ path, we should have returned empty-handed. (Ironically, complex
solutions to the original equation can only come about in those cases when

the formula does not necessarily involve this complex journey.)

4.3 Convergence of power series

Despite these remarkable facts, we have still not got very far into complex-
number magic. There is much more to come! For example, one area where
complex numbers are invaluable is in providing an understanding of the
behaviour of what are called power series. A power series is an infinite sum
of the form

ap + a1 x + axx* +azx® + - -

Because this sum involves an infinite number of terms, it may be the case
that the series diverges, which is to say that it does not settle down to a
particular finite value as we add up more and more of its terms. For an
example, consider the series

T+ +xt a0+ x84
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(where I have taken ay=1,a1=0,a2=1,a3=0,a4=1, as =0,
ag =1, ...). If we put x = 1, then, adding the terms successively, we get

I, 1+1=2, 1+1+1=3,
1+1+1+1=4, 14+1+14+1+1=5, etc,

and we see that the series has no chance of settling down to a particular
finite value, that is, it is divergent. Things are even worse if we try x = 2,
for example, since now the individual terms are getting bigger, and adding
terms successively we get

I, 1+4=5 1+4+16=21, 1+4+16+64 =285, etc.,
which clearly diverges. On the other hand, if we put x = %, then we get
Lotrh=f Lebh=fh Lprded=H e

and it turns out that these numbers become closer and closer to the
limiting value %, so the series is now convergent.

With this series, it is not hard to appreciate, in a sense, an underlying
reason why the series cannot help but diverge for x = 1 and x = 2, while
converging for x = % to give the answer %. For we can explicitly write down
the answer to the sum of the entire series, findingl*#

I+ x4+ x4+ x+x3+ . =1 =)L

When we substitute x = 1, we find that this answer is (1 — 12! =071,
which is ‘infinity’,® and this provides us with an understanding of why the
series has to diverge for that value of x. When we substitute x = %, the
answer is (1 — 71;)71 = ‘5‘, and the series actually converges to this particular
value, as stated above.

This all seems very sensible. But what about x = 2? Now there is an
‘answer’ given by the explicit formula, namely (1 — 4)~! = — %, although we
do not seem to get this value simply by adding up the terms of the series.
We could hardly get this answer because we are just adding together
positive quantities, whereas —% is negative. The reason that the series
diverges is that, when x =2, each term is actually bigger than the
corresponding term was when x = 1, so that divergence for x = 2 follows,
logically, from the divergence for x = 1. In the case of x =2, it is not
that the ‘answer’ is really infinite, but that we cannot reach this answer
by attempting to sum the series directly. In Fig. 4.1, I have plotted
the partial sums of the series (i.e. the sums up to some finite number of
terms), successively up to terms, together with the ‘answer’ (1 — x2)~!

€9 [4.4] Can you see how to check this expression?
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Not accessed
<— by series

Fig. 4.1 The respective partial sums, 1, 1 +x%, 1 + x> +x* 1 + x> 4+ x* + x° of
the series for (1 — x2)~! are plotted, illustrating the convergence of the series to
(1 —x»7" for |x| < 1 and divergence for |x| > 1.

and we can see that, provided x lies strictly” between the values —1 and +1,
the curves depicting these partial sums do indeed converge on this answer,
namely (1 — x?)~!, as we expect. But outside this range, the series simply
diverges and does not actually reach any finite value at all.

As a slight digression, it will be helpful to address a certain issue here
that will be of importance to us later. Let us ask the following question:
does the equation that we obtain by putting x = 2 in the above expression,
namely

1+22 424420428 ... =1 =281 =-3
actually make any sense? The great 18th-century mathematician Leonhard
Euler often wrote down equations like this, and it has become fashionable
to poke gentle fun at him for holding to such absurdities, while one might
excuse him on the grounds that in those early days nothing was properly
understood about matters of ‘convergence’ of series and the like. Indeed, it
is true that the rigorous mathematical treatment of series did not come
about until the late 18th and early 19th century, through the work of
Augustin Cauchy and others. Moreover, according to this rigorous treat-
ment, the above equation would be officially classified as ‘nonsense’. Yet, |
think that it is important to appreciate that, in the appropriate sense, Euler
really knew what he was doing when he wrote down apparent absurdities
of this nature, and that there are senses according to which the above
equation must be regarded as ‘correct’.
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In mathematics, it is indeed imperative to be absolutely clear that one’s
equations make strict and accurate sense. However, it is equally important
not to be insensitive to ‘things going on behind the scenes’ which may
ultimately lead to deeper insights. It is easy to lose sight of such things by
adhering too rigidly to what appears to be strictly logical, such as the fact
that the sum of the positive terms 1 +4 + 16 4 64 256 + - -+ cannot
possibly be — % For a pertinent example, let us recall the logical absurdity
of finding a real solution to the equation x> + 1 = 0. There is no solution;
yet, if we leave it at that, we miss all the profound insights provided by the
introduction of complex numbers. A similar remark applies to the absurd-
ity of a rational solution to x> = 2. In fact, it is perfectly possible to give a
mathematical sense to the answer ‘— %’ to the above infinite series, but one
must be careful about the rules telling us what is allowed and what is not
allowed. It is not my purpose to discuss such matters in detail here,® but it
may be pointed out that in modern physics, particularly in the area of
quantum field theory, divergent series of this nature are frequently en-
countered (see particularly §§26.7,9 and §§31.2,13). It is a very delicate
matter to decide whether the ‘answers’ that are obtained in this way are
actually meaningful and, moreover, actually correct. Sometimes extremely
accurate answers are indeed obtained by manipulating such divergent
expressions and are occasionally strikingly confirmed by comparison
with actual physical experiment. On the other hand, one is often not so
lucky. These delicate issues have important roles to play in current phys-
ical theories and are very relevant for our attempts to assess them. The
point of immediate relevance to us here is that the ‘sense’ that one may be
able to attribute to such apparently meaningless expressions frequently
depends, in an essential way, upon the properties of complex numbers.

Let us now return to the issue of the convergence of series, and try to see
how complex numbers fit into the picture. For this, let us consider a
function just slightly different from (1 — x?)~!, namely (1 +x?)~', and
try to see whether it has a sensible power series expansion. There would
seem to be a better chance of complete convergence now, because
(1 + x») ! remains smooth and finite over the entire range of real numbers.
There is, indeed, a simple-looking power series for (1 4+ x2)~!, only slightly
different from the one that we had before, namely

- +x =+ — =+,

the difference being merely a change of sign in alternate terms.[*3 In
Fig. 4.2, T have plotted the partial sums of the series, successively up to
five terms, just as before, together with this answer (1 + x2)~'. What seems
surprising is that the partial sums still only converge on the answer

€9 [4.5] Can you see an elementary reason for this simple relationship between the two series?
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Fig. 4.2 The partialsums, 1, 1 —x2, 1 — x>+ x* 1 — x> +x* —x0, 1 — x? + x*—
x® 4 x3, of the series for (1 + x?)~! are likewise plotted, and again there is conver-
gence for |x| < 1 and divergence for |x| > 1, despite the fact that the function is
perfectly well behaved at x = + 1.

in the range strictly between values —1 and +1. We appear to be getting a
divergence outside this range, even though the answer does not go to
infinity at all, unlike in our previous case. We can test this explicitly
using the same three values x=1, x =2, x :% that we used before,
finding that, as before, convergence occurs only in the case x = %, where
the answer comes out correctly with the limiting value % for the sum of the
entire series:

1: 1,0,1,0,1,0,1, etc.,
2: 1, =3,13, =51, 205, 819, etc.,

1.3 13 5L 205 819
> 4° 16° 64° 256° 1024~

X
X
X

etc.

=

We note that the ‘divergence’ in the first case is simply a failure of the
partial sums of the series ever to settle down, although they do not actually
diverge to infinity.

Thus, in terms of real numbers alone, there is a puzzling discrepancy
between actually summing the series and passing directly to the ‘answer’
that the sum to infinity of the series is supposed to represent. The
partial sums simply ‘take off’ (or, rather, flap wildly up and down)
just at the same places (namely x = +1) as where trouble arose
in the previous case, although now the supposed answer to the infinite
sum, namely (1 + x?)~!, does not exhibit any noticeable feature at these
places at all. The resolution of the mystery is to be found if we examine
complex values of this function rather than restricting our attention to
real ones.
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4.4 Caspar Wessel’s complex plane

In order to see what is going on here, it will be important to use the now-
standard geometrical representation of complex numbers in the Euclidean
plane. Caspar Wessel in 1797, Jean Robert Argand in 1806, John Warren
in 1828, and Carl Friedrich Gauss well before 1831, all independently,
came up with the idea of the complex plane (see Fig. 4.3), in which they
gave clear geometrical interpretations of the operations of addition and
multiplication of complex numbers. In Fig. 4.3, I have used standard
Cartesian axes, with the x-axis going off to the right horizontally and the
y-axis going vertically upwards. The complex number

z=x+1y

is represented as the point with Cartesian coordinates (x, y) in the
plane.

We are now to think of a real number x as a particular case of the
complex number z = x + iy where y = 0. Thus we are thinking of the
x-axis in our diagram as representing the real line (i.e. the totality of real
numbers, linearly ordered along a straight line). The complex plane,
therefore, gives us a direct pictorial representation of how the system of
real numbers extends outwards to become the entire system of complex
numbers. This real line is frequently referred to as the ‘real axis’ in the
complex plane. The y-axis is, correspondingly, referred to as the ‘imagin-
ary axis’. It consists of all real multiples of i.

Let us now return to our two functions that we have been trying to
represent in terms of power series. We took these as functions of the real
variable x, namely (1 —x?)~' and (1 + x?)"!, but now we are going to
extend these functions so that they apply to a complex variable z. There

Imaginary axis

A

3i

—1+2i 2i| 1421

—1+i il 1+ 2+ E R
! Fig. 4.3 The complex plane
- — 5 - 3 'X > of z =X + iy. In Cartesian .

’ Real axis  coordinates (x, y), the x-axis
horizontally to the right is the
-1 Sip - 2H) 3 real axis; the y-axis vertically
upwards is the imaginary axis.
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is no problem about doing this, and we simply write these extended
functions as (1 — z2)~! and (1 + z2)!, respectively. In the case of the first
real function (1 — x2)~!, we were able to recognize where the ‘divergence’
trouble starts, because the function is singular (in the sense of becoming
infinite) at the two places x = —1 and x = +1; but, with (1 + x?)~!, we saw
no singularity at these places and, indeed, no real singularities at all.
However, in terms of the complex variable z, we see that these two
functions are much more on a par with one another. We have noted the
singularities of (1 —z2)~! at two points z = +1, of unit distance from
the origin along the real axis; but now we see that (1 +z%)~! also has
singularities, namely at the two places z = #i (since then 1+ z*> =0),
these being the two points of unit distance from the origin on the imagin-
ary axis.

But what do these complex singularities have to do with the question of
convergence or divergence of the corresponding power series? There is a
striking answer to this question. We are now thinking of our power series
as functions of the complex variable z, rather than the real variable x, and
we can ask for those locations of z in the complex plane for which the
series converges and those for which it diverges. The remarkable general
answer,’ for any power series whatever

ao+ a1z + arz* + azz> + s

is that there is some circle in the complex plane, centred at 0, called the
circle of convergence, with the property that if the complex number z lies
strictly inside the circle then the series converges for that value of z,
whereas if z lies strictly outside the circle then the series diverges for that
value of z. (Whether or not the series converges when z lies actually on the
circle is a somewhat delicate issue that will not concern us here, although it
has relevance to the issues that we shall come to in §§9.6,7.) In this
statement, I am including the two limiting situations for which the series
diverges for all non-zero values of z, when the circle of convergence has
shrunk down to zero radius, and when it converges for all z, in which case
the circle has expanded to infinite radius. To find where the circle of
convergence actually is for some particular given function, we look to
see where the singularities of the function are located in the complex plane,
and we draw the largest circle, centred about the origin z =0, which
contains no singularity in its interior (i.e. we draw it through the closest
singularity to the origin).

In the particular cases (1 — z2)~! and (1 + z%)~! that we have just been
considering, the singularities are of a simple type called poles (arising
where some polynomial, appearing in reciprocal form, vanishes). Here
these poles all lie at unit distance from the origin, and we see that the

1
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Fig. 4.4 In the complex
plane, the functions
(1-z)"and (1 +25)7!
have the same circle of con-
vergence, there being poles
for the former at z = £+ 1
and poles for the latter at

z = =+ 1, all having the same
(unit) distance from the
origin.

circle of convergence is, in both cases, just the unit circle about the origin.
The places where this circle meets the real axis are the same in each case,
namely the two points z = £1 (see Fig. 4.4). This explains why the two
functions converge and diverge in the same regions—a fact that is not
manifest from their properties simply as functions of real variables. Thus,
complex numbers supply us with deep insights into the behaviour of power
series that are simply not available from the consideration of their real-
variable structure.

4.5 How to construct the Mandelbrot set

To end this chapter, let us look at another type of convergence/divergence
issue. It is the one that underlies the construction of that extraordinary
configuration, referred to in §1.3 and depicted in Fig. 1.2, known as the
Mandelbrot set. In fact, this is just a subset of Wessel’s complex plane
which can be defined in a surprisingly simple way, considering the extreme
complication of this set. All we need to do is examine repeated applica-
tions of the replacement

Z»—>22+c,

where ¢ is some chosen complex number. We think of ¢ as a point in the
complex plane and start with z = 0. Then we iterate this transformation
(i.e. repeatedly apply it again and again) and see how the point z in the
plane behaves. If it wanders off to infinity, then the point ¢ is to be
coloured white. If z wanders around in some restricted region without
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ever receding to infinity, then c is to be coloured black. The black region
gives us the Mandelbrot set.

Let us describe this procedure in a little more detail. How does the
iteration proceed? First, we fix ¢. Then we take some point z and apply the
transformation, so that z becomes z? + ¢. Then apply it again, so we now
replace the ‘2’ in 22 + ¢ by z2 + ¢, and we get (2% + ¢)* + ¢. We next replace
the 2 in z24+c¢ by (24¢)’+¢, so our expression becomes
((z2 + ¢)* + ¢)* + c. We then follow this by replacing the ‘z’ in z2 + ¢ by
((z2 4 ¢)* + ¢)* + ¢, and we obtain (((z2 + ¢)* + ¢)* + ¢)* + ¢, and so on.

Let us now see what happens if we start at z = 0 and then iterate in this
way. (We can just put z =0 in the above expressions.) We now get the
sequence

0, ¢, +c (A + c)2 + ¢, (¢ —|—c)2 —|—C)2 +c, ... .

This gives us a succession of points on the complex plane. (On a computer,
one would just work these things out purely numerically, for each individ-
ual choice of the complex number ¢, rather than using the above algebraic
expressions. It is computationally much ‘cheaper’ just to do the arithmetic
afresh each time.) Now, for any given value of ¢, one of two things can
happen: (i) points of the sequence eventually recede to greater and greater
distances from the origin, that is, the sequence is unbounded, or (ii) every
one of the points lies within some fixed distance from the origin (i.e. within
some circle about the origin) in the complex plane, that is, the sequence is
bounded. The white regions of Fig. 1.2a are the locations of ¢ that give an
unbounded sequence (i), whereas the black regions are the locations of ¢
where it is the bounded case (ii) that holds, the Mandelbrot set itself being
the entire black region.

The complication of the Mandelbrot set arises from the fact that there
are many different and often highly involved ways in which the iterated
sequence can remain bounded. There can be elaborate combinations of
cycles and ‘almost’ cycles of various kinds, dotting around the plane in
various intricate ways—but it would take us too far afield to try to
understand in any detail how the extraordinary complication of this set
comes about, and where subtle issues of complex analysis and number
theory are involved. The interested reader may care to consult Peitgen and
Reichter (1986) and Peitgen and Saupe (1988) for further information and
pictures (see also Douady and Hubbard 1985).

Notes

Section 4.1
4.1. See Exercise [4.2] for these rules.
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Section 4.2
4.2. Ttis a direct consequence!*®! that any complex polynomial in the single variable z
factorizes into linear factors,

ap+ a1z + @t + -+ ap" = ay(z — b))z — ba) - (z — by),

and it is this statement that is normally termed ‘the fundamental theorem of
algebra’.

4.3. As the story goes, Tartaglia had revealed his partial solution to Cardano only
after Cardano had been sworn to secrecy. Accordingly, Cardano could not
publish his more general solution without breaking this oath. However, on a
subsequent trip to Bologna, in 1543, Cardano examined del Ferro’s posthumous
papers and satisfied himself of del Ferro’s actual priority. He considered that this
freed him to publish all these results (with due acknowledgement both to Tartaglia
and del Ferro) in Ars Magna in 1545. Tartaglia disagreed, and the dispute had
very bitter consequences (see Wykes 1969).

4.4. For more information, see van der Waerden (1985).

4.5. The reason for this is that we are adding together two numbers which are complex
conjugates of each other (see §10.1) and such a sum is always a real number.

Section 4.3

4.6. Recall from Note 2.4 that 0! should mean (—1) , 1.e. ‘one divided by zero’. It is a
convenient ‘shorthand to express the ‘result’ of this illegal operation ‘0~ = o0’.

4.7. ‘Strictly’ means that the end-values are not included in the range.

4.8. For further information, see, for example, Hardy (1940).
Section 4.4

4.9. See e.g. Priestly (2003), p.71—referred to as ‘radius of convergence’—and Need-
ham (2002), pp. 67,264.

£3 [4.6] Show this. (Hint: Show that no remainder survives if this polynomial is ‘divided’ by z — b
whenever z = b solves the given equation.)
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5
Geometry of logarithms, powers, and roots

5.1 Geometry of complex algebra

THE aspects of complex-number magic discussed at the end of the previous
chapter involve many subtleties, so let us pull back a little and look at
some more elementary, though equally enigmatic and important, pieces of
magic. First, let us see how the rules for addition and multiplication that
we encountered in §4.1 are geometrically represented in the complex plane.
We can exhibit these as the parallelogram law and the similar-triangle law,
respectively, depicted in Fig. 5.1a,b. Specifically, for two general complex
numbers w and z, the points representing w + z and wz are determined by
the respective assertions:

the points 0, w, w + z, z are the vertices of a parallelogram
and

the triangles with vertices 0, 1, w and 0, z, wz are similar.

1\ 4 wz
w+z g

z

—®

(@) (b)

Fig. 5.1 Geometrical description of the basic laws of complex-number algebra.
(a) Parallelogram law of addition: 0, w, w 4 z, z give the vertices of a parallelo-
gram. (b) Similar-triangle law of multiplication: the triangles with vertices
0, 1, wand 0, z, wz are similar.
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(Normal conventions about orderings and orientations are being
adopted here. By this, I mean that we go around the parallelogram
cyclicly, so the line segment from w to w + z is parallel to that from
0 to z, etc.; moreover, there is to be no ‘reflection’ involved in the similar-
ity relation between the two triangles. Also, there are special cases
where the triangles or parallelogram degenerate in various ways.[>-1])
The interested reader may care to check these rules by trigonometry
and direct computation.’-2l However, there is another way of looking
at these things which avoids detailed computation and yields greater
insights.

Let us consider addition and multiplication in terms of different maps
(or ‘transformations’) that send the entire complex plane to itself. Any
given complex number w defines an ‘addition map’ and a ‘multiplication
map’, these being the operations which, when applied to an arbitrary
complex number z, will add w to z and take the product of w with z,
respectively, that is,

z+— w+zand z — wz.

It is easy to see that the addition map simply slides the complex plane along
without rotation or change of size or shape—an example of a translation
(see §2.1)—displacing the origin 0 to the point w; see Fig. 5.2a. The paral-
lelogram law is basically a restatement of this. But what about the multipli-
cation map? This provides a transformation which leaves the origin
fixed and preserves shapes—sending 1 to the point w. In the general case-
it combines a (non-reflective) rotation with a uniform expansion (or

4 wz
w+z
e ‘\
/ / -l i ]
_ |V — 1 w
w =/ N re - + t
1 {4 1
/ _— ind
(@) — ® 7

Fig. 5.2 (a) The addition map ‘4w’ provides a translation of the complex plane,
sending 0 to w. (b) The multiplication map ‘xw’ provides a rotation and expansion
(or contraction) of the complex plane about 0, sending 1 to w.

[5.1] Examine the various possibilities.
[5.2] Do this.

87



§5.1 CHAPTER 5

7~
7
/
-1y + 1

\ / Fig. 5.3 The particular operation ‘multi-

\ . / ply by 1’ is realized, in the complex plane,
~ e as the geometrical transformation ‘rotate

> I through right angle’. The ‘mysterious’
equation i> = —1 is rendered visual.

contraction); see Fig. 5.2b.15-3] The similar-triangle law effectively exhibits
this. This map will have particular significance for us in §8.2.

In the particular case w =i, the multiplication map is simply a right-
handed (i.e. anticlockwise) rotation through a right angle (% n). If we apply
this operation twice, we get a rotation through m, which is simply a
reflection in the origin; in other words, this is the multiplication map
that sends each complex number z to its negative. This provides us with
a graphic realization of the ‘mysterious’ equation i* = —1 (Fig. 5.3). The
operation ‘multiply by 1’ is realized as the geometrical transformation
‘rotate through a right angle’. When viewed in this way, it does not
seem so mysterious that the ‘square’ of this operation (i.e. doing it twice)
should give the same effect as the operation of ‘taking the negative’. Of
course, this does not remove the magic and the mystery of why complex
algebra works so well. Nor does it tell us a clear physical role for these
numbers. One may ask, for example: why only rotate in one plane;
what about three dimensions? I shall address different aspects of these
questions later, particularly in §§11.2,3, §18.5, §§21.6,9, §§22.2,3,8-10,
§33.2, and §34.8.

In our description of a complex number in the plane, we used the standard
Cartesian coordinates (x, y) for a point in the plane, but we could alterna-
tively use polar coordinates [r, 0]. Here, the positive real number r measures
the distance from the origin and the angle 6 measures the angle that the
line from the origin to the point z makes with the real axis, measured in an

5 [5.3] Try to show this without detailed calculation, and without trigonometry. (Hinz: This is a
consequence of the ‘distributive law’ w(z| + z3) = wz; + wz,, which shows that the ‘linear’ struc-
ture of the complex plane is preserved, and w(iz) = i(wz), which shows that rotation through a
right angle is preserved; i.e. right angles are preserved.)
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(@ (b)

Fig. 5.4 (a) Passing from Cartesian (x, y) to polar [r, 0], we have z=x + iy=rei’,
where the modulus r = |z| is the distance from the origin and the argument 0 is the
angle that the line from the origin to z makes with real axis, measured anticlock-
wise. (b) If we do not insist —t > 0 =, we can allow z to wind around origin
many times, adding any integer multiple of 2xn to 0.

anticlockwise direction; see Fig. 5.4a. The quantity r is referred to as the
modulus of the complex number z, which we sometimes write as

r=lz|,

and 0 as its argument (or, in quantum theory, sometimes as its phase). For
z = 0, we do not need to bother with 0, but we can still define r to be the
distance from the origin, which in this case simply gives r = 0.

We could, for definiteness, insist that 6 lie in a particular range, such as
—n < 0 = n (which is a standard convention). Alternatively, we may just
think of the argument as something with the ambiguity that we are
allowed to add integer multiples of 2w to it without affecting anything.
This is just a matter of allowing us to wind around the origin as many
times as we like, in either direction, when measuring the angle (see Fig.
5.4b). (This second point of view is actually the more profound one, and it
will have implications for us shortly.) We see from Fig. 5.5 and basic
trigonometry that

x=rcosf and y = rsiné,

and, inversely, that
r=+/x2+y?and 0 = tan"'2,
X

where 0 = tan~! (y/x) means some specific value of the many-valued
function tan~!. (For those readers who have forgotten all their trigonom-
etry, the first two formulae just re-express the definitions of the sine and
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(8]

y =rsin 6 | . : ;
Fig. 5.5 Relation between the Cartesian

C L 5> andthe polar forms of a complex
number: x = rcosf and y = rsind,
where inversely r = /(x*> 4+ »?) and

0 = tan~! (y/x).

cosine of an angle in terms of a right-angled triangle: ‘cos of angle equals
adjacent over hypotenuse’ and ‘sin of angle equals opposite over hypoten-
use’, r being the hypotenuse; the second two express the Pythagorean
theorem and, in inverse form, ‘tan of angle equals opposite over hypoten-
use’. One should also note that tan~! is the inverse function of tan, not the
reciprocal, so the above equation 0 = tan~! (y/x) stands for tan0 = y/x.
Finally, there is the ambiguity in tan~' that any integer multiple of 27 can
be added to 0 and the relation will still hold.)!

5.2 The idea of the complex logarithm

Now, the ‘similar-triangle law’ of multiplication of two complex numbers,
as illustrated in Fig. 5.1b, can be re-expressed in terms of the fact that
when we multiply two complex numbers we add their arguments and
multiply their moduli.>4 Note the remarkable fact here that, as far as
the rule for the arguments is concerned, we have converted multiplication
into addition. This fact is the basis of the use of logarithms (the logarithm
of the product of two numbers is equal to the sum of their logarithms:
logab = loga + logb), as is exhibited by the slide-rule (Fig. 5.6), and this
property had fundamental importance to computational practice in earlier
times.? Now we use electronic calculators to do our multiplication for us.
Although this is far faster and more accurate than the use of a slide-rule or
log tables, we lose something very significant for our understanding if we
gain no direct experience of the beautiful and deeply important logarith-
mic operation. We shall see that logarithms have a profound role to play in
relation to complex numbers. Indeed, the argument of a complex number
really is a logarithm, in a certain clear sense. We shall try to understand
how this comes about.

Also, recall the assertion in §4.2 that the taking of roots for complex
numbers is basically a matter of understanding complex logarithms. We

4 [5.4] Spell this out.

90



Geometry of logarithms, powers, and roots §5.2

: z“.}w/y 4
6 7 8910
% TH S | [ Il ' |||'|Il

. 1 2 3 4 5
5 - e I ] I 1 ' 1 ‘ L I
lllll[ill'l T 1 T | L R N I B
1 2 3 4 5 6 7 8 910

Fig. 5.6 Slide rules display numbers on a logarithmic scale, thereby enabling
multiplication to be expressed by the adding of distances, in accordance with the
formula log, (p x ¢) = log, p + log, ¢. (Multiplication by 2 is illustrated.)

shall find that there are some striking relations between complex loga-
rithms and trigonometry. Let us try to see how all these things come
together.

First, recall something about ordinary logarithms. A logarithm is the
reverse of ‘raising a number to a power’, or of exponentiation. ‘Raising to a
power’ is an operation that converts addition into multiplication. Why is
this? Take any (non-zero) number b. Then note the formula (converting
addition into multiplication)

b1n+n — bm % bn’

which is obvious if m and n are positive integers, because each side
just represents m + n instances of the number b, all multiplied together.
What we have to do is to find a way of generalizing this so that m and n
do not have to be positive integers, but can be any complex numbers
whatever. For this, we need to find the right definition of ‘b raised to
the power z’, for complex z, and we want the same formula as the
above, namely "% = b" x b*, to hold when the exponents w and z are
complex.

In fact, the procedure for doing this mirrors, to some extent, the very
history of generalizing, step by step, from the positive integers to the
complex numbers, as was done, starting from Pythagoras, via the work
of Eudoxos, through Brahmagupta, until the time of Cardano and Bom-
belli (and later), as was indicated in §4.1. First, the notion of ‘6%’ is initially
understood, when z is a positive integer, as simply b X b X --- x b, with z
b’s multiplied together; in particular, ' = b. Then (following the lead of
Brahmagupta) we allow z to be zero, realizing that to preserve
b"** = b" x b we need to define »° = 1. Next we allow z to be negative,
and realize, for the same reason, that for the case z = —1 we must define
b~ to be the reciprocal of b (i.e. 1/b), and that 5~", for a natural number 7,
must be the nth power of 5~!. We then try to generalize to the situations
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when z is a fraction, starting with the case z = 1/n, where n is a positive
integer. Repeated application of " x b* = b"** leads us to conclude that
(b*)" = b™; thus, putting z = 1/n, we derive the fact that »'/” is an nth root
of b.

We can do this within the realm of the real numbers, provided that the
number b has been taken to be positive. Then we can take b'/” to be the
unique positive nth root of b (when n is a positive integer) and we can
continue with defining »* uniquely for any rational number z = m/n to be
the mth power of the nth root of  and thence (using a limiting process) for
any real number z. However, if b is allowed to be negative, then we hit a
snag at z = 1, since /b then requires the introduction of i and we are down
the slippery slope to the complex numbers. At the bottom of that slope we
find our magical complex world, so let us brace ourselves and go all the
way down.

We require a definition of #” such that, for all complex numbers p, ¢,
and b (with b # 0), we have

P =P x bl

We could then hope to define the logarithm to the base b (the operation
denoted by ‘log,’) as the inverse of the function defined by f(z) = b7,
that is,

z=log,w if w=>5h".
Then we should expect

log, (p x q) = log, p +log, q,

so this notion of logarithm would indeed convert multiplication into
addition.

5.3 Multiple valuedness, natural logarithms

Although this is basically correct, there are certain technical difficulties
about doing this (which we shall see how to deal with shortly). In the
first place, b° is ‘many valued’. That is to say, there are many different
answers, in general, to the meaning of ‘b*’. There is also an additional
many-valuedness to log, w. We have seen the many-valuedness of b°
already with fractional values of z. For example, if z = %, then ‘b*” ought
to mean °‘some quantity ¢ which squares to b’, since we require
2 =txt=bt x bt = b2 = b = b. If some number ¢ satisfies this prop-
erty, then —¢ will do so also (since ( — 1) x ( — ¢) = > = b). Assuming that
b #0, we have two distinct answers for »'/2 (normally written ++/b).
More generally, we have n distinct complex answers for 5'/”, when n is
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a positive integer: 1, 2, 3, 4, 5, ... . In fact, we have some finite number
of answers whenever n is a (non-zero) rational number. If 7 is irrational,
then we have an infinite number of answers, as we shall be seeing
shortly.

Let us try to see how we can cope with these ambiguities. We shall start
by making a particular choice of b, above, namely the fundamental
number ‘¢’, referred to as the base of natural logarithms. This will reduce
our ambiguity problem. We have, as a definition of e:

1 1 1

1
=1ttty gt = 27182818285,

where the exclamation points denote factorials, i.e.

n=1x2x3x4x---xn,

so that 1! =1, 2! =2, 31 =6, etc. The function defined by f(z) =¢° is
referred to as the exponential function and sometimes written ‘exp’; it may
be thought of as ‘e raised to the power z” when acting on z, this ‘power’ being
defined by the following simple modification of the above series for e:

Z2 Z3 Z4
e 1+1 ST TR
This important power series actually converges for all values of z (so it
has an infinite circle of convergence; see §4.4). The infinite sum makes a
particular choice for the ambiguity in ‘4*> when b = e. For example, if
z= then the series gives us the particular positive quantity ++/e rather
than v/e. The fact that z = § L actually gives a quantity e'/? that squares to
e follows from the fact that €°, as defined by this series,[>3! indeed always

has the required ‘addition-to-multiplication’ property

eaer _ eaeb’
1 2 1 1 1,1
sothat (&) =erez=e2=¢! =e.
Let us'try to use this definition of e to provide us with an unambiguous
logarithm, defined as the inverse of the exponential function:

z=logw if w=¢".

This is referred to as the natural logarithm (and I shall write the function
simply as ‘log’ without a base symbol).?> From the above addition-to-
multiplication property, we anticipate a ‘multiplication-to-addition’ rule:

#5 [5.5] Check this directly from the series. (Hint: The ‘binomial theorem’ for integer exponents
asserts that the coefficient of ¢?b? in (a + b)" is n!/plq!.)
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logab = loga + logb.

It is not immediately obvious that such an inverse to e will necessarily
exist. However, it turns out in fact that, for any complex number w, apart
from 0, there always does exist z such that w =e¢*, so we can define
logw = z. But there is a catch here: there is more than one answer.

How do we express these answers? If [r, 0] is the polar representation of
w, then we can write its logarithm z in ordinary Cartesian form
(z=x+1iy) as

z =logr + 10,

where log r is the ordinary natural logarithm of a positive real number—the
inverse of the real exponential. Why? It is intuitively clear from Fig. 5.7 that
such a real logarithm function exists. In Fig. 5.7a we have the graph of
r = e*. We just flip the axes over to get the graph of the inverse function
x = logr,asin Fig. 5.7b. It is not so surprising that the real part of z = logw
is just an ordinary real logarithm. What is somewhat more remarkable* is
that the imaginary part of z is just the angle 0 that is the argument of the
complex number w. This fact makes explicit my earlier comment that the
argument of a complex number is really just a form of logarithm.

Recall that there is an ambiguity in the definition of the argument of a
complex number. We can add any integer multiple of 2x to 6, and this will
do just as well (recall Fig. 5.4b). Accordingly, there are many different
solutions z for a given choice of w in the relation w = €. If we take one
such z, then z + 2min is another possible solution, where 7 is any integer
that we care to choose. Thus, the logarithm of w is ambiguous up to the

A

(a) (b)

Fig. 5.7 To obtain the logarithm of a positive real number r, consider the graph
(a) of r = e*. All positive values of r are reached, so flipping the picture over, we
get the graph (b) of the inverse function x = logr for positve r.

94



Geometry of logarithms, powers, and roots §5.3

addition of any integer multiple of 2rwi. We must bear this in mind with
expressions such as logab = loga + log b, making sure that the appropri-
ately corresponding choices of logarithm are made.

This feature of the complex logarithm seems, at this stage, to be just an
awkward irritation. However, we shall be seeing in §7.2 that it is absolutely
central to some of the most powerful, useful, and magical properties of
complex numbers. Complex analysis depends crucially upon it. For the
moment, let us just try to appreciate the nature of the ambiguity.

Another way of understanding this ambiguity in logw is to note the
striking formula

whence e*2M = ¢ = w, etc., showing that z + 2mi is just as good a loga-

rithm of w as z is (and then we can repeat this as many times as we like).
The above formula is closely related to the famous Euler formula

" +1=0

(which relates the five fundamental numbers 0, 1, 1, 7, and e in one almost
mystical expression).[>-¢]

We can best understand these properties if we take the exponential of
the expression z = logr + 10 to obtain

logr+if _ elogrelﬁ — il

w=¢e"=¢e rev.

This shows that the polar form of any complex number w, which I had
previously been denoting by [r, 0], can more revealingly be written as
w=re.

In this form, it is evident that, if we multiply two complex numbers, we
take the product of their moduli and the sum of their arguments
(re'lse'® = rse!®9) so r and s are multiplied, whereas 0 and ¢ are
added—bearing in mind that subtracting 2n from 6 + ¢ makes no differ-
ence), as is implicit in the similar-triangle law of Fig. 5.1b. I shall hence-
forth drop the notation [r, 6], and use the above displayed expression
instead. Note that if r = 1 and 6 = & then we get —1 and recover Euler’s
famous e™ + 1 = 0 above, using the geometry of Fig. 5.4a; if r = 1 and
0 = 2x, then we get +1 and recover ™ = 1.

The circle with » =1 is called the unit circle in the complex plane (see
Fig. 5.8). This is given by w = ¢!’ for real 0, according to the above
expression. Comparing that expression with the earlier ones x = rcos 6
and y = rsin 6 given above, for the real and imaginary parts of what is

469 [5.6] Show from this that z + 7i is a logarithm of —w.

95



§5.4 CHAPTER 5

Unit i

circle

-

<
6

-1 1
Fig. 5.8 The unit circle, consisting of
unit-modulus complex numbers. The
Cotes—Euler formula gives these as

i e = cos0 +isin 0 for real 0.

now the quantity w = x + iy, we obtain the prolific ‘(Cotes—) Euler for-
mula’

0

e = cosf +1isin0,

which basically encapsulates the essentials of trigonometry in the much
simpler properties of complex exponential functions.

Let us see how this works in elementary cases. In particular, the basic
relation e“*? = e%e’, when expanded out in terms of real and imaginary
parts, immediately yields!>7! the much more complicated-looking expres-
sions (no doubt depressingly familiar to some readers)

cos(a + b) = cosacosbh — sinasin b,

sin(a + b) = sinacos b + cosasin b.
Likewise, expanding out e3¢ = (ei6)3, for example, quickly yields®1-#l
cos 30 = cos® 0 — 3cosOsin’ 0,

sin 30 = 3sin 0 cos® O — sin’ 0.

There is indeed a magic about the direct way that such somewhat compli-
cated formulae spring from simple complex-number expressions.

5.4 Complex powers

Let us now return to the question of defining w* (or b°, as previously
written). We can achieve such a thing by writing

W = e? logw

46 [5.7) Check this.
4 [5.8] Do it.
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(since we expect €718 = (el°¢")” and e!°2" = w). But we note that, because
of the ambiguity in log w, we can add any integer multiple of 2mi to log w to
obtain another allowable answer. This means that we can multiply or divide
any particular choice of w* by e*?™ any number of times and we still get an
allowable ‘w*’. It is amusing to see the configuration of points in the complex
plane that this gives in the general case. This is illustrated in Fig. 5.9. The
points lie at the intersections of two equiangular spirals. (An equiangular—
or logarithmic—spiral is a curve in the plane that makes a constant angle
with the straight lines radiating from a point in the plane.)>]

This ambiguity leads us into all sorts of problems if we are not care-
ful.5-19 The best way of avoiding these problems appears to be to
adopt the rule that the notation w* is used only when a particular choice
of log w has been specified. (In the special case of e, the tacit convention is
always to take the particular choice log e = 1. Then the standard notation
e° is consistent with our more general w*.) Once this choice of log w is
specified, then w* is unambiguously defined for all values of z.

It may be remarked at this point that we also need a specification of log
b if we are to define the ‘logarithm to the base b’ referred to earlier in this
section (the function denoted by ‘log,’), because we need an unambiguous
w = b” to define z = log, w. Even so, log, w will of course be many-valued
(as was log w), where we can add to log,w any integer multiple of
21ti/ log b.15-111

One curiosity that has greatly intrigued some mathematicians in the past
is the quantity i'. This might have seemed to be ‘as imaginary as one could
get’. However, we find the real answer

it = ellogi — ol _ o1/2 — (0207879576 .. ,

Fig. 5.9 The different values of

w?( = e°1°¢ "), Any integer multiple

of 2mi can be added to logz, which
multiplies or divides w* by ¢?*™ an integer
number of times. In the general case,

C these are represented in the complex
/ plane as the intersections of two
equiangular spirals (each making a

constant angle with straight lines through
the origin).

#5 [5.9] Show this. How many ways? Also find all special cases.
#55 [5.10] Resolve this ‘paradox’: e = e! 21 g0 ¢ = (e!+2m)!+2m — ol dnidn? _ ol-dn’

A€ [5.11] Show this.
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by specifying logi = $ 1i.512] There are also many other answers, given by
the other specifications of logi. These are obtained by multiplying the
above quantity by e*™, where 7 is any integer (or, equivalently, by raising
the above quantity to any power of the form 4n -+ 1, where n is an
integer—positive or negativel>!'3)). It is striking that all the values of i
are in fact real numbers.

Let us see how the notation w* works for z = % We expect to be able to
represent the two quantities ++/w as ‘w!/?’ in some sense. In fact we get
these two quantities simply by first specifying one value for logw and
then specifying another one, where we add 2ni to the first one to get the
second one. This results in a change of sign in w!/? (because of the
Euler formula e™ = —1). In a similar way, we can generate all # solutions
Z"=w when n is 3, 4, 5, ... as the quantity w!/”, when successively
different values of the logw are specified.[>!4 More generally, we can
return to the question of zth roots of a non-zero complex number w,
where z is any non-zero complex number, that was alluded to in §4.2.
We can express such a zth root as the expression w'/?, and we generally get
an infinite number of alternative values for this, depending upon which
choice of log w is specified. With the right specified choice for logw!/%,
namely that given by (logw)/z, we indeed get (w'/?)"= w. We note, more
generally, that

(Wa)b: Wab’

where once we have made a specification of log w (for the right-
hand side), we must (for the left-hand side) specify logw* to be
alogw.>13]

When z = n is a positive integer, things are much simpler, and we get
just n roots. A situation of particular interest occurs, in this case, when
w = 1. Then, specifying some possible values of log 1 successively, namely
0, 2mi, 4mi, 6mi, ..., we get 1 = e0, 2™/, ¥/ ebmi/n  for the possible
values of 1!/, We can write these as 1, ¢, €2, €, ..., where ¢ = ¢™/". In
terms of the complex plane, we get n points equally spaced around the unit
circle, called nth roots of unity. These points constitute the vertices of a
regular n-gon (see Fig. 5.10). (Note that the choices, —2ni, — 4ni, — 67,
etc., for log 1 would merely yield the same nth roots, in the reverse order.)

It is of some interest to observe that, for a given n, the nth roots of unity
constitute what is called a finite multiplicative group, more specifically, the

@3 [5.12] Why is this an allowable specification?
4 [5.13] Show why this works.

@ [5.14] Spell this out.

E3[5.15] Show this.
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Fig. 5.10 The nth roots of unity
e e>™i/n(r = 1,2, ..., n), equally spaced
around the unit circle, provide the vertices of

¢4
a regular n-gon. Here n = 5.

cyclic group 7., (see §13.1). We have n quantities with the property that we
can multiply any two of them together and get another one. We can also
divide one by another to get a third. As an example, consider the case
n = 3. Now we get three elements 1, w, and w?, where » = e?/3 (so w? =1
and o' = w?). We have the following simple multiplication and division
tables for these numbers:

X 1 o o = 1 w w?
1 1 o o 1 1 ®

w o o 1 w w 1 w?
? o 1 o ? w? w 1

In the complex plane, these particular numbers are represented as the
vertices of an equilateral triangle. Multiplication by w rotates the triangle
through %n (i.e. 120°) in an anticlockwise sense, and multiplication by w?
turns it through %n in a clockwise sense; for division, the rotation is in the
opposite direction (see Fig. 5.11).

w
1
L 4
Fig. 5.11 Equilateral triangle of cube
roots 1, w, and w? of unity. Multiplication
by w rotates through 120° anticlockwise,
w? and by w?, clockwise.
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5.5 Some relations to modern particle physics

Numbers such as these have interest in modern particle physics, providing
the possible cases of a multiplicative quantum number. In §3.5, I commented
on the fact that the additive (scalar) quantum numbers of particle physics
are invariably quantified, as far as is known, by integers. There are also a
few examples of multiplicative quantum numbers, and these seem to be
quantified in terms of nth roots of unity. I only know of a few examples of
such quantities in conventional particle physics, and in most of these the
situation is the comparatively uninteresting case n = 2. There is one clear
case where n = 3 and possibly a case for which n = 4. Unfortunately, in
most cases, the quantum number is not universal, that is, it cannot
consistently be applied to all particles. In such situations, I shall refer to
the quantum number as being only approximate.

The quantity called parity is an (approximate) multiplicative quantum
number with n = 2. (There are also other approximate quantities for which
n = 2, similar in many respects to parity, such as g-parity. I shall not discuss
these here.) The notion of parity for a composite system is built up (multi-
plicatively) from those of its basic constituent particles. For such a constitu-
ent particle, its parity can be even, in which case, the mirror reflection of the
particle is the same as the particle itself (in an appropriate sense); alterna-
tively, its parity can be odd, in which case its mirror reflection is what is
called its antiparticle (see §3.5, §§24.1-3,8 and §26.4). Since the notion of
mirror reflection, or of taking the antiparticle, is something that ‘squares to
unity’, (i.e., doing it twice gets us back to where we started), the quantum
number—Iet us call it e —has to have the property €> = 1, so it must be an
‘nth root of unity’, with n = 2 (i.e. ¢ = +1 or ¢ = —1). This notion is only
approximate, because parity is not a conserved quantity with respect to
what are called ‘weak interactions’ and, indeed, there may not be a well-
defined parity for certain particles because of this (see §§25.3.,4).

Moreover, the notion of parity applies, in normal descriptions, only to
the family of particles known as bosons. The remaining particles belong to
another family and are known as fermions. The distinction between bosons
and fermions is a very important but somewhat sophisticated one, and we
shall come to it later, in §§23.7,8. (In one manifestation, it has to do with
what happens when we continuously rotate the particle’s state completely
by 2n (i.e. through 360°). Only bosons are completely restored to their
original states under such a rotation. For fermions such a rotation would
have to be done twice for this. See §11.3 and §22.8.) There is a sense in
which ‘two fermions make a boson’ and ‘two bosons also make a boson’
whereas ‘a boson and a fermion make a fermion’. Thus, we can assign the
multiplicative quantum number —1 to a fermion and +1 to a boson to
describe its fermion/boson nature, and we have another multiplicative
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quantum number with n = 2. As far as is known, this quantity is an exact
multiplicative quantum number.

It seems to me that there is also a parity notion that can be applied to
fermions, although this does not seem to be a conventional terminology.
This must be combined with the fermion/boson quantum number to give a
combined multiplicative quantum number with n = 4. For a fermion, the
parity value would have to be +i or —i, and its double mirror reflection
would have the effect of a 2n rotation. For a boson, the parity value would
be +1, as before.

The multiplicative quantum number with n = 3 that I have referred to is
what I shall call quarkiness. (This is not a standard terminology, nor is it
usual to refer to this concept as a quantum number at all, but it does
encapsulate an important aspect of our present-day understanding of
particle physics.) In §3.5, I referred to the modern viewpoint that the
‘strongly interacting’ particles known as hadrons (protons, neutrons,
m-mesons, etc.) are taken to be composed of quarks (see §25.6). These
quarks have values for their electric charge which are not integer multiples
of the electron’s charge, but which are integer multiples of one-third of this
charge. However, quarks cannot exist as separate individual particles, and
their composites can exist as separate individuals only if their combined
charges add up to an integer, in units of the electron’s charge. Let ¢ be the
value of the electric charge measured in negative units of that of the
electron (so that for the electron itself we have ¢ = —1, the electron’s
charge being counted as negative in the normal conventions). For quarks,
we have ¢ = % or — %; for antiquarks, ¢ = % or — % Thus, if we take for the
quarkiness the multiplicative quantum number e 2™, we find that it
takes values 1, w, and w?. For a quark the quarkiness is w, and for an
antiquark it is w”. A particle that can exist separately on its own only if its
quarkiness is 1. In accordance with §5.4, the degrees of quarkiness consti-
tute the cyclic group Zs. (In §16.1, we shall see how, with an additional
element ‘0’ and a notion of addition, this group can be extended to the
finite field 1F4.)

In this section and in the previous one, I have exhibited some of the
mathematical aspects of the magic of complex numbers and have hinted
at just a very few of their applications. But I have not yet mentioned those
aspects of complex numbers (to be given in Chapter 7) that I myself
found to be the most magical of all when I learned about them as a
mathematics undergraduate. In later years, I have come across yet more
striking aspects of this magic, and one of these (described at the end of
Chapter 9) is strangely complementary to the one which most impressed
me as an undergraduate. These things, however, depend upon certain
basic notions of the calculus, so, in order to convey something of this
magic to the reader, it will be necessary first to say something about
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these basic notions. There is, of course, an additional reason for doing this.
Calculus is absolutely essential for a proper understanding of physics!

Notes

Section 5.1

5.1. The trigonometrical functions cot = cosf/sin® = (tan )", secf = (cos )",
and cosec 0 = (sin0)~! should also be noted, as should the ‘hyperbolic’ ver-
sions of the trigonometrical functions, sinh 7 =j(e —e™), cosh t = (e’ +¢7),
tanh ¢ = sinh ¢/ cosh #, etc. Note also that the inverses of these operations are
denoted by cot™!, sinh™!, etc., as with the “tan~! (y/x)’ of §5.1.

Section 5.2
5.2. Logarithms were introduced in 1614 by John Neper (Napier) and made practical
by Henry Briggs in 1624.

Section 5.3

5.3. The natural logarithm is also commonly written as ‘In’.

5.4. From what has been established so far here, we cannot infer that ‘0’ in the
formula z=log r + 10 should not be a real multiple of i0. This needs calculus.

5.5. Cotes (1714) had the equivalent formula log(cosf +isinf)) =i6. Euler’s
el = cos 0 + isin 0 seems to have first appeared 30 years later (see Euler 1748).

5.6. I am using the convenient (but somewhat illogical) notation cos’ 0 for (cos 0)%,
etc., here. The notational inconsistency with (the more logical) cos~! 6 should
be noted, the latter being commonly also denoted as arccos(. The formula
sinnf +icosnf = (sin 0 +icos 0)" is sometimes known as ‘De Moivre’s theorem’.
Abraham De Moivre, a contemporary of Roger Cotes (see above endnote), seems
also to have been a co-discoverer of e = sin 0 4 icos 0.
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6
Real-number calculus

6.1  What makes an honest function?

CaLcuLus—or, according to its more sophisticated name, mathematical
analysis—is built from two basic ingredients: differentiation and integra-
tion. Differentiation is concerned with velocities, accelerations, the slopes
and curvature of curves and surfaces, and the like. These are rates at which
things change, and they are quantities defined /ocally, in terms of structure
or behaviour in the tiniest neighbourhoods of single points. Integration,
on the other hand, is concerned with areas and volumes, with centres of
gravity, and with many other things of that general nature. These are
things which involve measures of totality in one form or another, and
they are not defined merely by what is going on in the local or infinitesimal
neighbourhoods of individual points. The remarkable fact, referred to as
the fundamental theorem of calculus, is that each one of these ingredients is
essentially just the inverse of the other. It is largely this fact that enables
these two important domains of mathematical study to combine together
and to provide a powerful body of understanding and of calculational
technique.

This subject of mathematical analysis, as it was originated in the 17th
century by Fermat, Newton, and Leibniz, with ideas that hark back to
Archimedes in about the 3rd century Bc, is called ‘calculus’ because it
indeed provides such a body of calculational technique, whereby problems
that would otherwise be conceptually difficult to tackle can frequently be
solved ‘automatically’, merely by the following of a few relatively simple
rules that can often be applied without the exertion of a great deal of
penetrating thought. Yet there is a striking contrast between the oper-
ations of differentiation and integration, in this calculus, with regard to
which is the ‘easy’ one and which is the ‘difficult’ one. When it is a matter
of applying the operations to explicit formulae involving known functions,
it is differentiation which is ‘easy’ and integration ‘difficult’, and in many
cases the latter may not be possible to carry out at all in an explicit way.
On the other hand, when functions are not given in terms of formulae, but
are provided in the form of tabulated lists of numerical data, then it is
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integration which is ‘easy’ and differentiation ‘difficult’, and the latter may
not, strictly speaking, be possible at all in the ordinary way. Numerical
techniques are generally concerned with approximations, but there is also
a close analogue of this aspect of things in the exact theory, and again it is
integration which can be performed in circumstances where differentiation
cannot. Let us try to understand some of this. The issues have to do, in
fact, with what one actually means by a ‘function’.

To Euler, and the other mathematicians of the 17th and 18th centuries, a
‘function’ would have meant something that one could write down expli-
citly, like x? or sin x or log(3 — x + €*), or perhaps something defined by
some formula involving an integration or maybe by an explicitly given
power series. Nowadays, one prefers to think in terms of ‘mappings’,
whereby some array 4 of numbers (or of more general entities) called the
domain of the function is ‘mapped’ to some other array B, called the target of
the function (see Fig. 6.1). The essential point of this is that the function
would assign a member of the target B to each member of the domain A.
(Think of the function as ‘examining’ a number that belongs to 4 and then,
depending solely upon which number it finds, it would produce a definite
number belonging to B.) This kind of function can be just a ‘look-up table’.
There would be no requirement that there be a reasonable-looking ‘formula’
which expresses the action of the function in a manifestly explicit way.

Let us consider some examples. In Fig. 6.2, I have drawn the graphs of
three simple functions', namely those given by x?, |x|, and 0(x). In each
case, the domain and target spaces are both to be the totality of real
numbers, this totality being normally represented by the symbol IR. The
function that I am denoting by ‘x*’ simply takes the square of the real
number that it is examining. The function denoted by |x|" (called the
absolute value) just yields x if x is non-negative, but gives —x if x is
negative; thus |x| itself is never negative. The function ‘0(x)’ is 0 if x
is negative, and 1 if x is positive; it is usual also to define 6(0) = %
(This function is called the Heaviside step function; see §21.1 for another
important mathematical influence of Oliver Heaviside, who is perhaps
better known for first postulating the Earth’s atmospheric ‘Heaviside
layer’, so vital to radio transmission.) Each of these is a perfectly good

Fig. 6.1 A function as a ‘mapping’,
whereby its domain (some array 4 of
numbers or of other entities) is
‘mapped’ to its target (some other array
B). Every element of 4 is assigned some
particular value in B, though different
elements of 4 may attain the same
value and some values of B may not be
reached.
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y =X y=x2

() (b) ©

Fig. 6.2 Graphs of (a) |x|, (b) x, and (c) 0(x); the domain and target being the
system of real numbers in each case.

function in this modern sense of the term, but Euler? would have
had difficulty in accepting |x| or 6(x) as a ‘function’ in his sense of the
term.

Why might this be? One possibility is to think that the trouble with |x|
and 6(x) is that there is too much of the following sort of thing: ‘if x is
such-and-such then take so-and-so, whereas if x is...’, and there is no
‘nice formula’ for the function. However, this is a bit vague, and in any
case we could wonder what is really wrong with |x| being counted as a
formula. Moreover, once we have accepted |x|, we could writel®!l a for-
mula for 6(x):

(although we might wonder if there is a good sense in which this gets the
right value for 6(0), since the formula just gives 0/0). More to the point is that
the trouble with |x| is that it is not ‘smooth’, rather than that its explicit
expression is not ‘nice’. We see this in the ‘angle’ in the middle of Fig. 6.2a.
The presence of this angle is what prevents |x| from having a well-defined
slope at x = 0. Let us next try to come to terms with this notion.

6.2 Slopes of functions

As remarked above, one of the things with which differential calculus is
concerned is, indeed, the finding of ‘slopes’. We see clearly from the graph
of |x|, as shown in Fig. 6.2a, that it does not have a unique slope at the

€9 [6.1] Show this (ignoring x = 0).
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origin, where our awkward angle is. Everywhere else, the slope is well
defined, but not at the origin. It is because of this trouble at the origin that
we say that |x| is not differentiable at the origin or, equivalently, not
smooth there. In contrast, the function x> has a perfectly good uniquely
defined slope everywhere, as illustrated in Fig. 6.2b. Indeed, the function
x? is differentiable everywhere.

The situation with 6(x), as illustrated in Fig. 6.2c, is even worse than
for |x|. Notice that 6(x) takes an unpleasant jump’ at the origin (x = 0).
We say that 0(x) is discontinuous at the origin. In contrast, both the
functions x*> and |x| are continuous everywhere. The awkwardness of
|x| at the origin is not a failure of continuity but of differentiability.
(Although the failure of continuity and of smoothness are different
things, they are actually interconnected concepts, as we shall be seeing
shortly.)

Neither of these failings would have pleased Euler, presumably, and they
seem to provide reasons why |x| and 6(x) might not be regarded as ‘proper’
functions. But now consider the two functions illustrated in Fig. 6.3.
The first, x°, would be acceptable by anyone’s criteria; but what about the
second, which can be defined by the expression x|x|, and which illustrates
the function that is x*> when x is non-negative and —x? when x is negative?
To the eye, the two graphs look rather similar to each other and certainly
‘smooth’. Indeed, they both have a perfectly good value for the ‘slope’ at
the origin, namely zero (which means that the curves have a horizontal
slope there) and are, indeed, ‘differentiable’ everywhere, in the most direct
sense of that word. Yet, x|x| certainly does not seem to be the ‘nice’ sort of
function that would have satisfied Euler.

One thing that is ‘wrong’ with x|x| is that it does not have a well-defined
curvature at the origin, and the notion of curvature is certainly something
that the differential calculus is concerned with. In fact, ‘curvature’ is
something that involves what are called ‘second derivatives’, which

y = xlx|

(a) (b)
Fig. 6.3 Graphs of (a) x? and of (b) x|x| (i.e. x? if x=0 and —x? if x < 0).
106



Real-number calculus §6.3

means doing the differentiation twice. Indeed, we say that the function x|x|
is not twice differentiable at the origin. We shall come to second and higher
derivatives in §6.3.

In order to start to understand these things, we shall need to see what
the operation of differentiation really does. For this, we need to know how
a slope is measured. This is illustrated in Fig. 6.4. I have depicted a fairly
representative-looking function, which I shall call f(x). The curve in
Fig. 6.4a depicts the relation y = f(x), where the value of the coordinate
y measures the height and the value of x measures horizontal displace-
ment, as is usual in a Cartesian description. I have indicated the slope
of the curve at one particular point p, as the increment in the y coordinate
divided by the increment in the x coordinate, as we proceed along the
tangent line to the curve, touching it at the point p. (The technical defini-
tion of ‘tangent line’ depends upon the appropriate limiting proced-
ures, but it is not my purpose here to provide these technicalities. I hope
that the reader will find my intuitive descriptions adequate for our
immediate purposes.?) The standard notation for the value of this slope
is dy/dx (and pronounced ‘dy by dx’). We can think of ‘dy’ as a very tiny
increase in the value of y along the curve and of ‘dx’ as the correspond-
ing tiny increase in the value of x. (Here, technical correctness would
require us to go to the ‘limit’, as these tiny increases each get reduced to
Zero.)

We can now consider another curve, which plots (against x) this slope
at each point p, for the various possible choices of x-coordinate; see
Fig. 6.4b. Again, I am using a Cartesian description, but now it is dy/dx
that is plotted vertically, rather than y. The horizontal displacement is
still measured by x. The function that is being plotted here is commonly
called f”(x), and we can write dy/dx = f'(x). We call dy/dx the derivative
of y with respect to x, and we say that the function f’(x) is the derivative* of

().

6.3 Higher derivatives; C*°-smooth functions

Now let us see what happens when we take a second derivative. This means
that we are now looking at the slope-function for the new curve of Fig.
6.4b, which plots u = f”(x), where u now stands for dy/dx. In Fig. 6.4c, I
have plotted this ‘second-order’ slope function, which is the graph of du/dx
against x, in the same kind of way as I did before for dy/dx, so the value of
du/dx now provides us with the slope of the second curve u = f/(x). This
gives us what is called the second derivative of the original function f(x),
and this is commonly written /”(x). When we substitute dy/dx for u in the
quantity du/dx, we get the second derivative of y with respect to x, which is
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slope o

y =1

u=f(x)

w

/
. N\

w=f"(x)

Fig. 6.4 Cartesian plot of (a) y = f(x), (b) the derivative u = f'(x) (= dy/dx), and
(c) the second derivative f”(x) = d*y/dx2. (Note that f(x) has horizontal slope just
where f/(x) meets the x-axis, and it has an inflection point where f”(x) meets the

X-axis.)

108



Real-number calculus §6.3

(slightly illogically) written d?y/dx? (and pronounced ‘d-two-y by dx-
squared’).

Notice that the values of x where the original function f(x) has a
horizontal slope are just the values of x where f”(x) meets the x-axis (so
dy/dx vanishes for those x-values). The places where f(x) acquires a (local)
maximum or minimum occur at such locations, which is important when
we are interested in finding the (locally) greatest and smallest values of a
function. What about the places where the second derivative /”(x) meets
the x-axis? These occur where the curvature of f(x) vanishes. In general,
these points are where the direction in which the curve y = f(x) ‘bends’
changes from one side of the curve to the other, at a place called a point of
inflection. (In fact, it would not be correct to say that f”(x) actually
‘measures’ the curvature of the curve defined by y = f(x), in general; the
actual curvature is given by a more complicated expression® than f”(x),
but it involves f”(x), and the curvature vanishes whenever f”(x) vanishes.

Let us next consider our two (superficially) similar-looking functions x3
and x|x|, considered above. In Fig. 6.5a,b,c, I have plotted x* and its first
and second derivatives, as I did with the function f(x) in Fig. 6.4, and, in Fig.
6.5d,e,f, I have done the same with x|x|. In the case of x*, we see that

/}’X2 \ y =3x2 y = 6x

() (b) ©

y = X‘X‘ y= Z‘X‘ y= 2+40(X)

(@ (e) ®

Fig. 6.5 (a), (b), (c) Plots of x3, its first derivative 3x2, and its second derivative 6x,
respectively. (d), (e), (f) Plots of x|x|, its first derivative 2|x|, and the second
derivative — 2 + 40(x), respectively.
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there are no problems with continuity or smoothness with either the first
or second derivative. In fact the first derivative is 3x> and the second is 6x,
neither of which would have given Euler a moment of worry. (We shall see
how to obtain these explicit expressions shortly.) However, in the case of
x|x|, we find something very much like the ‘angle’ of Fig. 6.2a for the first
derivative, and a ‘step function’ behaviour for the second derivative, very
similar to Fig. 6.2c. We have failure of smoothness for the first derivative
and failure of continuity for the second. Euler would not have cared for
this at all. This first derivative is actually 2|x| and the second derivative is
—2 + 40(x). (My more pedantic readers might complain that I should not
so glibly write down a ‘derivative’ for 2|x|, which is not actually differenti-
able at the origin. True, but this is just a quibble: full justification of this
can be achieved using the notions that will be introduced at the end of
Chapter 9.)

We can easily imagine that functions can be constructed for which such
failure of smoothness or of continuity does not show up until many
derivatives have been calculated. Indeed, functions of the form x"|x| will
do the trick, where we can take n to be a positive integer which can be as
large as we like. The mathematical terminology for this sort of thing is to
say that the function f(x) is C"-smooth if it can be differentiated » times (at
each point of its domain) and the nth derivative is continuous.® The
function x”|x| is in fact C"-smooth, but it is not C"™'-smooth at the origin.

How big should 7 be to satisfy Euler? It seems clear that he would not
have been content to stop at any particular value of n. It should surely be
possible to differentiate the kind of self-respecting function that Euler
would have approved of as many times as we like. To cover this situation,
mathematicians refer to a function as being C*-smooth if it counts as C"-
smooth for every positive integer n. To put this another way, a C>*-smooth
function must be differentiable as many times as we choose.

Euler’s notion of a function would, we presume, have demanded some-
thing like C*-smoothness. At least, we could imagine that he would have
expected his functions to be C*-smooth at most places in the domain. But
what about the function 1/x? (See Fig. 6.6.) This is certainly not C*-
smooth at the origin. It is not even defined at the origin in the modern
sense of a function. Yet our Euler would certainly have accepted 1/x as a
decent ‘function’, despite this problem. There is a simple natural-looking
formula for it, after all. One could imagine that Euler would not have been
so much concerned about his functions being C*-smooth at every point on
its domain (assuming that he would have worried about ‘domains’ at all).
Perhaps things going wrong at the odd point or so would not matter. But
|x| and 6(x) only went wrong at the same ‘odd point’ as does 1/x. It seems
that, despite all our efforts, we still have not captured the ‘Eulerian’ notion
of a function that we have been striving for.
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Fig. 6.6 Plot of L.

Let us take another example. Consider the function /(x), defined by the
rules

_Jo if x <0,
hix) = {el/x if x> 0.

The graph of this function is depicted in Fig. 6.7. This certainly looks like a
smooth function. In fact it is very smooth. It is C*°-smooth over the entire
domain of real numbers. (Proving this is the sort of thing that one does in
a mathematics undergraduate course. I remember having to tackle this one
when I was an undergraduate myself.[°-2] Despite its utter smoothness, one
can certainly imagine Euler turning up his nose at a function defined in this
kind of a way. It is clearly not just ‘one function’, in Euler’s sense. It is ‘two

Fig.6.7 Plotofy = h(x) (= 0if x = 0and = e /¥ if x > 0), which is C*-smooth.

#5 [6.2] Have a go at proving this if you have the background.
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functions stuck together’, no matter how smooth a gluing job has been
done to paste over the ‘glitch’ at the origin. In contrast, to Euler, % is just
one function, despite the fact that it is separated into two pieces by a very
nasty ‘spike’ at the origin, where it is not even continuous, let alone
smooth (Fig. 6.6). To our Euler, the function /(x) is really no better
than |x| or 6(x). In those cases, we clearly had ‘two functions glued
together’, though with much shoddier gluing jobs (and with 6(x), the

glued bits seem to have come apart altogether).

6.4 The ‘Eulerian’ notion of a function?

How are we to come to terms with this ‘Eulerian’ notion of having just a
single function as opposed to a patchwork of separate functions? As the
example of /4(x) clearly shows, C*°-smoothness is not enough. It turns out
that there are actually two completely different-looking approaches to
resolving this issue. One of these uses complex numbers, and it is decep-
tively simple to state, though momentous in its implications. We simply
demand that our function f(x) be extendable to a function f(z) of the
complex variable z so that f(z) is smooth in the sense that it is merely
required to be once differentiable with respect to the complex variable z.
(Thus f(z) is, in the complex sense, a kind of C!-function.) It is an
extraordinary display of genuine magic that we do not need more than
this. If f(z) can be differentiated once with respect to the complex param-
eter z, then it can be differentiated as many times as we like!

I shall return to the matter of complex calculus in the next chapter. But
there is another approach to the solution of this ‘Eulerian notion of
function’ problem using only real numbers, and this involves the concept
of power series, which we encountered in §2.5. (One of the things that
Euler was indeed a master of was manipulating power series.) It will be
useful to consider the question of power series, in this section, before
returning to the issue of complex differentiability. The fact that, locally,
complex differentiability turns out to be equivalent to the validity of power
series expansions is one of the truly great pieces of complex-number magic.

I shall come to all this in due course, but for the moment let us stick with
real-number functions. Suppose that some function f(x) actually has a
power series representation:

f(x)za0+a1x+a2x2+a3x3—|—a4x4+....

Now, there are methods of finding out, from f(x), what the coefficients
ao, a1, aa, a3, d4 , ... must be. For such an expansion to exist, it is neces-
sary (although not sufficient, as we shall shortly see) that f(x) be C>-
smooth, so we shall have new functions f’(x), f”(x), /" (x), /" (x), ... ,
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etc., which are the first, second, third, fourth, etc., derivatives of f(x),
respectively. In fact, we shall be concerned with the values of these func-
tions only at the origin (x = 0), and we need the C*-smoothness of f(x)
only there. The result (sometimes called Maclaurin’s series’) is that if f(x)
has such a power series expansion, thenl®-3

! 4 i 1"
ap = f(0), a :fl(!O)’ a :f2(!0), as :f3(!0), ay :f 450),....
(Recall, from §5.3, that n! =1x2x...xn) But what about the
other way around? If the «&’s are given in this way, does it follow that
the sum actually gives us f(x) (in some interval encompassing the
origin)?

Let us return to our seemingly seamless /(x). Perhaps we can spot a flaw
at the joining point (x = 0) using this idea. We try to see whether A(x)
actually has a power series expansion. Taking f(x) = A(x) in the above, we
consider the various coefficients ay, a;, a», a3, a4 , ... , noticing that they
all have to vanish, because the series has to agree with the value 4(x) = 0,
whenever x is just to the left of the origin. In fact, we find that they all
vanish also for e~!/*, which is basically the reason why /(x) is C*°-smooth
at the origin, with all derivatives coming from the two sides matching each
other. But this also tells us that there is no way that the power series can
work, because all the terms are zero (see Exercise 6.1) and therefore do not
actually sum to e~ /. Thus there is a flaw at the join at x = 0: the function
h(x) cannot be expressed as a power series. We say that A(x) is not analytic
at x =0.

In the above discussion, I have really been referring to what would be
called a power series expansion about the origin. A similar discussion
would apply to any other point of the real-number domain of the function.
But then we have to ‘shift the origin’ to some other particular point,
defined by the real number p in the domain, which means replacing x by
x — p in the above power series expansion, to obtain

fX)=ap+ai(x—p)+ar(x—pP +as(x—p) +--->
where now

w=1 o =LO, g LD SO

ol , A3 = 30 RPN

This is called a power series expansion about p. The function f(x) is called
analytic at p if it can be expressed as such a power series expression in some
interval encompassing x = p. If f(x) is analytic at all points of its domain, we

A [6.3] Show this, using rules given towards end of section.
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just call it an analytic function or, equivalently, a C®-smooth function.
Analytic functions are, in a clear sense, even ‘smoother’ than C*-smooth
functions. In addition, they have the property that it is not possible to
get away with gluing two ‘different’ analytic functions together, in the
manner of the examples 6(x), |x|, x|x|, x"|x|, or A(x), given above.
Euler would have been pleased with analytic functions. These are ‘honest’
functions indeed!

However, all these power series are awkward things to be carrying
around, even if only in the imagination. The ‘complex’ way of looking at
things turns out to be enormously more economical. Moreover, it gives us
a greater depth of understanding. For example, the function lx is not
analytic at x = 0; yet it is still ‘one function’.[>4 The ‘power series phil-
osophy’ does not directly tell us this. But from the point of view of
complex numbers, % is clearly just one function, as we shall be seeing.

6.5 The rules of differentiation

Before discussing these matters, it will be useful to say a little about the
wonderful rules that the differential calculus actually provides us with—
rules that enable us to differentiate functions almost without really think-
ing at all, but only after months of practice, of course! These rules enable
us to see how to write down the derivative of many functions directly,
particularly when they are represented in terms of power series.

Recall that, as a passing comment, I remarked above that the derivative
of x3 is 3x?. This is a particular case of a simple but important formula: the
derivative of x” is nx"~!, which we can write

d(xn) B
dx

xnfl

(It would distract us too much, here, for me to explain why this formula
holds. It is not really hard to show, and the interested reader can find all
that is required in any elementary textbook on calculus.® Incidentally, n
need not be an integer.) We can also express® this equation (‘multiplying
through by dx’) by the convenient formula

d(x") = nx""'dx.

There is not much more that we need to know about differentiating power
series. There are basically two other things. First, the derivative of a sum
of functions is the sum of the derivatives of the functions:

dlf (%) + g(x)] = df(x) + dg(x).

#% [6.4] Consider the ‘one function’ e~/ * Show that it is C*, but not analytic at the origin.

114



Real-number calculus §6.5

This then extends to a sum of any finite number of functions.! Second, the
derivative of a constant times a function is the constant times the deriva-
tive of that function:

dfa f(x)} = a df(x).

By a ‘constant’ I mean a number that does not vary with x. The coefficients
ap, 4y, 4z, a3 , ... in the power series are constants. With these rules, we
can directly differentiate any power series.[6-3]

Another way of expressing the constancy of a is

da = 0.

Bearing this in mind, we find that the rule given immediately above is
really a special case (with g(x) = a) of the ‘Leibniz law’:

d{/(x) g(x)} =/ (x) dg(x) +g(x) df(x)

(and d(x")/dx = nx""!, for any natural number 7, can also be derived
from the Leibniz lawl®-%]). A useful further law is

d{f(g(x))} = f'(g(x))g' (x)dx.

From the last two and the first, putting /(x)[g(x)]”" into the Leibniz law,
we can deducel®7]

d (f (X)> _ gk df(x) —f(x) dg(x)
g(x) g(x)2 )

Armed with these few rules (and loads and loads of practice), one
can become an ‘expert at differentiation’ without needing to have much
in the way of actual understanding of why the rules work! This is the
power of a good calculus.[8] Moreover, with the knowledge of the deriva-
tives of just a few special functions,!®“ one can become even more of an
expert. Just so that the uninitiated reader can become an ‘instant member’
of the club of expert differentiators, let me provide the main
examples: ! 1[6-10]

€9 [6.5] Using the power series for e* given in §5.3, show that de* = e¥dx.

£9 [6.6] Establish this.

€3 [6.7] Derive this.

€9 [6.8] Work out dy/dx for y = (1 — ) y=01+x)/1-x).

[6.9] With @ constant, work out d(log, x), d(log, @), d(x¥).

[6.10] For the first, see Exercise [6.5]; derive the second from d(e'°¢¥); the third and fourth from

de™, assuming that the complex quantities work like real ones; and derive the rest from the earlier
ones, using d(sin (sin~! x)), etc., and noting that cos?x + sin’x = 1.
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d(e*) =e* dx,

d(logx) = %,

d(sin x) = cos x dx,

d(cos x) = —sinx dx,
dx
d(tan X) = m ,
d(Sin71 x) = %,
—X
d(cos! x) = %,
- X
d(tan™' x) = ] ixxz

This illustrates the point referred to at the beginning of this section that,
when we are given explicit formulae, the operation of differentiation is
‘easy’. Of course, I do not mean by this that this is something that you
could do in your sleep. Indeed, in particular examples, it may turn out that
the expressions get very complicated indeed. When I say ‘easy’, I just mean
that there is an explicit computational procedure for carrying out differ-
entiation. If we know how to differentiate each of the ingredients in an
expression, then the procedures of calculus, as given above, tell us how to
go about differentiating the entire expression. ‘Easy’, here, really means
something that could be readily put on a computer. But things are very
different if we try to go in the reverse direction.

6.6 Integration

As stated at the beginning of the chapter, integration is the reverse of differ-
entiation. What this amounts to is trying to find a function g(x) for which
g (x) = f(x), i.e. finding a solution y = g(x) to the equation dy/dx = f(x).
Another way of putting thisis that, instead of moving down the picturein Fig.
6.4 (or Fig. 6.5), we try to work our way upwards. The beauty of the
‘fundamental theorem of calculus’ is that this procedure is telling us how to
work out areas under each successive curve. Have a look at Fig. 6.8. Recall
that the bottom curve u = f(x) can be obtained from the top curve y = g(x)
because it plots the slopes of that curve, f(x) being the derivative of g(x). This
isjust what we had before. But now let us start with the bottom curve. We find
that the top curve simply maps out the areas beneath the bottom curve. A
little more explicitly: if we take two vertical lines in the bottom picture given
by x = a and x = b, respectively, then the area bounded by these two lines,
the x-axis, and the curve itself, will be the difference between the heights of the
top curve at those two x-values. Of course, in matters such as this, we must
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A

g

(a) |

(®)

Fig. 6.8 Fundamental theorem of calculus: re-interpret Fig. 6.4a,b, proceeding
upwards rather than downwards. Top curve (a) plots areas under bottom curve
(b), where area bounded by two vertical lines x = a and x = b, the x-axis, and the
bottom curve is difference, g(b) — g(a), of heights of the top curve at those two x-
values (signs taken into account).

be careful about ‘signs’. In regions where the bottom curve dips below the
x-axis, the areas count negatively. Moreover, in the picture, I have taken
a < b and the ‘difference between the heights’ of the top curve in the form
g(b) — g(a). Signs would be reversed if a > b.

In Fig. 6.9, I have tried to make it intuitively believable why there is this
inverse relationship between slopes and areas. We imagine b to be greater
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Fig. 6.9 Takeb > abya
tiny amount. In the
A bottom picture, the area
of a very narrow strip
between neighbouring

gb) 4| linesx=a, x=">~bis
FORAI gb)-s@ essentially the product of
= area of the strip’s width b — a with
shaded strip its height (from x-axis to

curve). This height is the

» slope of top curve there,
whence the strip’s area is
this slope x strip’s width,
which is the amount by
which top curve rises from
ato b, ie. g(b) — g(a).
Adding many narrow
strips, we find that the
area of a broad strip under
the bottom curve is the

» corresponding amount by
which the top curve rises.

X

than «a by just a very tiny amount. Then the area to be considered, in the
bottom picture, is that of the very narrow strip bounded by the neighbour-
ing lines x =a and x = b. The measure of this area is essentially the
product of the strip’s tiny width (i.e. b — a) with its height (from the x-
axis to the curve). But the strip’s height is supposed to be measuring the
slope of the top curve at that point. Therefore, the strip’s area is this slope
multiplied by the strip’s width. But the slope of the top curve times the
strip’s width is the amount by which the top curve rises from a to b, that is,
the difference g(b) — g(a). Thus, for very narrow strips, the area is indeed
measured by this stated difference. Broad strips are taken to be built up
from large numbers of narrow strips, and we get the total area by measur-
ing how much the top curve rises over the entire interval.

There is a significant point that I should bring out here. In the passage
from the bottom curve to the top curve there is a non-uniqueness about how
high the whole top curve is to be placed. We are only concerned with
differences between heights on the top curve, so sliding the whole curve up
or down by some constant amount will not make any difference. This is clear
from the ‘slope’ interpretation too, since the slope at different points on the
top curve will be just the same as before if we slide it up or down. What this
amounts to, in our calculus, is that if we add a constant C to g(x), then the
resulting function still differentiates to f(x):
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d(g(x) + C) = dg(x) + dC = f(x) dx + 0 = f(x) dx.

Such a function g(x), or equivalently g(x) + C for some arbitrary constant
C, is called an indefinite integral of f(x), and we write

/f(x) dx = g(x) + const.

This is just another way of expressing the relation d[g(x)+ const.]
= f(x)dx, so we just think of the ‘[ sign as the inverse of the ‘d’ symbol.
If we want the specific area between x = ¢ and x = b, then we want what is
called the definite integral, and we write

b
/ () dx = g(b)  g(a).

If we know the function f(x) and we wish to obtain its integral g(x), we do
not have nearly such straightforward rules for obtaining it as we did for
differentiation. A great many tricks are known, a variety of which can be
found in standard textbooks and computer packages, but these do not
suffice to handle all cases. In fact, we frequently find that the family of
explicit standard functions that we had been using previously has to be
broadened, and that new functions have to be ‘invented’ in order to
express the results of the integration. We have, in effect, seen this already
in the special examples given above. Suppose that we were familiar just
with functions made up of combinations of powers of x. For a general
power X", we can integrate it to get x"*!/(n + 1). (This is just using our
formula above, in §6.5, with n + 1 for n: d(x”“)/dx = (n+ 1)x".) Every-
thing is fine until we worry about what to do with the case n = —1. Then
the supposed answer x"*!'/(n + 1) has zero in the denominator, so this
won’t work. How, then, do we integrate x~!? Well, we notice that, by the
greatest of good fortune, there is the formula d(logx) = x~'dx sitting in
our list in §6.5. So the answer is log x + const.

This time we were lucky! It just happened that we had been studying the
logarithm function before for a different reason, and we knew about some
of its properties. But on other occasions, we might well find that there is no
function that we had previously known about in terms of which we can
express our answer. Indeed, integrals frequently provide the appropriate
means whereby new functions are defined. It is in this sense that explicit
integration is ‘difficult’.

On the other hand, if we are not so interested in explicit expressions,
but are concerned with questions of existence of functions that are the
derivatives or integrals of given functions, then the boot is on the other
foot. Integration is now the operation that works smoothly, and differ-
entiation causes the problems. The same applies when performing these
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operations with numerical data. Basically, the problem with differentia-
tion is that it depends very critically on the fine details of the function
to be differentiated. This can present a problem if we do not have an
explicit expression for the function to be differentiated. Integration, on
the other hand, is relatively insensitive to such matters, being concerned
with the broad overall nature of the function to be integrated. In fact,
any continuous function (a C°-function) whose domain is a ‘closed’
interval ¢ < x <b can be integrated,'? the result being C' (i.e. C'-
smooth). This can be integrated again, the result being C2, and then
again, giving a C*-smooth function, and so on. Integration makes the
functions smoother and smoother, and we can keep on going with this
indefinitely. Differentiation, on the other hand just makes things worse,
and it may come to an end at a certain point, where the function
becomes ‘non-differentiable’.

Yet, there are approaches to these issues that enable the process of
differentiation to be continued indefinitely also. I have hinted at this
already, when I allowed myself to differentiate the function |x| to obtain
0(x), even though |x| is ‘not differentiable’. We could attempt to go further
and differentiate 0(x) also, despite the fact that it has an infinite slope at
the origin. The ‘answer’ is what is called the Dirac!?® delta function—an
entity of considerable importance in the mathematics of quantum mech-
anics. The delta function is not really a function at all, in the ordinary
(modern) sense of ‘function’ which maps domains to target spaces. There
is no ‘value’ for the delta function at the origin (which could only have
been infinity there). Yet the delta function does finds a clear mathematical
definition within various broader classes of mathematical entities, the best
known being distributions.

For this, we need to extend our notion of C"-functions to cases where n
can be a negative integer. The function 6(x) is then a C~'-function and the
delta function is C~2. Each time we differentiate, we must decrease the
differentiability class by unity (i.e. the class becomes more negative by one
unit). It would seem that we are getting farther and farther from Euler’s
notion of a ‘decent function’ with all this and that he would tell us to have
no truck with such things, were it not for the fact that they seem to be
useful. Yet, we shall be finding, in due course, that it is here that complex
numbers astound us with an irony—an irony that is expressed in one of
their finest magical feats of alll! We shall have to wait until the end of
Chapter 9 to witness this feat, for it is not something that I can properly
describe just yet. The reader must bear with me for a while, for the ground
needs first to be made ready, paved with other superbly magical
ingredients.
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Notes

Section 6.1

6.1. I am adopting a slight ‘abuse of notation’ here, as technically x?, for instance,
denotes the value of the function rather than the function. The function itself
maps x to x*> and might be denoted by x — x?, or by /x{x?] according to Alonzo
Church’s (1941) lambda calculus; see Chapter 2 of Penrose (1989).

6.2. In this section, I shall frequently refer to what Euler’s beliefs might well have been
with regard to the notion of a function. However, I should make clear here that the
‘Euler’ that I am referring to is really a hypothetical or idealized individual. I have
no direct information about what the real Leonhard Euler’s views were in any
particular case. But the views that am attributing to my ‘Euler’ do not appear to be
out of line with the kind of views that the real Euler might well have expressed. For
more information about Euler, see Boyer (1968); Thiele (1982); Dunham (1999).

Section 6.2
6.3. For detalils, see Burkill (1962).
6.4. Strictly, it is the function f” that is the derivative of the function f; we cannot
obtain the value of /" at x simply from the value of f at x. See Note 6.1.

Section 6.3
6.5. Viz., f"(x)/[1 +f"(x)*1/>.
6.6. In fact, this implies that all the derivatives up to and including the nth must be
continuous, because the technical definition of differentiability requires continuity.

Section 6.4
6.7. Traditionally, this power series expansion about the origin is known (with little
historical justification) as Maclaurin’s series; the more general result about the
point p (see later in the section) is attributed to Brook Taylor (1685-1731).

Section 6.5

6.8. See Edwards and Penney (2002).

6.9. For the moment, just treat the following expressions formally, or else mentally
‘divide back through by dx’ if this makes you happier. The notation that I am
using here is consistent with that of differential forms, which will be discussed in
§§12.3-6.

6.10. However, there is a technical subtlety about applying this law to the sum of the
infinite number of terms that we need for a power series. This subtlety can be
ignored for values of x strictly within the circle of convergence; see §2.5. See
Priestly (2003).

6.11. Recall from §5.1 that sin™!', cos™!, and tan! are the inverse functions of
sin, cos, and tan, respectively. Thus sin(sin’1 x) = Xx, etc. We must bear in
mind that these inverse functions are ‘many-valued functions’, however, and it
is usual to select the values for which —J}< sin’lxsg, 0<cos !x<nm, and
—I<tan 'x <L

Section 6.6

6.12. The significant requirement on the domain is that it be what is called compact;
see §12.6. Finite intervals of the real line including their end-points are indeed
compact.

6.13. Apparently, Oliver Heaviside had also conceived the ‘delta function’ many years
before Dirac.
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7.1 Complex smoothness; holomorphic functions

How are we to understand the notion of differentiation when this is
applied to a complex function f(z)? It is certainly not appropriate, in this
book, that I attempt to address this issue in full detail.'! T did not even
properly address such details, in §6.2, for a real function. But at least I can
attempt to convey the gist of what is involved. The following is a very
rapid outline of the essential argument to show what complex differentia-
bility achieves. Afterwards I shall be a little more explicit about some of its
surprising ingredients.

Basically, for complex differentiation, we require that there be a notion
of ‘slope’ of the complex curve w = f(z) at any point z in the function’s
domain. (The function f(z) and the variable z are now both allowed to
take complex values.) For this notion of ‘slope’ to make consistent sense,
as we move the variable z around slightly in different directions in z’s
complex plane, it is necessary for f(z) to satisfy a certain pair of equations
called the Cauchy—Riemann equations® (involving the derivatives of the
real and imaginary parts of f(z), taken with respect to the real and
imaginary parts of z; see §10.5). These equations establish for us something
rather remarkable about complex integration—something which then en-
ables a new notion of integration to be defined, called contour integration.
A beautiful formula can then be given, in terms of this contour integration,
for the nth derivative of f(z). Thus, once we have the first derivative, we get
all higher derivatives free.

We next use this formula to provide us with the coefficients of a
proposed Taylor series for f(z), which we have to show actually converges
to f(z). Having achieved this, we have a Taylor series expression for f(z)
that works inside any circle in the complex z-plane throughout which f(z)
is defined and differentiable. The magical fact thus arises, that any com-
plex function that is complex-smooth is necessarily analytic!

Accordingly, there is no problem, in complex analysis, in recognizing
the limitations of the ‘gluing jobs’ in certain C*-functions, such as the
‘h(x)’ defined in the previous chapter. The power of complex smoothness
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would surely have delighted Euler. (Unfortunately for the real Leonhard
Euler, the astounding power of this complex smoothness was appreciated
too late for him, as it was first found by Augustin Cauchy in 1821, some 38
years after Euler’s death.) We see that complex smoothness provides a
much more economical way of expressing what is required for our ‘Euler-
ian’ notion of a function than does the existence of power series expan-
sions. But there is also another advantage in looking at such functions
from the complex point of view. Recall our troublesome ‘1/x’ that seemed
to be ‘just one function’ despite the fact that the real curve y =1/x
consists of two separate pieces which are not joined ‘analytically’ to each
other through real values of x. From the complex perspective, we see
clearly that 1/z is indeed a single function. The one place where the
function ‘goes wrong’ in the complex plane is the origin z = 0. If we
remove this one point from the complex plane, we still get a connected
region. The part of the real line for which x < 0 is connected to the part for
which x > 0 through the complex plane. Thus, 1/z is indeed one connected
complex function, this being quite different from the real-number situ-
ation.

Functions that are complex-smooth (complex-analytic) in this sense are
called holomorphic. Holomorphic functions will play a vital part in many
of our later deliberations. We shall see their importance in connection with
conformal mappings and Riemann surfaces in Chapter 8, and with Four-
ier series (fundamental to the theory of vibrations) in Chapter 9. They
have important roles to play in quantum theory and in quantum field
theory (as we shall see in §24.3 and §26.3). They are also fundamental to
some approaches to the developing of new physical theories (particularly
twistor theory—see Chapter 33—and they also have a significant part to
play in string theory; see §§31.5,11,12).

7.2 Contour integration

Although this is not the place to spell out all the details of the mathematical
arguments indicated in §7.1, it will nevertheless be illuminating to elaborate
upon the above outline. In particular, it will be of benefit to have an account
of contour integration here, which will provide the reader with some under-
standing of the way in which contour integration can be used to establish
what is needed for the requirements of §7.1. First let us recall the notation
for a definite integral that was given, in the previous chapter, for a real
variable x, and now think of it as applying to a complex variable z:

b
/ F(2)dz = g(b) — g(a).
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where g'(z) = f(z). In the real case, the integral is taken from one point a
on the real line to another point b on that line. There is only one way to get
from a to b along the real line. Now think of it as a complex formula. Here
we have a and b as two points on the complex plane instead. Now, we do
not just have one route from a to b, but we could draw lots of different
paths connecting a to b. What the Cauchy—Riemann equations tell us is
that if we do our integration along one such path? then we get the same
answer as along any other such path that can be obtained from the first by
continuous deformation within the domain of the function. (See Fig. 7.1.
This property is a consequence of a simple case of the ‘fundamental
theorem of exterior calculus’, described in §12.6.) For some functions,
1/z being a case in point, the domain has a ‘hole’ in it (the hole being
z=0 in the case of 1/z), so there may be several essentially different
ways of getting from a to b. Here ‘essentially different’ refers to the
fact that one of the paths cannot be continuously deformed into another
while remaining in the domain of the function. In such cases, the value
of the integral from a to b may give a different answer for the various
paths.

One point of clarification (or, rather, of correction) should be made here.
When I talk about one path being continuously deformed into another,  am
referring to what mathematicians call homologous deformations, not homo-
topic ones. With a homologous deformation, it is legitimate for parts of
paths to cancel one another out, provided that those portions are being
traversed in opposite directions. See Fig. 7.2 for an example of this sort of
allowable deformation. Two paths that are deformable one into the other in
this way are said to belong to the same homology class. By contrast, homo-
topic deformations do not permit this kind of cancellation. Paths deform-
able one into another, where such cancellation are not permitted, belong to
the same homotopy class. Homotopic curves are always homologous, but
not necessarily the other way around. Both homotopy and homology are to
do with equivalence under continuous motions. Thus they are part of the

Fig. 7.1 Different paths from a to b.
Integrating a holomorphic function f
along one path yields the same answer
as along any other path obtainable
from it by continuous deformation
within /’s domain. For some functions,
the domain has a ‘hole’ in it (e.g. z = 0,
for 1/z), obstructing certain
deformations, so different answers may
be obtained.
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Fig. 7.2 Witha

homologous deformation,
parts of paths cancel each
other, if traversed in

opposite directions.
Sometimes this gives rise to
separated loops.

i

subject of ropology. We shall be seeing different aspects of topology
playing important roles in other areas later.

The function f(z) = 1/z is in fact one for which different answers are
obtained when the paths are not homologous. We can see why this must be
so from what we already know about logarithms. Towards the end of the
previous chapter, it was noted that log z is an indefinite integral of 1/z. (In
fact, this was only stated for a real variable x, but the same reasoning that
obtains the real answer will also obtain the corresponding complex
answer. This is a general principle, applying to our other explicit formulae
also.) We therefore have
b

dz =logb — loga.

0 Z

But recall, from §5.3, that there are different alternative ‘answers’ to a
complex logarithm. More to the point is that we can get continuously from
one answer to another. To illustrate this, let us keep « fixed and allow b to
vary. In fact, we are going to allow b to circle continuously once around
the origin in a positive (i.e. anticlockwise) sense (see Fig. 7.3a), restoring it
to its original position. Remember, from §5.3, that the imaginary part of
logb is simply its argument (i.e. the angle that b makes with the positive
real axis, measured in the positive sense; see Fig. 5.4b). This argument
increases precisely by 2n in the course of this motion, so we find that logb
has increased by 2mi (see Fig. 7.3b). Thus, the value of our integral is
increased by 2mi when the path over which the integral is performed winds
once more (in the positive sense) about the origin.

We can rephrase this result in terms of closed contours, the existence of
which is a characteristic and powerful feature of complex analysis. Let us
consider the difference between the second and the first of our two paths,
that is to say, we traverse the second path first and then we traverse the
first path in the reverse direction (Fig. 7.3¢). We consider this difference in
the homologous sense, so we can cancel out portions that ‘double back’
and straighten out the rest, in a continuous fashion. The result is a closed

125



§7.2 CHAPTER 7
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Fig. 7.3 (a) Integrating z~!' dz from a to b gives log b—log a. (b) Keep « fixed, and
allow b to circle once anticlockwise about the origin, increasing log b in the answer
by 2mi. (¢) Then return to a backwards along original route. (d) When the part of
the path is cancelled from a, we are left with an anticlockwise closed contour
integral §z7! dz = 2mi.

path—or contour—that loops just once about the origin (see Fig. 7.3d),
and it is not concerned with the location of either a or b. This gives an
example of a (closed) contour integral, usually written with the symbol §,
and we find, in this example,l’-!]

d
4;—2 = 2mi.

z

Of course, when using this symbol, we must be careful to make clear which
actual contour is being used—or, rather, which homology class of contour
is being used. If our contour had wound around twice (in the positive
sense), then we would get the answer 4mi. If it had wound once around the
origin in the opposite direction (i.e. clockwise), then the answer would
have been —2mi.

It is interesting that this property of getting a non-trivial answer with
such a closed contour depends crucially on the multivaluedness of the
complex logarithm, a feature which might have seemed to be just an
awkwardness in the definition of a logarithm. We shall see in a moment
that this is not just a curiosity. The power of complex analysis, in effect,

@€ [7.1] Explain why §z"dz = 0 when n is an integer other than —1.
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depends critically upon it. In the following two paragraphs, I shall outline
some of the implications of this sort of thing. I hope that non-mathemat-
ical readers can get something of value from the discussion. I believe that it
conveys something that is both genuine and surprising in the nature of
mathematical argument.

7.3 Power series from complex smoothness

The above displayed expression is a particular case (for the constant
function f(z) = 2ni) of the famous Cauchy formula which expresses the
value of a holomorphic function at the origin in terms of an integral
around a contour surrounding the origin:*

L (/@) ,
5 3@7@ = £(0).

Here, f(z) is holomorphic at the origin (i.e. complex-smooth throughout
some region encompassing the origin), and the contour is some loop just
surrounding the origin—or it could be any loop homologous to that one,
in the domain of the function with the origin removed. Thus, we have the
remarkable fact that what the function is doing at the origin is completely
fixed by what it is doing at a set of points surrounding the origin. (Cauchy’s
formula is basically a consequence of the Cauchy-Riemann equations,
together with the above expression §z~'dz = 2ni, taken in the limit of
small loops; but it would not be appropriate for me to go into the details of
all this here.)

If, instead of using 1/z in Cauchy’s formula, we use 1/z""!, where n is
some positive integer, we get a ‘higher-order’ version of the Cauchy formula,
yielding what turns out to be the nth derivative f *)(z) of f(z) at the origin:

2mi |zl

(Recall n! from §5.3.) We can see that this formula ‘has to be the right
answer’ by examining the power series for /(z),”2! but it would be begging
the question to use this fact, because we do not yet know that the power
series expansion exists, or even that the nth derivative of f exists. All that
we know at this stage is that f(z) is complex-smooth, without knowing
that it can be differentiated more than once. However, we simply use this
formula as providing the definition of the nth derivative at the origin. We
can then incorporate this ‘definition’ into the Maclaurin formula
a, = f ™(0)/n! for the coefficients in the power series (see §6.4)

49 [7.2] Show this simply by substituting the Maclaurin series for f(z) into the integral.
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4

2
ag+ a1z + axz +a3z3+a4z 4+,

and with a bit of work we can prove that this series actually does sum to
f(z) in some region encompassing the origin. Consequently, the function
has an actual nth derivative at the origin as given by the formula.[’-3 This
contains the essence of the argument showing that complex smoothness in
a region surrounding the origin indeed implies that the function is actually
(complex-) analytic at the origin (i.e. holomorphic).

Of course, there is nothing special about the origin in all this. We can
equally well talk about power series about any other point p in the
complex plane and use Taylor’s series, as we did in §6.4. For this, we
simply displace the origin to the point p to obtain Cauchy’s formula in the
‘origin-shifted’ form

L[ f@
2mi {’ c_p /P
and also the nth-derivative expression
21_ci % (Z _p),H,] dZ _f (p)y

where now the contour surrounds the point p in the complex plane. Thus,
complex smoothness implies analyticity (holomorphicity) at every point of
the domain.

I have chosen to demonstrate the basics of the argument that, locally,
complex smoothness implies analyticity, rather than simply request that
the reader take the result on trust, because it is a wonderful example of the
way that mathematicians can often obtain their results. Neither the prem-
ise (f(z) is complex-smooth) nor the conclusion (f(z) is analytic) contains a
hint of the notion of contour integration or of the multivaluedness of a
complex logarithm. Yet, these ingredients provide the essential clues to the
true route to finding the answer. It is difficult to see how any ‘direct’
argument (whatever that might be) could have achieved this. The key is
mathematical playfulness. The enticing nature of the complex logarithm
itself is what beguiles us into studying its properties. This intrinsic appeal
is apparently independent of any applications that the logarithm might
have in other areas. The same, to an even greater degree, can be said for
contour integration. There is an extraordinary elegance in the basic con-
ception, where topological freedom combines with explicit expressions

£9[7.3] Show all this at least at the level of formal expressions; don’t worry about the rigorous
justification.
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with exquisite precision.[”-4 But it is not merely elegance: contour integra-
tion also provides a very powerful and useful mathematical technique in
many different areas, containing much complex-number magic. In particu-
lar, it leads to surprising ways of evaluating definite integrals and explicitly
summing various infinite series.[’>M7-61 Tt also finds many other applica-
tions in physics and engineering, as well as in other areas of mathematics.
Euler would have revelled in it all!

7.4 Analytic continuation

We now have the remarkable result that complex smoothness throughout
some region is equivalent to the existence of a power series expansion
about any point in the region. However, I should make it a little clearer
what a ‘region’ is to mean in this context. Technically, I mean what
mathematicians call an open region. We can express this by saying that if
a point « is in the region then there is a circle centred at @ whose interior is
also contained in the region. This may not be very intuitive, so let me give
some examples. A single point is not an open region, nor is an ordinary
curve. But the interior of the unit circle in the complex plane, that is, the set
of points whose distance from the origin is strictly less than unity, is an
open region. This is because any point strictly inside the circle, no matter
how close it is to the circumference, can be surrounded by a much smaller
circle whose interior still lies strictly within the unit circle (see Fig. 7.4). On
the other hand, the closed disc, consisting of points whose distance from
the origin is either less than or equal to unity, is not an open region,
because the circumference is now included, and a point on the circumfer-
ence does not have the property that there is a circle centred at that point
whose interior is contained within the region.

£3 [7.4] The function f'(z) is holomorphic everywhere on a closed contour I', and also within I"
except at a finite set of points where f has poles. Recall from §4.4 that a pole of order n at z = o
occurs where f(z) is of the form h(z)/(z — )", where h(z) is regular at «. Show that
§ f(z)dz = 2mi x {sum of the residues at these poles}, where the residue at the pole o is
KD (@)/(n — 1)!

#5 [7.5] Show that fox xsinx dx = % by integrating ze”* around a closed contour I” consisting of
two portions of the real axis, from —R to —c and from ¢ to R (with R > ¢ > 0) and two connecting
semi-circular arcs in the upper half-plane, of respective radii ¢ and R. Then let ¢ — 0 and R — oc.
#% [7.6] Show that 1 +2%+3% +4%+ --- =% by integrating f(z) = z2 cot mz (see Note 5.1)
around a large contour, say a square of side-length 2NV + 1 centred at the origin (N being a
large integer), and then letting N — oo. (Hint: Use Exercise [7.5], finding the poles of f (z) and their
residues. Try to show why the integral of f(z) around I' approaches the limiting value 0 as
N — 00.)
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PR ) Fig. 7.4 The open unit disc |x|< 1. Any
{_‘f_' - » : } »  point strictly inside, no matter how close to
N T the circumference, is surrounded by much
\ o I / smaller circle whose interior still lies strictly
N | within unit circle. On the other hand, for

N s the closed disc |x| = 1, this fails for points
' on the boundary.

Let us now consider the domain®D of some holomorphic function f(z),
where we take D to be an open region. At every point of D, the function
f(2) is to be complex-smooth. Thus, in accordance with the above, if we
select any point p in D, then we have a convergent power series about p
that represents f(z) in a suitable region containing p. How big is this
‘suitable region’? It will tend to be the case that, for a particular p, the
power series will not work for the whole of D. Recall the circle of conver-
gence described in §4.4. This would be some circle centred at p (infinite
radius permitted) such that for points strictly within this circle the power
series will converge, but for points z strictly outside the circle it will not.
Suppose that f(z) has a singularity at some point ¢, namely a point that the
function f(z) cannot be extended to while remaining complex-smooth.
(For example, the origin ¢ = 0 is a singularity of the function f(z) = 1/z;
see §7.1. A singularity is sometimes referred to as a ‘singular point’ of the
function. A regular point is just a place where the function is non-singular,
and hence holomorphic.) Then the circle of convergence cannot be so large
that it contains ¢ in its interior. We therefore have a patchwork of circles
of convergence (usually infinite in number) which together cover the whole
of D, while generally no single circle will cover it. The case f(z) = 1/z
illustrates the issue (see Fig. 7.5). Here the domain D is the complex plane
with the origin removed. If we select a point p in D, we find that the circle
of convergence is the circle centred at p passing through the origin.[’-71 We
need an infinite number of such circles to cover the entire region D.

This leads us to the important issue of analytic continuation. Suppose
that we are given some function f(z) , holomorphic in some domain D, and
we consider the question: can we extend D to a larger region D’ so that f(z)
also extends holomorphically to D'? For example, f(z) might have been
given to us in the form of a power series, convergent within its particular
circle of convergence, and we might wish to extend f(z) outside that circle.

£3 [7.7] What is the power series, taken about the point p, for f(z) = 1/2?
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Fig. 7.5 For f(z) = 1/z, the
domain D is complex plane with the
origin removed. The circle of
convergence about any point p in D
is centred at p and passes through
the origin. To cover the whole of D
we need a patchwork (infinite) of
such circles.

Frequently this is possible. In §4.4, we considered the series
1 — 22 4 z* — 28 4 ..., which has the unit circle as its circle of convergence;
yet it has the natural extension to the function (1 4 z2)~!, which is holo-
morphic over the entire complex plane with only the two points +i and —i
removed. Thus, in this case, the function can indeed be analytically
extended far beyond the domain over which it was initially given.

Here, we were able to write down an explicit formula for the function, but
in other cases this may not be so easy. Nevertheless, there is a general
procedure according to which analytic continuation may frequently be
carried out. We can imagine starting in some small region where a locally
valid power series expression for the holomorphic function f(z) is known.
We might then go wandering off along some path, continuing the function as
we go by the repeated use of power series based at different points. For this,
we would use a sequence of points along the path and take a succession of
power series expressions successively about each of these points in turn. This
will work provided that the interiors of the successive circles of convergence
can be made to overlap (see Fig. 7.6). When this procedure can be carried
out, the resulting function is uniquely determined by the values of the
function in the initial region and on the path along which it is being con-
tinued.

Fig. 7.6 A holomorphic function
can be analytically continued, using
a succession of power series
expressions about a sequence of
points. This proceeds uniquely
Singul dm along the connecting path,
assuming successive circles of
convergence overlap.
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There is thus a remarkable ‘rigidity’ about holomorphic functions, as
manifested in this process of analytic continuation. In the case of real C*-
functions, on the other hand, it was possible ‘to keep changing one’s mind’
about what the function is to be doing (as with the smoothly patched A(x)
of §6.3, which suddenly ‘takes off” after having been zero for all negative
values of x). This cannot happen for holomorphic functions. Once the
function is fixed in its original region, and the path is fixed, there is no
choice about how the function is to be extended. In fact, the same is true
for real-analytic functions of a real variable. They also have a similar
‘rigidity’, but now there is not much choice about the path either. It can
only be in one direction or the other along the real line. With complex
functions, analytic continuation can be more interesting because of this
freedom of the path within a two-dimensional plane.

To illustrate, consider our old friend logz. It certainly has no power
series expansion about the origin, as it has a singularity there. But if we
like, we can expand it about the point p = 1, say, to obtain the series!’-®!

logZ:(Z—l)—%(z—1)2+%(z—1)3—%(z—1)4—|—-~-~

The circle of convergence is the circle of unit radius centred at z = 1. Let us
imagine performing an analytic continuation along a path that circles the
origin in an anticlockwise direction. We could, if we choose, use power
series taken about the successive points 1, o, ®°, and back to 1, thus
returning to our starting point having encircled the origin once (Fig. 7.7).
Here I have used the three cube roots of unity, regularly placed around the
unit circle, namely 1, ® = ¢*™/3, and ®? = ¢*™/3, as discussed at the end of
§5.4, and the route around the origin can be taken as an equilateral

Fig. 7.7 Startatz =1,
analytically continuing f(z) = logz
along a path circling the origin
anticlockwise (expanding about
successive points 1, o, w?, 1;

o = e¥/3). We find 2ri gets added
to f.

£3 [7.8] Derive this series.
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triangle. Alternatively, I could have used 1,1, —1, —i, 1, which is slightly
less economical. In any case, there is no need to work out the power series,
since we already know the explicit answer for the function itself, namely
log z. The problem, of course, is that when we have gone once around the
origin, uniquely following the function as it goes, we find that we have
uniquely extended it to a value different from the one that we started with.
Somehow, 27i has got added to the function as we went around. Had we
chosen to proceed around the origin in the opposite direction, then we
should have found that 2ni would have been subtracted from the function
that we started from. Thus, the uniqueness of analytic continuation can be
quite a subtle thing, and it can definitely depend upon the path taken. For
‘many-valued’ functions more complicated than logz, we can get some-
thing much more elaborate than just adding a constant (like 2mi) to the
function.

As an aside, it is worth pointing out that the notion of analytic continu-
ation need not refer particularly to power series, despite the fact that I
have found it useful to employ them in some of my descriptions. For
example, there is another class of series that has great significance in
number theory, namely those called Dirichlet series. The most important
of these is the (Euler-)Riemann zeta function,® defined by the infinite sum’

Q) =17 +27+37 447457+

which converges to the holomorphic function denoted by {(z) when the
real part of z is greater than 1. Analytic continuation of this function
defines it uniquely (and ‘single-valuedly’) on the whole of the complex
plane but with the point z =1 removed. Perhaps the most important
unsolved mathematical problem today is the Riemann hypothesis, which
is concerned with the zeros of this analytically extended zeta function, that
is, with the solutions of {(z) = 0. It is relatively easy to show that {(z)
becomes zero for z = -2, —4, —6,...; these are the real zeros. The
Riemann hypothesis asserts that all the remaining zeros lie on the line
Re(z) = %, that is, {(z) becomes zero (unless z is a negative even integer)
only when the real part of z is equal to % All numerical evidence to date
supports this hypothesis, but its actual truth is unknown. It has funda-
mental implications for the theory of prime numbers.?

Notes

Section 7.1
7.1. To those readers wishing to explore these fascinating matters in greater geometric
detail, I strongly recommend Needham (1997).
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7.2. 1 shall give them in §10.5, after the notion of partial derivative has been intro-
duced.

Section 7.2

7.3. More explicitly, integration of f ‘along’ a path given by z = p(f) (where p is a
smooth complex-valued function p of a real parameter ) can be expressed as the
definite integral | uv F)p' (ndt = f: f(2)dz), where p(u) is the initial point a of the
path and p(v) is its final point b.

Section 7.3

7.4. A ‘reason’ that Cauchy’s formula must be true is that for a small loop around the
origin, f(z) may actually be treated as the constant value f(0) and then the
situation reduces to that studied in §7.2.

7.5. Tt is one of the irritations of the terminology of this subject that the term ‘domain’
has two distinct meanings. The one that is not intended here is a ‘connected open
region in the complex plane’. Here, as before (see §6.1), I mean the region in the
complex plane where the function f'is defined, which is not necessarily open or
connected.

7.6. The zeta function was first considered by Euler, but it is normally named after
Riemann, in view of his fundamental work involving the extension of this function
to the complex plane.

7.7. Note the curious ‘upside-down’ relation between this series and an ordinary
power series, namely for (—z) 4+ (—z)> 4+ (=2 4+ = —z(1 +2)" L.

7.8. For further information on the {-function and Riemann hypothesis, see Apostol
(1976); Priestley (2003). For popular accounts, see Derbyshire (2003); du Sautoy
(2003); Sabbagh (2002); Devlin (1988, 2002).

134



8
Riemann surfaces and complex mappings

8.1 The idea of a Riemann surface

THERE is a way of understanding what is going on with this analytic
continuation of the logarithm function—or of any other ‘many-valued
function’—in terms of what are called Riemann surfaces. Riemann’s idea
was to think of such functions as being defined on a domain which is not
simply a subset of the complex plane, but as a many-sheeted region. In the
case of log z, we can picture this as a kind of spiral ramp flattened down
vertically to the complex plane. I have tried to indicate this in Fig. 8.1. The
logarithm function is single-valued on this winding many-sheeted version
of the complex plane because each time we go around the origin, and 2mi
has to be added to the logarithm, we find ourselves on another sheet of the
domain. There is no conflict between the different values of the logarithm
now, because its domain is this more extended winding space—an example
of a Riemann surface—a space subtly different from the complex plane
itself.

Bernhardt Riemann, who introduced this idea, was one of the very
greatest of mathematicians, and in his short life (1826-66) he put forward
a multitude of mathematical ideas that have profoundly altered the course
of mathematical thought on this planet. We shall encounter some of his

Fig. 8.1 The Riemann surface for logz,
pictured as a spiral ramp flattened down
vertically.
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other contributions later in this book, such as that which underlies Ein-
stein’s general theory of relativity (and one very important contribution of
Riemann’s, of a different kind, was referred to at the end of Chapter 7).
Before Riemann introduced the notion of what is now called a ‘Riemann
surface’, mathematicians had been at odds about how to treat these so-
called ‘many-valued functions’, of which the logarithm is one of the
simplest examples. In order to be rigorous, many had felt the need to
regard these functions in a way that I would personally consider distaste-
ful. (Incidentally, this was still the way that I was taught to regard them
myself while at university, despite this being nearly a century after Rie-
mann’s epoch-making paper on the subject.) In particular, the domain of
the logarithm function would be ‘cut’ in some arbitrary way, by a line out
from the origin to infinity. To my way of thinking, this was a brutal
mutilation of a sublime mathematical structure. Riemann taught us we
must think of things differently. Holomorphic functions rest uncomfort-
ably with the now usual notion of a ‘function’, which maps from a fixed
domain to a definite target space. As we have seen, with analytic continu-
ation, a holomorphic function ‘has a mind of its own’ and decides itself
what its domain should be, irrespective of the region of the complex plane
which we ourselves may have initially allotted to it. While we may regard
the function’s domain to be represented by the Riemann surface associated
with the function, the domain is not given ahead of time; it is the explicit
form of the function itself that tells us which Riemann surface the domain
actually is.

We shall be encountering various other kinds of Riemann surface
shortly. This beautiful concept plays an important role in some of the
modern attempts to find a new basis for mathematical physics—most
notably in string theory (§§31.5,13) but also in twistor theory (§§33.2,10).
In fact, the Riemann surface for log z is one of the simplest of such
surfaces. It gives us merely a hint of what is in store for us. The function
z* perhaps is marginally more interesting than log z with regard to its
Riemann surface, but only when the complex number « is a rational
number. When « is irrational, the Riemann surface for z¢ has just the
same structure as that for log z, but for a rational a, whose lowest-terms
expression is @ = m/n, the spiralling sheets join back together again after n
turns.[®1 The origin z = 0 in all these examples is called a branch point. If
the sheets join back together after a finite number 7 of turns (as in the case
2" m and n having no common factor), we shall say that the branch
point has finite order, or that it is of order n. When they do not join after
any number of turns (as in the case log z), we shall say that the branch
point has infinite order.

46 [8.1] Explain why.
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Expressions like (1 — 23)1/ * give us more food for thought. Here the
function has three branch points, at z=1, z= o, and z = ©> (where
o =e?M/3; see §5.4, §7.4), so 1 —z* =0, and there is another ‘branch
point at infinity’. As we circle by one complete turn, around each individ-
ual branch point, staying in its immediate neighbourhood (and for ‘infi-
nity’ this just means going around a very large circle), we find that the
function changes sign, and, circling it again, the function goes back to its
original value. Thus, we see that the branch points all have order 2. We
have two sheets to the Riemann surface, patched together in the way that |
have tried to indicate in Fig. 8.2a. In Fig. 8.2b, I have attempted to show,
using some topological contortions, that the Riemann surface actually has
the topology of a forus, which is topologically the surface of a bagel (or of
an American donut), but with four tiny holes in it corresponding to the
branch points themselves. In fact, the holes can be filled in unambiguously

(b)

Fig.8.2 (a) Constructing the Riemann surface for (1 — z*)!/2 from two sheets, with
branch points of order 2 at 1, w, »? (and also o). (b) To see that the Riemann
surface for (1 — z%)'/? is topologically a torus, imagine the planes of (a) as two
Riemann spheres with slits cut from o to w? and from 1 to oo, identified along
matching arrows. These are topological cylinders glued correspondingly, giving a
torus. (c) To construct a Riemann surface (or a manifold generally) we can glue
together patches of coordinate space—here open portions of the complex plane.
There must be (open-set) overlaps between patches (and when joined there must be
no ‘non-Hausdorff branching’, as in the final case above; see Fig. 12.5b, §12.2).
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(with four single points), and the resulting Riemann surface then has
exactly the topology of a torus.[3-2]

Riemann’s surfaces provided the first instances of the general notion of a
manifold, which is a space that can be thought of as ‘curved’ in various ways,
but where, locally (i.e. in a small enough neighbourhood of any of its points),
it looks like a piece of ordinary Euclidean space. We shall be encountering
manifolds more seriously in Chapters 10 and 12. The notion of a manifold is
crucial in many different areas of modern physics. Most strikingly, it forms
an essential part of Einstein’s general relativity. Manifolds may be thought
of as being glued together from a number of different patches, where the
gluing job really is seamless, unlike the situation with the function /(x) at the
end of §6.3. The seamless nature of the patching is achieved by making sure
that thereis always an appropriate (open-set) overlap between one patch and
the next (see Fig. 8.2c and also §12.2, Fig. 12.5).

In the case of Riemann surfaces, the manifold (i.e. the Riemann surface
itself) is glued together from various patches of the complex plane corres-
ponding to the different ‘sheets’ that go to make up the entire surface. As
above, we may end up with a few ‘holes’ in the form of some individual
points missing, coming from the branch points of finite order, but these
missing points can always be unabiguously replaced, as above. For branch
points of infinite order, on the other hand, things can be more compli-
cated, and no such simple general statement can be made.

As an example, let us consider the ‘spiral ramp’ Riemann surface of the
logarithm function. One way to piece this together, in the way of a paper
model, would be to take, successively, alternate patches that are copies of (a)
the complex plane with the non-negative real numbers removed, and (b) the
complex plane with the non-positive real numbers removed. The top half of
each (a)-patch would be glued to the top half of the next (b)-patch, and the
bottom half of each (b)-patch would be glued to the bottom half of the next
(a)-patch; see Fig. 8.3. There is an infinite-order branch point at the origin
and also at infinity—but, curiously, we find that the entire spiral ramp is
equivalent just to a sphere with a single missing point, and this point can be
unambiguously replaced so as to yield simply a sphere.[8-3]

8.2 Conformal mappings

When piecing together a manifold, we have to consider what local struc-
ture has to be preserved from one patch to the next. Normally, one deals
with real manifolds, and the different patches are pieces of Euclidean space

£318.2] Now try (1 —24)"/°.

£3[8.3] Can you see how this comes about? (Hint: Think of the Riemann sphere of the variable
w( = logz); see §8.3.)
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Fig. 8.3 We can construct the
Riemann surface for logz by
taking alternate patches of

(a) the complex plane with the
non-negative real axis removed,
and (b) the complex plane with
the non-positive real axis
removed. The top half each
(a)-patch is glued to the top half
of the next (b)-patch, and the
bottom half of each (b)-patch
glued to the bottom half of the
(a) (b) next (a)-patch.

(of some fixed dimension) that are glued together along various (open)
overlap regions. The local structure to be matched from one patch to
the next is normally just a matter of preserving continuity or smoothness.
This issue will be discussed in §10.2. In the case of Riemann surfaces,
however, we are concerned with complex smoothness, and we recall, from
§7.1, that this is a more sophisticated matter, invoving what are called
the Cauchy—Riemann equations. Although we have not seen them expli-
citly yet (we shall be coming to them in §10.5), it will be appropriate now
to understand the geometrical meaning of the structure that is encoded
in these equations. It is a structure of remarkable elegance, flexibility,
and power, leading to mathematical concepts with a great range of appli-
cation.

The notion is that of conformal geometry. Roughly speaking, in con-
formal geometry, we are interested in shape but not size, this referring to
shape on the infinitesimal scale. In a conformal map from one (open)
region of the plane to another, shapes of finite size are generally distorted,
but infinitesimal shapes are preserved. We can think of this applying to
small (infinitesimal) circles drawn on the plane. In a conformal map, these
little circles can be expanded or contracted, but they are not distorted into
little ellipses. See Fig. 8.4.

To get some understanding of what a conformal transformation can be
like, look at M. C. Escher’s picture, given in Fig. 2.11, which provides a
conformal representation of the hyperbolic plane in the Euclidean plane,
as described in §2.4 (Beltrami’s ‘Poincaré disc’). The hyperbolic plane is
very symmetrical. In particular, there are transformations which take the
figures in the central region of Escher’s picture to corresponding very tiny
figures that lie just inside the bounding circle. We can represent such a
transformation as a conformal motion of the Euclidean plane that takes
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On-,
n COnfol.maI

Fig. 8.4 For a conformal map,
little (infinitesimal) circles can

be expanded or contracted, but
not distorted into little ellipses.

the interior of the bounding circle to itself. Clearly such a transformation
would not generally preserve the sizes of the individual figures (since the
ones in the middle are much larger than those towards the edge), but the
shapes are roughly preserved. This preservation of shape gets more and
more accurate, the smaller the detail of each figure that is being is exam-
ined, so infinitesimal shapes would indeed be completely unaltered. Per-
haps the reader would find a slightly different characterization more
helpful: angles between curves are unaltered by conformal transformation.
This characterizes the conformal nature of a transformation.

What does this conformal property have to do with the complex
smoothness (holomorphicity) of some function f(z)? We shall try to obtain
an intuitive idea of the geometric content of complex smoothness. Let us
return to the ‘mapping’ viewpoint of a function f and think of the relation
w = f(z) as providing a mapping of a certain region in z’s complex plane
(the domain of the function /) into w’s complex plane (the target); see Fig.
8.5. We ask the question: what local geometrical property characterizes
this mapping as being holomorphic? There is a striking answer. Holomor-
phicity of f is indeed equivalent to the map being conformal and non-
reflective (non-reflective—or orientation-preserving—meaning that the
small shapes preserved in the transformation are not reflected, i.e. not
‘turned over’; see end of §12.6).

The notion of ‘smoothness’ in our transformation w = f(z) refers to
how the transformation acts in the infinitesimal limit. Think of the real
case first, and let us re-examine our real function f(x) of §6.2, where the
graph of y = f(x) is illustrated in Fig. 6.4. The function f is smooth at

\ Fig. 8.5 The map w = f(2)
has domain an open

p region in the complex

z-plane and target an open

i | o »  region in the complex

w-plane. Holomorphicity

\ of f'is equivalent to this

being conformal and

z-plane w-plane non-reflective.
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some point if the graph has a well-defined tangent at that point. We can
picture the tangent by imagining that a larger and larger magnification is
applied to the curve at that point, and, so long as it is smooth, the curve
looks more and more like a straight line through that point as the mag-
nification increases, becoming identical with the tangent line in the limit of
infinite magnification. The situation with complex smoothness is similar,
but now we apply the idea to the map from the z-plane to the w-plane. To
examine the infinitesimal nature of this map, let us try to picture the
immediate neighbourhood of a point z, in one plane, mapping this to the
immediate neighbourhood of w in the other plane. To examine the imme-
diate neighbourhood of the point, we imagine magnifying the neighbour-
hood of z by a huge factor and the corresponding neighbourhood of w by
the same huge factor. In the limit, the map from the expanded neighbour-
hood of z to the expanded neighbourhood of w will be simply a linear
transformation of the plane, but, if it is to be holomorphic, this must
basically be one of the transformations studied in §5.1. From this it follows
(by a little consideration) that, in the general case, the transformation from
z’s neighbourhood to w’s neighbourhood simply combines a rotation with
a uniform expansion (or contraction); see Fig. 5.2b. That is to say, small
shapes (or angles) are preserved, without reflection, showing that the map
is indeed conformal and non-reflective.

Let us look at a few simple examples. The very particular situations of
the maps provided by the adding of a constant b to z or of multiplying z by
a constant a, as considered already in §5.1 (see Fig. 5.2), are obviously
holomorphic (z 4+ b and az being clearly differentiable) and are also obvi-
ously conformal. These are particular instances of the general case of the
combined (inhomogeneous-linear) transformation

w=az+b.

Such transformations provide the Euclidean motions of the plane (without
reflection), combined with uniform expansions (or contractions). In fact,
they are the only (non-reflective) conformal maps of the entire complex
z-plane to the entire complex w-plane. Moreover, they have the very special
property that actual circles—not just infinitesimal circles—are mapped to
actual circles, and also straight lines are mapped to straight lines.
Another simple holomorphic function is the reciprocal function,

w= zfl,
which maps the complex plane with the origin removed to the complex
plane with the origin removed. Strikingly, this transformation also maps
actual circles to actual circles®# (where we think of straight lines as being

[8.4] Show this.
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particular cases of circles—of infinite radius). This transformation, to-
gether with a reflection in the real axis, is what is called an inversion.
Combining this with the inhomogeneous linear maps just considered, we
get the more general transformation!8->]

az+b
w=——,
cz+d

called a bilinear or Mobius transformation. From what has been said
above, these transformations must also map circles to circles (straight
lines again being regarded as special circles). This Mobius transformation
actually maps the entire complex plane with the point —d/c¢ removed to
the entire complex plane with a/c removed—where, for the transformation
to give a non-trivial mapping at all, we must have ad # bc (so that the
numerator is not a fixed multiple of the denominator).

Note that the point removed from the z-plane is that value (z = —d/c)
which would give ‘w = oo’; correspondingly, the point removed from the
w-plane is that value (w = a/c) which would be achieved by z = c0’. In
fact, the whole transformation would make more global sense if we were to
incorporate a quantity ‘oo’ into both the domain and target. This is one
way of thinking about the simplest (compact) Riemann surface of all: the
Riemann sphere, which we come to next.

8.3 The Riemann sphere

Simply adjoining an extra point called ‘0o’ to the complex plane does not
make it completely clear that the required seamless structure holds in the
neighbourhood of oo, the same as everywhere else. The way that we can
address this issue is to regard the sphere to be constructed from two
‘coordinate patches’, one of which is the z-plane and the other the
w-plane. All but two points of the sphere are assigned both a z-coordinate
and a w-coordinate (related by the Mdbius transformation above). But
one point has only a z-coordinate (where w would be ‘infinity’) and
another has only a w-coordinate (where z would be ‘infinity’). We use
either z or w or both in order to define the needed conformal structure
and, where we use both, we get the same conformal structure using
either, because the relation between the two coordinates is holo-
morphic.

In fact, for this, we do not need such a complicated transformation
between z and w as the general Mobius transformation. It suffices to
consider the particularly simple Mobius transformation given by

@ [8.5] Verify that the sequence of transformations z + Az + B, z +— z~!, z +— Cz 4+ D indeed
leads to a bilinear map.
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Fig. 8.6 Patching the Riemann sphere from the complex z- and w-planes, via
w=1/z, z=1/w. (Here, the z grid lines are shown also in the w-plane.) The
overlap regions exclude only the origins, z = 0 and w = 0 each giving ‘cc’ in the
opposite patch.

1
w=-—, z=—,
z

where z = 0 and w = 0, would each give co in the opposite patch. I have
indicated in Fig. 8.6 how this transformation maps the real and imaginary
coordinate lines of z.

All this defines the Riemann sphere in a rather abstract way. We can see
more clearly the reason that the Riemann sphere is called a ‘sphere’ by
employing the geometry illustrated in Fig. 8.7a. I have taken the z-plane to
represent the equatorial plane of this geometrical sphere. The points of the
sphere are mapped to the points of the plane by what is called stereo-
graphic projection from the south pole. This just means that I draw a
straight line in the Euclidean 3-space (within which we imagine everything
to be taking place) from the south pole through the point z in the plane.
Where this line meets the sphere again is the point on the sphere that the
complex number z represents. There is one additional point on the sphere,
namely the south pole itself, and this represents z = co. To see how w fits
into this picture, we imagine its complex plane to be inserted upside down
(with w=1,1, —1, —1 matching z =1, —1, —1, i, respectively), and we
now project stereographically from the north pole (Fig. 8.7b).3%1 An
important and beautiful property of stereographic projection is that it
maps circles on the sphere to circles (or straight lines) on the plane.!

3 [8.6] Check that these two stereographic projections are related by w = z~!.
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The real circle

z

Riemann sphere of z = Riemann sphere of w=
Do~ —

o W-plane
(upside-down)

(a) (® ©

Fig. 8.7 (a) Riemann sphere as unit sphere whose equator coincides with the
unit circle in z’s (horizontal) complex plane. The sphere is projected (stereogra-
phically) to the z-plane along straight lines through its south pole, which itself
gives z = oo. (b) Re-interpreting the equatorial plane as the w-plane, depicted
upside down but with the same real axis, the stereographic projection is now
from the north pole (w = o0), where w = 1/z. (c) The real axis is a great circle
on this Riemann sphere, like the unit circle but drawn vertically rather than
horizontally.

Hence, bilinear (M&bius) transformations send circles to circles on the
Riemann sphere. This remarkable fact has a significance for relativity
theory that we shall come to in §18.5 (and it has deep relevance to spinor
and twistor theory; see §22.8, §24.7, §§33.2,4).

We notice that, from the point of view of the Riemann sphere, the real
axis is ‘just another circle’, not essentially different from the unit circle, but
drawn vertically rather than horizontally (Fig. 8.7¢c). One is obtained from
the other by a rotation. A rotation is certainly conformal, so it is given by
a holomorphic map of the sphere to itself. In fact every (non-reflective)
conformal map which takes the entire Riemann sphere to itself is achieved
by a bilinear (i.e. M&bius) transformation. The particular rotation that we
are concerned with can be exhibited explicitly as a relation between the
Riemann spheres of the complex parameters z and ¢ given by the bilinear
correspondencel®-7]

z—1 _ —ti

t=——, =z —.
1z +1 t+1

In Fig. 8.8, I have plotted this correspondence in terms of the complex
planes of ¢ and z, where I have specifically marked how the upper half-
plane of ¢, bounded by its real axis, is mapped to the unit disc of z,
bounded by its unit circle. This particular transformation will have im-
portance for us in the next chapter.

£3[8.7) Show this.
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t-plane z-plane

Fig. 8.8 The correspondence t = (z — 1)/(iz +1), z = (— t +1)/(¢ + i) in terms of
the complex planes of ¢ and z. The upper half-plane of ¢, bounded by its real axis,
is mapped to the unit disc of z, bounded by its unit circle.

The Riemann sphere is the simplest of the compact—or ‘closed’—Rie-
mann surfaces.> See §12.6 for the notion of ‘compact’. By contrast, the
‘spiral ramp’ Riemann surface of the logarithm function, as I have de-
scribed it, is non-compact. In the case of the Riemann surface of (1 — z%)!/2,
we need to fill the four holes arising from the branch points to make it
compact (and it is non-compact if we do not do this), but this ‘compac-
tification’ is the usual thing to do. As remarked earlier, this ‘hole-filling’ is
always possible with a branch point of finite order. As we saw at the end of
§8.1, for the logarithm we can actually fill the branch points at the origin
and at infinity, both together, with a single point, to obtain the Riemann
sphere as the compactification. In fact, there is a complete classification of
compact Riemann sufaces (achieved by Riemann himself), which is im-
portant in many areas (including string theory). I shall briefly outline this
classification next.

8.4 The genus of a compact Riemann surface

The first stage is to classify the surfaces according to their topology, that is
to say, according to that aspect of things preserved by continuous trans-
formations. The topological classification of compact 2-dimensional orien-
table (see end of §12.6) surfaces is really very simple. It is given by a single
natural number called the genus of the surface. Roughly speaking, all we
have to do is count the number of ‘handles’ that the surface has. In the
case of the sphere the genus is 0, whereas for the torus it is 1. The surface of
an ordinary teacup also has genus 1 (one handle!), so it is topologically the
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Fig. 8.9 The genus of a
Riemann surface is its
number of ‘handles’. The
genus of the sphere is 0,
that of the torus, or teacup
surface is 1. The surface
of a normal pretzel has
genus 3.

same as a torus. The surface of a normal pretzel has genus 3. See Fig. 8.9
for several examples.

The genus does not in itself fix the Riemann surface, however, except for
genus 0. We also need to know certain complex parameters known as
moduli. Let me illustrate this issue in the case of the torus (genus 1). An
easy way to construct a Riemann surface of genus 1 is to take a region of
the complex plane bounded by a parallelogram, say with vertices
0, 1, 1+ p, p (described cyclicly). See Fig. 8.10. Now we must imagine
that opposite edges of the parallelogram are glued together, that is, the
edge from 0 to 1 is glued to that from p to 1 + p, and the edge from 0 to p is
glued to that from 1 to 1 + p. (We could always find other patches to cover
the seams, if we like.) The resulting Riemann surface is indeed topologic-
ally a torus. Now, it turns out that, for differing values of p, the resulting
surfaces are generally inequivalent to each other; that is to say, it is not
possible to transform one into another by means of a holomorphic map-
ping. (There are certain discrete equivalences, however, such as those
arising when p is replaced by 1 + p, by —p, or by 1/p.B8 Tt can be made
intuitively plausible that not all Riemann surfaces with the same topology

Fig. 8.10 To construct a Riemann surface of genus 1,
take a region of the complex plane bounded by a
parallelogram, vertices 0, 1, 1 + p, p (cyclicly), with
opposite edges identified. The quantity p provides a
modulus for the Riemann surface.

15 [8.8] Show that these replacements give holomorphically equivalent spaces. Find all the special
values of p where these equivalences lead to additional discrete symmetries of the Riemann surface.
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Fig. 8.11 Two inequivalent
torus-topology Riemann
surfaces.

can be equivalent, by considering the two cases illustrated in Fig. 8.11. In
one case I have chosen a very tiny value of p, and we have a very stringy
looking torus, and in the other case I have chosen p close to i, where the
torus is nice and fat. Intuitively, it seems pretty clear that there can be no
conformal equivalence between the two, and indeed there is none.

There is just this one complex modulus p in the case of genus 1, but
for genus 2 we find that there are three. To construct a Riemann surface of
genus 2 by pasting together a shape, in the manner of the parallelogram
that we used for genus 1, we could construct the shape from a piece of the
hyperbolic plane; see Fig. 8.12. The same would hold for any higher genus.
The number m of complex moduli for genus g, where g =2, is m = 3g — 3.

One might regard it as a little strange that the formula 3g — 3 for the
number of moduli works for all values of the genusg =2, 3,4, 5, ... butit
fails for g = 0 or 1. There is actually a ‘reason’ for this, which has to do
with the number s of complex parameters that are needed to specify the
different continuous (holomorphic) self-transformations of the Riemann
surface. For g=2, there are no such continuous self-transformations (al-
though there can be discrete ones), so s = 0. However, for g =1, the
complex plane of the parallelogram of Fig. 8.10 can be translated (moved
rigidly without rotation) in any direction in the plane. The amount (and
direction) of this displacement can be specified by a single complex param-
eter a, the translation being achieved by z +— z +a,sos = 1 wheng = 1. In
the case of the sphere (genus 0), the self-transformations are achieved by the
bilinear transformations described above, namely z — (az + b)/(cz + d).

Fig. 8.12 An octagonal region of the
hyperbolic plane, with identifications to
yield a genus-2 Riemann surface.
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Fig. 8.13 Every

g = 0 metric
geometry is
conformally
identical to that

of the standard
(‘round’) unit sphere.

Here, the freedom is given by the three® independent ratios @ : b : ¢ : d.
Thus, in the case g = 0, we have s = 3. Hence, in all cases, the difference
m — s between the number of complex moduli and the number of complex
parameters required to specify a self-transformation satisfies

m—s=3g—3.

(This formula is related to some deeper issues that are beyond the scope of
this book.%)

It is clear that there is some considerable freedom, within the family of
conformal (holomorphic) transformations, for altering the apparent
‘shape’ of a Riemann surface, while keeping its structure as a Riemann
surface unaltered. In the case of spherical topology, for example, many
different metrical geometries are possible (as is illustrated in Fig. 8.13); yet
these are all conformally identical to the standard (‘round’) unit sphere.
(I shall be more explicit about the notion of ‘metric’ in §14.7.) Moreover,
for higher genus, the seemingly large amount of freedom in the ‘shape’ of
the surface can all be reduced down to the finite number of complex
moduli given by the above formulae. But there is still some overall infor-
mation in the shape of the surface that cannot be eliminated by the use of
this conformal freedom, namely that which is defined by the moduli
themselves. Exactly how much can be achieved globally by the use of
such freedom is quite a subtle matter.

8.5 The Riemann mapping theorem

Some appreciation of the considerable freedom involved in holomorphic
transformations can, however, be obtained from a famous result known as
the Riemann mapping theorem. This asserts that if we have some closed
region in the complex plane (see Note 8.1), bounded by a non-self-intersect-
ing closed loop, then there exists a holomorphic map matching this
region to the closed unit disc (see Fig. 8.14). (There are some mild restric-
tions on the ‘tameness’ of the loop, but these do not prevent the loop from
having corners or other worse kinds of place where the loop may be not
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A

Y

Fig. 8.14 The Riemann mapping theorem asserts that any open region in the
complex plane, bounded by a simple closed (not necessarily smooth) loop, can be
mapped holomorphically to the interior of the unit circle, the boundary being also
mapped accordingly.

differentiable, as is illustrated in the particular example of Fig. 8.14.) One
can go further than this and select, in a quite arbitrary way, three distinct
points a, b, ¢ on the loop, and insist that they be taken by the map to three
specified points @', b, ¢’ on the unit circle (say @ = 1, ¥’ = o, ¢ = ©?), the
only restriction being that the cyclic ordering of the points «, b, ¢, around
the loop agrees with that of &, ', ¢ around the unit circle. Furthermore,
the map is then determined uniquely. Another way of specifying the map
uniquely would be to choose just one point ¢ on the loop and one
additional point j inside it, and then to insist that ¢ maps to a specific
point &' on the unit circle (say ¢’ = 1) and j maps to a specific point ;' inside
the unit circle (say j/ = 0).

Now, let us imagine that we are applying the Riemann mapping theorem
on the Riemann sphere, rather than on the complex plane. From the point of
view of the Riemann sphere, the ‘inside’ of a closed loop is on the same
footing as the ‘outside’ of the loop (just look at the sphere from the other
side), so the theorem can be applied equally well to the outside as to the inside
of the loop. Thus, there is an ‘inverted’ form of the Riemann mapping
theorem which asserts that the outside of a loop in the complex plane can
be mapped to the outside of the unit circle and uniqueness is now ensured by
the simple requirement that one specified point a on the loop maps to one
specified point ¢’ on the unit circle (say @’ = 1), where now oo takes over the
role of jand ' in the description provided at the end of the above paragraph).’

Often such desired maps can be achieved explicitly, and one of the
reasons that such maps might indeed be desired is that they can provide
solutions to physical problems of interest, for example to the flow of air past
an aerofoil shape (in the idealized situation where the flow is what is called
‘non-viscous’, ‘incompressible’, and ‘irrotational’). I remember being very
struck by such things when I was an undergraduate mathematics student,
most particularly by what is known as the Zhoukowski (or Joukowski)
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-1 0 -1 T

w-plane

z-plane

Fig. 8.15 Zhoukowski’s transformation w = %(2 + 1/z) takes the exterior of a
circle through z = —1 to an aerofoil cross-section, enabling the airflow pattern
about the latter to be calculated.

aerofoil transformation, illustrated in Fig. 8.15, which can be given expli-
citly by the effect of the transformation

1
w= 1/2(24—;),

on a suitable circle passing through the point z = —1. This shape indeed
closely resembles a cross-section through the wing of an aeroplane of the
1930s, so that the (idealized) airflow around it can be directly obtained
from that around a ‘wing’ of circular cross-section—which, in turn, is
obtained by another such holomorphic transformation. (I was once told
that the reason that such a shape was so commonly used for aeroplane
wings was merely that then one could study it mathematically by just
employing the Zhoukowski transformation. I hope that this is not true!)
Of course, there are specific assumptions and simplifications involved in
applications such as these. Not only are the assumptions of zero viscosity
and incompressible, irrotational flow mere convenient simplifications, but
there is also the very drastic simplification that the flow can be regarded as
the same all along the length of the wing, so that an essentially three-
dimensional problem can be reduced to one entirely in two dimensions. It
is clear that for a completely realistic computation of the flow around an
aeroplane wing, a far more complicated mathematical treatment would be
needed. There is no reason to expect that, in a more realistic treatment, we
could get away with anything approaching such a direct and elegant use of
holomorphic functions as we have with the Zhoukowski transformation.

150



Riemann surfaces and complex mappings Notes

It could, indeed, be argued that there is a strong element of good fortune in
finding such an attractive application of complex numbers to a problem
which had a distinctive importance in the real world. Air, of course,
consists of enormous numbers of individual fundamental particles (in
fact, about 10?° of them in a cubic centimetre), so airflow is something
whose macroscopic description involves a considerable amount of aver-
aging and approximation. There is no reason to expect that the mathemat-
ical equations of aerodynamics should reflect a great deal of the
mathematics that is deeply involved in the physical laws that govern
those individual particles.

In §4.1, I referred to the ‘extraordinary and very basic role’ that complex
numbers actually play at the ‘tiniest scales’ of physical action, and there is
indeed a holomorphic equation governing the behaviour of particles (see
§21.2). However, for macroscopic systems, this ‘complex structure’ gener-
ally becomes completely buried, and it would appear that only in excep-
tional circumstances (such as in the airflow problem considered above)
would complex numbers and holomorphic geometry find a natural utility.
Yet there are circumstances where a basic underlying complex structure
shows through even at the macroscopic level. This can sometimes be seen
in Maxwell’s electromagnetic theory and other wave phenomena. There is
also a particularly striking example in relativity theory (see §18.5). In the
following chapter, we shall see something of the remarkable way in which
complex numbers and holomorphic functions can exert their magic from
behind the scenes.

Notes

Section 8.3

8.1. See Exercise [2.5].

8.2. There is scope for terminological confusion in the use of the word ‘closed’ in the
context of surfaces—or of the more general manifolds (n-surfaces) that will be
considered in Chapter 12. For such a manifold, ‘closed’ means ‘compact without
boundary’, rather than merely ‘closed’ in the topological sense, which is the
complementary notion to ‘open’ as discussed in §7.4. (Topologically, a closed set
is one that contains all its limit points. The complement of a closed set is an open
one, and vice versa—where ‘complement’ of a set S within some ambient
topological space V is the set of members of V which are not in S.) There is
additional confusion in that the term ‘boundary’, above, refers to a notion of
‘manifold-with-boundary’, which I do not discuss in this book. For the ordinary
manifolds referred to in Chapter 12 (i.e. manifolds-without-boundary), the mani-
fold notion of ‘closed’ (as opposed to the topological one) is equivalent to
‘compact’. To avoid confusion, I shall normally just use the term ‘compact’, in
this book, rather than ‘closed’. Exceptions are the use of ‘closed curve’ for a real
1-manifold which is topologically a circle S' and ‘closed universe’ for a universe
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model which is spatially compact, that is, which contains a compact spacelike
hypersurface; see §27.11.

Section 8.4

8.3. The transformation is unaffected if we multiply (rescale) each of a, b, ¢, d by the
same non-zero complex number, but it changes if we alter any of them individu-
ally. This overall rescaling freedom reduces by one the number of independent
parameters involved in the transformation, from four to three.

8.4. This may be thought of as the beginning of a long story whose climax is the very
general and powerful Atiyah—Singer (1963) theorem.

Section 8.5

8.5. It should be noted that only for a loop that is an exact circle will the combination
of both versions of the Riemann mapping theorem give us a complete smooth
Riemann sphere.
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9
Fourier decomposition and hyperfunctions

9.1 Fourier series

LET us return to the question, raised in §6.1, of what Euler and his
contemporaries might have regarded as an acceptable notion of ‘honest
function’. In §7.1, we settled on the holomorphic (complex-analytic) func-
tions as best satisfying what Euler might well have had in mind. Yet, most
mathematicians today would regard such a notion of a ‘function’ as being
unreasonably restrictive. Who is right? We shall be coming to a very
remarkable answer to this question at the end of this chapter. But first
let us try to understand what the issues are.

In the application of mathematics to problems of the physical world, it
is a frequent requirement that there be a flexibility that neither the holo-
morphic functions nor their real counterparts—the analytic (i.e. C®-)
functions—appear to possess. Because of the uniqueness of analytic con-
tinuation, as described in §7.4, the global behaviour of a holomorphic
function defined throughout some connected open region D of the com-
plex plane, is completely fixed, once it is known in some small open
subregion of D. Similarly, an analytic function of a real variable, defined
on some connected segment R of the real line IR is also completely fixed
once the function is known in some small open subregion of R. Such
rigidity seems inappropriate for the realistic modelling of physical systems.

It would be particularly awkward when the propagation of waves is
under consideration. Wave propagation, which includes the sending of
signals via the electromagnetic vibrations of radio waves or light, gains
much of its utility from the fact that information can be transmitted by
such means. The whole point of signalling, after all, is that there must be
the potential for sending a message that might be unexpected by the
receiver. If the form of the signal has to be given by an analytic function,
then there is not the possibility of ‘changing one’s mind’ in the middle of
the message. Any small part of the signal would completely fix the signal in
its entirety for all time. Indeed, wave propagation is frequently studied in
terms of the question as to how discontinuities, or other deviations from
analyticity, will actually propagate.
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Let us consider waves and ask how such things are described mathemat-
ically. One of the most effective ways of studying wave forms is through
the procedure known as Fourier analysis. Joseph Fourier was a French
mathematician who lived from 1768 until 1830. He had been concerned
with the question of decomposing periodic vibrations into their compon-
ent ‘sine-wave’ parts. In music, this is basically what is involved in repre-
senting some musical sound in terms of its constituent ‘pure tones’. The
term ‘periodic’ means that the pattern (say of physical displacements of the
object which is vibrating) exactly repeats itself after some period of time,
or it could refer to periodicity in space, like the repeating patterns in a
crystal or on wallpaper or in waves in the open sea. Mathematically, we
say that a function f (say! of a real variable y) is periodic if, for all y, it
satisfies

SGo+D=s(:

where [ is some fixed number referred to as the period. Thus, if we ‘slide’
the graph of y = f(y) along the y-axis by an amount /, it looks just the
same as it did before (Fig. 9.1a). (The way in which Fourier handled
functions that need not be periodic—by use of the Fourier transform—
will be described in §9.4.)

The ‘pure tones’ are things like sin y or cosy (Fig. 9.1b). These have
period 2w, since

sin(y + 2m) = siny, cos (y + 2m) = cos y,

these relations being manifestations of the periodicity of the single com-
plex quantity e” = cosy +1isiny,

ei(z+2n) — Cil,
which we encountered in §5.3. If we want periodicity /, rather than 2m, then
we can ‘rescale’ the y as it appears in the function, and take e2/! instead
of e'. The real and imaginary parts cos (2ry/[) and sin (2rty/[) will corres-
pondingly also have period /. But this is not the only possibility. Rather
than oscillating just once, in the period /, the function could oscillate twice,
three times, or indeed n times, where n is any positive integer (see Fig.
9.1c), so we find that each of

2nn)
os< l’”)

ei<2nn;(/l sin (27‘5”%)
) )
has period / (in addition to having also a smaller period /n). In music,
these expressions, for n = 2, 3, 4, ..., are referred to as higher harmonics.

One problem that Fourier addressed (and solved) was to find out how to
express a general periodic function f(y), of period /, as a sum of pure tones.
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Fig. 9.1 Periodic functions. (a) f(x) has period [ if f(y)=f(y + 1) for all y,
meaning that if we slide the graph of y=f(y) along the y-axis by /, it looks just
the same as before. (b) The basic ‘pure tones’ sin y or cos y (shown dotted) have
period /=2mr. (¢) ‘Higher harmonic’ pure tones oscillate several times in the period
/; they still have period /, while also having a shorter period (sin 3y is illustrated,
having period /=2n as well as the shorter period 2n/3).

For each n, there will generally be a different magnitude of that pure tone’s
contribution to the total, and this will depend upon the wave form (i.e. upon
the shape of the graph y = f()). Some simple examples are illustrated in
Fig. 9.2. Usually, the number of different pure tones that contribute to 1 (y)
will be infinite, however. More specifically, what Fourier required was the
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Fig. 9.2 Examples of Fourier decomposition of periodic functions. The wave
form (shape of the graph) is determined by the Fourier coefficients. The functions
and their individual Fourier components beneath. (a) f(x) = % +2siny + %
cos2y + §sin2y +1sin3y. (b) f(x) =1+ siny — 1 cos2y — Isin2y — Lsin3y.
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collection of coefficients ¢, ai, by, az, by, as, bs, a4, in the decomposition
of f(y) into its constituent pure tones, as given by the expression

S() = ¢+ aicoswy + by sinwy + a; cos 2wy + by sin 2wy+
az cos 3wy + by sin 3wy + - -,

where, in order to make the expressions look simpler, I have written them
in terms of the angular frequency w (nothing to do with the ‘@’ of §§5.4,5,
§8.1) given by w = 2n/I.

Some readers may well feel that this expression for f(y) still looks
unduly complicated—and such a reader is indeed correct. The formula
actually looks a lot tidier if we incorporate the cos and sin terms together
as complex exponentials (e4% = cos Ay +isin Ay), so that

FG) =+ o e 2% f o7 4 g + 01 €% + 0 4 el 4 -
where? 1]

Ay = 0y + 0y, b, = 1o, — 10_,, c=0y
forn=1,2, 3, 4, ... . The expression looks even tidier if we put z = e,

and define the function F(z) to be just the same quantity as f(y) but now
expressed in terms of the new complex variable z. For then we get

F@)=-+oaz 4o 1z +ap +z' + o + o328 + -+,

where

F(2) = F(e") = f(0).

And we can make it look tidier still by using the summation sign > |, which
here means ‘add together all the terms, for all integer values of r’:

F(z) = Z o,z

This looks like a power series (see §4.3), except that there are negative as
well as positive powers. It is called a Laurent series. We shall be seeing the
importance of this expression in the next section.-]

9.2 Functions on a circle

The Laurent series certainly gives us a very economical way of represent-
ing Fourier series. But this expression also suggests an interesting

49 [9.1] Show this.

[9.2] Show that when F is analytic on the unit circle the coefficients «,, and hence the a,, b,,
and ¢, can be obtained by use of the formula o, = 2ni)~! § z " 1F(z) dz.
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)
Period =/ E -

Fig. 9.3 A periodic function of a real variable y may be thought of as defined on
a circle of circumference / where we ‘wrap up’ the real axis of y into the circle. With
/=2n, we may take this circle as the unit circle in the complex plane.

alternative perspective on Fourier decomposition. Since a periodic func-
tion simply repeats itself endlessly, we may think of such a function (of a
real variable y) as being defined on a circle (Fig. 9.3), where the function’s
period / is the length of the circle’s circumference, y measuring distance
around the circle. Rather than simply going off in a straight line, these
distances now wrap around the circle, so that the periodicity is automatic-
ally taken into account.

For convenience (at least for the time being), I take this circle to be the
unit circle in the complex plane, whose circumference is 2rt, and I take the
period / to be 2rn. Accordingly,

w=1, soz=-e"

(For any other value of the period, all we need to do is to reinstate ® by
rescaling the y-variable appropriately.) The different cos and sin terms that
represent the various ‘pure tones’ of the Fourier decomposition are now
simply represented as positive or negative powers of z, namely z*” for the
nth harmonics. On the unit circle, these powers just give us the oscillatory
cos and sin terms that we require; see Fig. 9.4.

We now have this very tidy way of representing the Fourier decom-
position of some periodic function f(y). We think of f(y) = F(z) as
defined on the unit circle in the z-plane, with z =e", and then the
Fourier decomposition is just the Laurent series description of this
function, in terms of a complex variable z. But the advantage is not
just a matter of tidiness. This representation also provides us with deeper
insights into the nature of Fourier series and of the kind of function
that they can represent. More significantly for the eventual purpose of
this book, it has important connections with quantum mechanics and,
therefore, for our deeper understanding of Nature. This comes about
through the magic of complex numbers, for we can also use our Laurent
series expression when z lies away from the unit circle. It turns out that
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Fig. 9.4 On the unit circle,
the real and imaginary parts
of the function z”" appear as
nth harmonic cos and sin
waves (the real and imagin-
ary parts of e/, respectively,
where z = e'?). Here, for

n =5, the real part of z° is
plotted.

this series tells us something important about F(z), for z lying on the
unit circle, in terms of what the series does when z lies off the unit
circle.

Now, let us recall (from §4.4) the notion of a circle of convergence,
within which a power series converges and outside of which it diverges.
There is a close analogue of this for a Laurent series: the annulus of
convergence. This is the region lying strictly between two circles in
the complex plane, both centred at the origin (see Fig. 9.5a). This is
simple to understand once we have the notion of circle of convergence
for an ordinary power series. The part of the series with positive
powers,>

(@) (®)

Fig. 9.5 (a) The annulus of convergence for a Laurent series F(z)=F "+ oy + F~,
where Fr=-+ 4o sz 24+ a_1z7 !, F-=0az! + 022 4+ ---- The radius of conver-
gence for F* is A and, in terms of w = z~!, for F~ is B~!'. (b) The same, on the
Riemann sphere (see Fig. 8.7), where z refers to the extended northern hemisphere
and w (= z~') to the extended southern hemisphere.
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F =o' +wmz? 4oz +...,

will have an ordinary circle of convergence, of radius 4, say, and that part
of the series converges for all values of z whose modulus is less than A.
With regard to the part of the series with negative powers, that is,

Fr= 4oz 4oz 240 427",
we can understand it as just an ordinary power series in the reciprocal
variable w = 1/z. There will be a circle of convergence in the w-plane, of
radius 1/B, say, and that part of the series will converge for values of w
whose modulus is smaller than 1/B. (We are really talking about the
Riemann sphere here, as described in Chapter 8—see Fig. 8.7, with the
z-coordinate referring to one hemisphere and the w-coordinate referring to
the other. See Fig. 9.5b. We shall explore the Riemann sphere aspect of
this in the next section.) For values of z whose moduli are greater than B,
therefore, the negative-power part of the series will converge. Provided
that B < A, these two convergence regions will overlap, and we get the
annulus of convergence for the entire Laurent series. Note that the whole
Fourier or Laurent series for the function f(y) = F (eil ) = F(z) is given by

FGz)y=F"+ay+F,

where the additional constant term oy must be included.

In the present situation, we ask for convergence on the unit circle, since
this is where we can have z = e for real values of y, and the question of
the convergence of our Fourier series for f(y) is precisely the question
of the convergence of the Laurent series for F(z) when z lies on the unit
circle. Thus, we seem to need B < 1 < A4, ensuring that the unit circle
indeed lies within the annulus of convergence. Does this mean that, for
convergence of the Fourier series, we necessarily require the unit circle to
lie within the annulus of convergence?

This would indeed be the case if f(y) is analytic (i.e. C®); for then the
function f(y) can be extended to a function F(z) that is holomorphic
throughout some open region that includes the unit circle.* But, if f(y) is
not analytic, an interesting question arises. In this case, either the annulus of
convergence shrinks down to become the unit circle itself—which, strictly
speaking, is not allowed for a genuine annulus of convergence, because the
annulus of convergence ought to be an open region, which the unit circle is
not—or else the unit circle becomes the outer or inner boundary of the
annulus of convergence. These questions will be important for us in §§9.6,7.

For the moment, let us not worry about what happens when f(y) in not
analytic, and consider the simpler situation that arises when f(y) is ana-
lytic. Then we have the unit circle in the z-plane strictly contained within a
genuine annulus of convergence for F(z), this being bounded by circles
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(centred at the origin) of radii 4 and B, with B <1 < A. The part of
the Laurent series with positive powers, F~, converges for points in the
z-plane whose moduli are smaller than 4 and the part with negative
powers, F, converges for points in the z-plane whose moduli are greater
than B, so both converge within the annulusitself (and, in a very trivial sense,
the constant term oy obviously ‘converges’ for all z). This provides us with a
‘splitting’ of the function F(z) into two parts, one holomorphic inside the
outer circle and the other holomorphic outside the inner circle, these being
defined, respectively, by the series expressions for F~ and F+.

There is a (mild) ambiguity about whether the constant term ay is to be
included with F~ or with F* in this splitting. In fact, it is better just to live
with this ambiguity. For there is a symmetry between F~ and F*, which is
made clearer if we adopt the Riemann sphere picture that was alluded to
above (see Fig. 9.5b). This gives us a more complete picture of the
situation, so let us explore this next.

9.3 Frequency splitting on the Riemann sphere

The coordinates z and w (= 1/z) give us two patches covering the Riemann
sphere. The unit circle becomes the equator of the sphere and the annulus is
now just a ‘collar’ of the equator. We think of our splitting of F(z) as
expressing it as a sum of two parts, one of which extends holomorphically
into the southern hemisphere—called the positive-frequency part of F(z)—as
defined by F*(z), together with whatever portion of the constant term we
choose to include, and the other, extending holomorphically into the north-
ern hemisphere—called the negative-frequency part of F(z)—as defined by
F~(z) and the remaining portion of the constant term. If we ignore the
constant term, this splitting is uniquely determined by this holomorphicity
requirement for the extension into one or other of the two hemispheres.!°-3!

It will be handy, from time to time, to refer to the ‘inside’ and the
‘outside’ of a circle (or other closed loop) drawn on the Riemann sphere by
appealing to an orientation that is to be assigned to the circle. The standard
orientation of the unit circle in the z-plane is given in terms of the direction
of increase of the standard 6-coordinate, i.e. anticlockwise. If we reverse
this orientation (e.g. replacing 6 by —6), then we interchange positive with
negative frequency. Our convention for a general closed loop is to be
consistent with this. The orientation is anticlockwise if the ‘clock face’ is
on the inside of the loop, so to speak, whereas it would be clockwise if the
‘clock face” were to be placed on the outside of the loop. This serves to
define the ‘inside’ and ‘outside’ of an oriented closed loop. Figure 9.6
should clarify the issue.

[9.3] Can you see why?
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.'_.'Outside
Fig. 9.6 An orientation assigned to a closed loop
on the Riemann sphere defines its ‘inside’ and
‘outside’ as indicated: this orientation is anti-

clockwise for a ‘clock face’ inside the loop (and
clockwise if outside).

This splitting of a function into its positive- and negative-frequency
parts is a crucial ingredient of quantum theory, and most particularly of
quantum field theory, as we shall be seeing in §24.3 and §§26.2-4. The
particular formulation that I have given here is not quite the most usual
way that this splitting is expressed, but it has some considerable advan-
tages in a number of different contexts (particularly in twistor theory, for
example; see §33.10). The usual formulation is not so concerned with
holomorphic extensions as with the Fourier expansion directly. The posi-
tive-frequency components are those given by multiples of e "4, where 7 is
positive, as opposed to those given by multiples of ", which are negative-
frequency components. A positive-frequency function is one composed
entirely of positive-frequency components.

However, this description does not reveal the full generality of what is
involved in this splitting. There are many holomorphic mappings of the
Riemann sphere to itself which send each hemisphere to itself, but which
do not preserve the north or south poles (i.e. the points z=0 or
z = 00).°4 These preserve the positive/negative-frequency splitting but
do not preserve the individual Fourier components e " or . Thus,
the issue of the splitting into positive and negative frequencies (crucial to
quantum theory) is a more general notion than the picking out of individ-
ual Fourier components.

In normal discussions of quantum mechanics, the positive/negative-
frequency splitting refers to functions of time ¢, and we do not usually
think of time as going round in a circle. But we can use a simple trans-
formation to obtain the full range of ¢, from the ‘past limit’ # = —oco to the
‘future limit’ # = oo, from a y that goes once around the circle—here I take
x to range between the limits y = —n and y = m (so z = e ranges round
the unit circle in the complex plane, in an anticlockwise direction, from the
point z = —1 and back to z = —1 again; see Fig. 9.7). Such a transform-
ation is given by

£3 [9.4] Which are these mappings, explicitly?
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t=-1

Fig. 9.7 In quantum mechanics, positive/negative-frequency splitting refers to
functions of time ¢, not assumed periodic. The splitting of Fig. 9.5 can still be
applied, for the full range of ¢ (from —oo to = +00) if we use the transformation of

relating ¢ to z(= '), where we go around unit circle, anticlockwise, from z = —1
and back to z = —1 again, so y goes from —x to 7.
=t !
=tan—-y.
3 X

The graph of this relationship is given in Fig. 9.8 and a simple geometrical
description is provided in Fig. 9.9.

An advantage of this particular transformation is that it extends holo-
morphically to the entire Riemann sphere, this being a transformation that
we already considered in §8.3 (see Fig. 8.8), which takes the unit circle
(z-plane) into the real line (z-plane):°-]

z—1 —t+1i

t—f, zZ = —.
1z +1 r+1

The interior of the unit circle in the z-plane corresponds to the upper half-
t-plane and the exterior of the z-unit circle corresponds to the lower half-
t-plane. Hence, positive-frequency functions of ¢ are those that extend
holomorphically into the lower half-plane of ¢ and negative-frequency
ones, into the upper half-plane. (There is, however, a significant additional

4

X=T

Fig. 9.8 Graph of
t = tany/2.

X=—Tn

£3[9.5] Show that this gives the same ¢ as above.
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Y

Fig. 9.9 Geometry of
t =tanj

technicality that we have to be careful about how we deal with the point
‘00’ of the r-plane; but this is handled appropriately if we always think in
terms of the Riemann sphere, rather than simply the complex ¢-plane.)

In standard presentations, however, the notion of ‘positive frequency’ in
terms of a time-coordinate ¢, is not usually stated in the particular way that
I have just presented it here, but rather in terms of what is called the
Fourier transform of f(y). The answer is actually the same? as the one that I
have given, but since Fourier transforms are of crucial significance for
quantum mechanics in any case (and also in many other areas), it will be
important to explain here what this transform actually is.

9.4 The Fourier transform

Basically, a Fourier transform is the limiting case of a Fourier series when
the period / of our periodic function f(y) is taken to get larger and larger
until it becomes infinite. In this infinite limit, there is no restriction of
periodicity on f(y) at all: it is just an ordinary function.® This has consider-
able advantages when we are studying wave propagation and the potential
for sending of ‘unexpected’ signals. For then we do not want to insist that
the form of the signal be periodic. The Fourier transform allows us to
consider such ‘one-off” signals, while still analysing them in terms of
periodic ‘pure tones’. It achieves this, in effect, by considering our function
f(x) to have period [/ — oo. As the period / gets larger, the pure-tone
harmonics, having period //n for some positive integer n, will get closer
and closer to any positive real number we choose. (Recall that any real
number can be approximated arbitrarily closely by rationals, for example.)
What this tells us is that any pure tone of any frequency whatever is now
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allowed as a Fourier component. Rather than having f(y) expressed as
a discrete sum of Fourier components, we now have f(y) expressed
as a continuous sum over all frequencies, which means that f(y) is now
expressed as an integral (see §6.6) with respect to the frequency.

Let us see, in outline, how this works. First, recall our ‘tidiest’ expres-
sion for the Fourier decomposition of a periodic function f(y), of period /,
as given above:

F(z)= Z .z, where z=¢'"*

(the angular frequency o being given by @ = 2n//). Let us take the period to
be initially 27, so @ = 1. Now we are going to try to increase the period by
some large integer factor N (whence / = 2nN), so the frequency is reduced
by the same factor (i.e. = N~!). The oscillatory wave that used to be the
fundamental pure tone now becomes the Nth harmonic with respect to this
new lower frequency. A pure tone that used to be an nth harmonic would
now be an (nN)th harmonic. When we take the limit as N approaches
infinity, it becomes inappropriate to try to keep track of a particular
oscillatory component by labelling it by its ‘harmonic number’ (i.e. by the
number #), because this number keeps changing. That is to say, it is inappro-
priate to label this oscillatory component by the integer r in the above sum
because a fixed value of r labels a particular harmonic (r = +n for the nth
harmonic), rather than keeping track of a particular tone frequency. In-
stead, it is /N that keeps track of this frequency, and we need a new variable
to label this. Bearing in mind the important use that Fourier transforms are
due to be put to in later chapters (see §21.11 particularly), I shall call this
variable ‘p’ which, in the limit when N tends to infinity, stands for the
momentum’ of some quantum-mechanical particle whose position is meas-
ured by y. In this limit, one may also revert to the conventional use of x in
place of y, if desired, as we shall find that y actually does become the real part
of z in the limit in the following descriptions.
For finite N, I write

=
In the limit as N — oo, the parameter p becomes a continuous variable
and, since the ‘coefficients o;,” in our sum will then depend on the continu-
ous real-valued parameter p rather that on the discrete integer-valued
parameter r, it is better to write the dependence of the coefficients «, on r
by using the standard type of functional notation, say g(p), rather than just
using a suffix (e.g. g,), as in «,. Effectively, we shall make the replacement

o+ g(p)
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in our summation ) «,z", but we must bear in mind that, as N gets larger,
the number of actual terms lying within some small range of p-values gets
larger (basically in proportion to N, because we are considering fractions
n/N that lie in that range). Accordingly, the quantity g(p) is really a
measure of density, and it must be accompanied by the differential quan-
tity dp in the limit as the summation ) becomes an integral [. Finally,
consider the term z”" in our sum Y _ o,z". We have z = e% with o = N !;
so z = e/N_ Thus z" = e//N = ¢l?7; 5o putting these things together, in the
limit as N — oo, we get the expression

Zoc,z’ — J

to represent our function f(y). In fact it is usual to include a scaling factor
of (2m)~'/? with the integral, for then there is the remarkable symmetry that
the inverserelation, expressing g(p) in terms of /() has exactly the same form
(apart from a minus sign) as that which expresses f(y) in terms of g(p):

00

g(p)edp

=0 eerdp. s =02 fe iy

The functions f(y) and g(p) are called Fourier transforms of one another.[°-6]

9.5 Frequency splitting from the Fourier transform

A (complex) function f(y), defined on the entire real line, is said to be of
positive frequency if its Fourier transform g(p) iszero forall p = 0. Thus, £ ()
is composed only of components of the form e with p < 0. (Euler might
well have worried—see §6.1—about such a g(p), which seems to be a blatant
‘gluing job’ between a non-zero function for p < 0 and simply zero forp > 0.
Yet this seems to be representing a perfectly respectable ‘holomorphic’
property of £(). Another way of expressing this ‘positive-frequency’ condi-
tion is in terms of the holomorphic extendability of f(y), as we did before for
Fourier series. Now we think of the variable y as labelling the points on the
real axis (so we can take y = x on this axis), where on the Riemann sphere
this ‘real axis’ (including the point ‘y = o0’) is now the real circle (see Fig.
8.9¢). This circle divides the sphere into two hemispheres, the ‘outside’ one
being that which is the lower half-plane in the standard picture of the
complex plane. The condition that f(y) be of positive frequency is now
that it extend holomorphically into this outside hemisphere.

There is one issue that requires some care, however, when we compare
these two definitions of ‘positive frequency’. This relates to the question of

5 [9.6] Show (in outline) how to obtain the expression for g(p) in terms of f(y) using a limiting
form of the contour integral expression o, = (2mi)~" ¢ 27" F(z)dz of Exercise [9.2].
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how we treat the point z = oo, since the function f(y) will in general have
some kind of singularity there. In fact, provided that we adopt the ‘hyper-
functional’ point of view that I shall be describing shortly (in §9.7), this
singularity at z = co presents us with no essential difficulty. With the
appropriate point of view with regard to ‘f(co)’, it turns out that the two
definitions of positive frequency that I gave in the previous paragraph are
in basic agreement with each other.®

For the interested reader, it may be helpful to examine, in terms of the
Riemann sphere, some of the geometry that is involved in our limit of §9.4,
taking us from Fourier series to Fourier transform. Let us return to the
z-plane description that we had been considering earlier, for a function f'(y)
of period 2n, where y measures the arc length around a unit-radius circle.
Suppose that we wish to change the period to values larger than 2m, in
successively increasing steps, while retaining the interpretation of y as a
distance around a circle. We can achieve this by considering a sequence of
larger and larger circles, but in order for the limiting procedure to make
geometric sense we shall suppose that the circles are all touching each other
at the starting point y = 0 (see Fig. 9.10a). For simplicity in what follows,
let us choose this point to be the origin z = 0 (rather than z = 1), with
all the circles lying in the lower half-plane. This makes our initial circle,

Y

L3 74 S

/ X N 4

/ / ‘\\ \\
Displaced

unit circle

Displaced
unit circle

() (b)

Fig. 9.10 Positive-frequency condition, as / — oo, where / is the period of f(y).
(a) Start with / = 2n, with f defined on the unit circle displaced to have its centre
at z = —i. For increasing /, the circle has radius / and centre at C = —i//2n. In
each case y measures arc length clockwise. Positive frequency is expressed as f being
holomorphically extendible to the interior of the circle, and in the limit / = oo, to
the lower half-plane. (b) The same, on the Riemann sphere. For finite /, the
Fourier series is obtained from a Laurent series about z = —i//2m, but on the
sphere, this point is not the circle’s centre, becoming the point co (lying on it) in
the limit / = oo, where the Fourier series becomes the Fourier transform.
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for period /= 2m, the unit circle centred at z = —i, rather than at the
origin. For a period / > 2x, the circle is centred at the point C = —i//2n
in the complex plane, and, in the limit as / — oo, we get the real axis
itself (so y = x), the circle’s ‘centre’ having moved off to infinity along
the negative imaginary axis. In each case, we now take y to measure
arc length clockwise around the circle (or, in the limiting case, just
positive distance along the real axis), with y = 0 at the origin. Since our
circles now have a non-standard (i.e. clockwise) orientation, their ‘out-
sides’ are their interiors (see §9.3, Fig. 9.6), so our positive frequency
condition refers to this interior. We now have the relation between y and
z expressed asl®7]

— (el _

z= o (e l).
For finite /, we can express f(y) as a Fourier series by referring to a
Laurent series about the point C = —i//2n. We get the Fourier transform
by taking the limit / — oo. For finite /, we obtain the condition of positive
frequency as the holomorphic extendability of f(y) into the interior of
the relevant circle; in the limit / — oo, this becomes holomorphic extend-
ability into the lower half-plane, in accordance with what has been stated
above.

What happens to the Laurent series in the limit / — co? We shall need
tolook at the Riemann sphere to understand what happens in this limit. For
each finite value of /, the point C( = i//2m) is the centre of the y-circle, but,
on the Riemann sphere, the point C need be nothing like the centre
of the circle. As / increases, C moves out along the circle on the Riemann
sphere which represents the imaginary axis (see Fig. 9.10b), and the
point C( = —il/2m) looks less and less like the centre of the circle. Finally,
when the limit / = oo is reached, C becomes the point z = oo on the Rie-
mann sphere. But when C = oo, we find that it actually lies on the circle
which it is supposed to be the centre of! (This circle is, of course, now the
real axis.) Thus, there is something peculiar (or ‘singular’) about the
taking of a power series about this point—which is to be expected, of
course, because we do not get a sum of individual terms any more, but a
continuous integral.

9.6 What kind of function is appropriate?

Let us now return to the question posed at the beginning of this chapter,
concerning the type of ‘function’ that is appropriate to use. We can raise

E3 [9.7] Derive this expression.
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the following issue: what kind of functions can we represent as Fourier
transforms? It would seem to be inappropriate to restrict attention only to
analytic (i.e to C®—) functions because, as we saw above, the Fourier
transform g(p) of a positive-frequency function f(3)—which can certainly
be analytic—is a distinctly non-analytic ‘gluing job’ of a non-zero function
to the zero function. The relation between a function and its Fourier
transform is symmetrical, so it seems unreasonable to adopt such different
standards for each. As a further point, it was noted above that the behav-
iour of f(y) at the point y = oo is relevant to the issue of its positive/
negative-frequency splitting, but only in very special circumstances would
f(x) actually be analytic (C®) at oo (since this would require a precise
matching between the behaviour of f(y) as y — 400 and as y — —o0). In
addition to all this, there is our initial physical motivation, referred to
earlier, for studying Fourier transforms, namely that they allow us to treat
signals which can transmit ‘unexpected’ (non-analytic) messages. Thus, we
must return to the question which confronted us at the beginning of this
chapter: what kind of function should we accept as being an ‘honest’
function?

We recall that, on the one hand, Euler and his contemporaries might
indeed have probably settled for a holomorphic (or analytic) function as
being the kind of thing that they had in mind for a respectable ‘function’;
yet, on the other hand, such functions seem unreasonably restrictive for
many kinds of mathematical and physical problem, including those con-
cerned with wave propagation, so a more general notion is needed. Is
one of these points of view more ‘correct’ than the other? There is prob-
ably a strong prevailing opinion that supporters of the first viewpoint
are ‘old-fashioned’, and that modern concepts lean heavily towards
the second, so that holomorphic or analytic functions are just very special
cases of the general notion of a ‘function’. But is this necessarily the
‘right’ attitude to take? Let us try to put ourselves into an 18th-century
frame of mind.

Enter Joseph Fourier early in the 19th century. Those who belonged to the
‘analytic’ (‘Eulerian’) school of thought would have received a nasty shock
when Fourier showed that certain periodic functions, such as the square
wave or saw tooth depicted in Fig. 9.11, have perfectly reasonable-looking
Fourier representations! Fourier encountered a great deal of opposition
from the mathematical establishment at the time. Many were reluctant to
accept his conclusions. How could there be a ‘formula’ for the square-wave
function, for example? Yet, as Fourier showed, the series

s(x) =siny +1sin3y + sin5y +Lsin 7y + - -

actually sums to a square wave, taking this wave to oscillate between the

constant values in and — %n in the half-period = (see Fig. 9.12).
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(a) A
/ Ly

/ —
(b)

Fig. 9.11 Discontinuous periodic functions (with perfectly reasonable-looking
Fourier representations): (a) Square wave (b) Saw tooth.

N

zM My

Fig. 9.12 Partial sums of the Fourier series s(y) = siny +%sin 3y +%sin Sy+
%sin Ty + %sin 9y + - -+, converging to a square wave (like that of Fig. 9.11a).

Let us consider the Laurent-series description for this, as given above.
We have the rather elegant-looking expressionl®-8]

2is(y) = ---—%z*S —%273 —z! +z+%z3+é25+~--,

where z = €. In fact this is an example where the annulus of convergence
shrinks down to the unit circle—with no actual open region left. However,
we can still make sense of things in terms of holomorphic functions if we
split the Laurent series into two halves, one with the positive powers,
giving an ordinary power series in z, and one with the negative powers,
giving a power series in z~'. In fact, these are well-known series, and can
be summed explicitly:P-*1

4 [9.8] Show this.

£9[9.9] Do this, by taking advantage of a power series expansion for log z taken about z = 1,
given towards the end of §7.4.
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1
S:Z+%Z3+%25+,,,:%10g<1+2)
z
and
14z7!
-5 -3 -1 __
St—.. 513 :—%10g<1_2_1),

giving 2is(y) = S~ + S*. A little rearrangement of these expressions leads
to the conclusion that S~ and —S* differ only by +1im, telling us that
s(z) = £1m.919 But we need to look a little more closely to see why we
actually get a square wave oscillating between these alternative values.

It is a little easier to appreciate what is going on if we apply the
transformation 7 = (z — 1)/(iz + i), given in §8.3, which takes the interior
of the unit circle in the z-plane to the upper half-z-plane (as illustrated in
Fig. 8.10). In terms of ¢, the quantity S~ now refers to this upper half-
plane and St to the lower half-plane, and we find (with possible 2ri
ambiguities in the logarithms)

S*:—%logt—i—%logi, S+:%10gt+%10gi.

Following the logarithms continuously from the respective starting points
=1 (where S~ =0) and = —i (where ST =0), we find that along
the positive real 7-axis we have S~ + ST = + %in, whereas along the nega-
tive real 7-axis we have $~ + ST = —1in.*!ll From this we deduce that
along the top half of the unit circle in the z-plane we have s(y) = —1—575,
whereas along the bottom half we have s(y) = — %n. This shows that the
Fourier series indeed sums to the square wave, just as Fourier had asserted.

What is the moral to be drawn from this example? We have seen that a
particular (periodic) function that is not even continuous, let alone differ-
entiable (in this case being a C~!-function), can be represented as a
perfectly sensible-looking Fourier series. Equivalently, when we think of
the function as being defined on the unit circle, it can be represented as a
reasonable-appearing Laurent series, although it is one for which the
annulus of convergence has, in effect, shrunk down to the unit circle itself.
The positive and the negative half of this Laurent series each sums to a
perfectly good holomorphic function on half of the Riemann sphere. One
1s defined on one side of the unit circle, and the other is defined on
the other side. We can think of the ‘sum’ of these two functions as
giving the required square wave on the unit circle itself. It is because
of the existence of branch singularities at the two points z =+1 on

€3 [9.10] Show this (assuming that |s(y)| < 37/2).
[9.11] Show this.

171



§9.7 CHAPTER 9

the unit circle that the sum can ‘jump’ from one side to the other, giving the
square wave that arises in this sum. These branch singularities also prevent
the power series on the two sides from converging beyond the unit circle.

9.7 Hyperfunctions

This example is only a very special case, but it illustrates what we must
do in general. Let us ask what is the most general type of function that
can be defined on the unit circle (on the Riemann sphere) and represented
as a ‘sum’ of some holomorphic function F* on the open region lying
to one side of the circle and of another holomorphic function F~ on the
open region lying to the other side, just as in the example that we
have been considering. We shall find that the answer to this question
leads us directly to an exotic but important notion referred to as a
‘hyperfunction’.

In fact, it turns out to be more illuminating to think of f as being the
‘difference’ between F~ and — F*. One reason for this is that, in the most
general cases, there may be no analytic extension of either F~ or F™ to the
actual unit circle, so it is not clear what such a ‘sum’ could mean on the
circle itself. However, we can think of the difference between
F~ and — F* as representing the jump’ between these two functions as
their regions of definition come together at the unit circle.

This idea of a ‘jump’ between a holomorphic function on one side of a
curve in the complex plane and another holomorphic function on the
other—where neither holomorphic function need extend holomorphically
over the curve itself—actually provides us with a new concept of a ‘func-
tion’ defined on the curve. This is, in effect, the definition of a hyperfunc-
tion on an (analytic) curve. It is a wonderful notion put forward by the
Japanese mathematician Mikio Sato in 1958,” although, as we shall shortly
be seeing, Sato’s actual definition is considerably more elegant than just
this. 10

We do not need to think of a closed curve, like the entire unit circle, for
the definition of a hyperfunction, but we can consider some part of a
curve. Indeed, it is more usual to consider hyperfunctions as defined on
some segment ) of the real line. We shall take y to be the segment of the
real line between a and b, where a and b are real numbers with a < b. A
hyperfunction defined on y is then the jump across y, starting from a
holomorphic function f'on an open set R ~ (having 7y as its upper bound-
ary) to a holomorphic function g on an open set R * (having y as its lower
boundary) see Fig. 9.13.

Simply to refer to a jump’ in this way does not give us much idea of
what to do with such a thing (and it is not yet very mathematically
precise). Sato’s elegant resolution of these issues is to proceed in a rather
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Complex,/”
/
plane /

1
1

Fig. 9.13 A hyperfunction on a segment 7y of the real axis expresses the ‘jump’
from a holomorphic function on one side of y to one on the other.

formally algebraic way, which is actually extrordinarily simple. We merely
represent this jump as the pair (f, g) of these holomorphic functions, but
where we say that such a pair (f, g) is equivalent to another such pair
(fo, go) if the latter is obtained from the former by adding to both fand g
the same holomorphic function A, where / is defined on the combined
(open) region R, which consists of R ~ and R * joined together along
the curve segment y; see Fig. 9.14. We can say

Fig. 9.14 A hyperfunction, on a segment y of the real axis, is provided by a pair
of holomorphic functions (f, g), with f defined on some open region R ~,
extending downwards from y and g on an open region R *, extending upwards
from 7. The actual hyperfunction 4, on v, is ( f, g) modulo quantities ( f+ h, g + h),
where £ is holomorphic on the union R of R ~,y,and R .
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(f,g) isequivalentto (f+h, g+ h),

where the holomorphic functions f and g are defined on R~ and R,
respectively, and where £ is an arbitrary holomorphic function on the
combined region R. Either of the above displayed expressions can be
used to represent the same hyperfunction. The hyperfunction itself would
be mathematically referred to as the equivalence class of such pairs, ‘re-
duced modulo’!! the holomorphic functions / defined on R. The reader
may recall the notion of ‘equivalence class’ referred to in the Preface, in
connection with the definition of a fraction. This is the same general idea—
and no less confusing. The essential point here is that adding /4 does not
affect the ‘jump’ between fand g, but s can change fand g in ways that are
irrelevant to this jump. (For example, / can change how these functions
happen to continue away from y into the open regions R ~ and R *.)
Thus, the jump itself is neatly represented as this equivalence class.

The reader may be genuinely disturbed that this slick definition seems to
depend crucially on our arbitrary choices of open regions R ~ and R,
restricted merely by their being joined along their common boundary
line y. Remarkably, however, the definition of a hyperfunction does not
depend on this choice. According to an astonishing theorem, known as the
excision theorem, this notion of hyperfunction is actually quite independ-
ent of the particular choices of R ~ and R *; see top three examples of
Fig. 9.15.

: @

14
(b)
Fig. 9.15 The excision theorem tells us that the notion of a hyperfunction is
independent of the choice of open region R, so long as R contains the given
curve 7. (a) The region R — 7y may consist of two separate pieces (so we get two
distinct holomorphic functions f and g, as in Fig. 9.14) or (b) the region R — 7%

may be a single connected piece, in which case f'and g are simply two parts of the
same holomorphic function.
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In fact, the excision theorem gives us more than even this. We do not
require that our open region R be divided into two (namely into
R~ and R ™) by the removal of 7. All we need is that the open region
R, in the complex plane, must contain the open!? segment y. It may be
that R —y (i.e. what is left of R when 7y is removed from it!3) consists
of two separate pieces, just as we have been considering up to this
point, but more generally the removal of y from R may leave us with
a single connected region, as illustrated in the bottom three examples
of Fig. 9.15. In these cases, we must also remove any internal end-point
a or b, of y, so that we are left with an open set, which I refer toas R — 7.
In this more general case, our hyperfunctions are defined as ‘holo-
morphic functions on R, reduced modulo holomorphic functions
on R —7%. It is quite remarkable that this very liberal choice
of R makes no difference to the class of ‘hyperfunctions’ that is thereby
defined.1?1 The case when a and b both lie within R is useful for integrals
of hyperfunctions, since then a closed contour in R — % can be used.

All this applies also to our previous case of a circle on the Riemann
sphere. Here, there is some advantage in taking R to be the entire Riemann
sphere, because then the functions that we have to ‘mod out by’ are the
holomorphic functions that are global on the entire Riemann sphere, and
there is a theorem which tells us that these functions are just constants.
(These are actually the ‘constants’ oy that we chose not to worry about
in §9.2.) Thus, modulo constants, a hyperfunction defined on a circle on
the Riemann sphere is specified simply by one holomorphic function on
the entire region on one side of the circle and another function on the
other side. This gives the splitting of an arbitrary hyperfunction on
the circle uniquely (modulo constants) into its positive- and negative-fre-
quency parts.

Let us end by considering some basic properties of hyperfunctions. I
shall use the notation ([ 1, gI) to denote the hyperfunction specified by the
pair f and g defined holomorphically on R~ and R *, respectively
(where I am reverting to the case where y divides R into R~ and R *.
Thus, if we have two different representations (f, g) and ( /o, g) of the
same hyperfunction, that is, ([ f, g]) = (I fo, gol), then f—fy and g — go
are both the same holomorphic function % defined on R, but restricted
to R ~ and R T respectively. It is then straightforward to express the sum
of two hyperfunctions, the derivative of a hyperfunction, and the product
of a hyperfunction with an analytic function ¢ defined on y:

(€ [9.12] Why does ‘holomorphic functions on R, reduced modulo holomorphic functions on
R — ¥ become the definition of a hyperfunction that we had previously, when R — 7 splits into
R~ and R*?
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(/s g+ (fi. &)= (f+/i. g+ 1),

()

q(f> g)== (4. qg)

where, in the last expression, the analytic function ¢ is extended holomor-
phically into a neighbourhood'* of 7.131 We can represent ¢ itself as a
hyperfunction by ¢ = (¢, 0) = (0, — g), but there is no general product
defined between two hyperfunctions. The lack of a product is not the fault
of the hyperfunction approach to generalized functions. It is there with all
approaches.!> The fact that the Dirac delta function (referred to in §6.6;
also see below) cannot be squared, for example, causes many quantum
field theorists no end of trouble.

Some simple examples of hyperfunctional representations, in the case
when y = IR, and R~ and R * are the upper and lower open complex
half-planes, are the Heaviside step funtion 6(x) and the Dirac (-Heaviside)
delta function 8(x)( = df(x)/dx) (see §§6.1,6):

1 1
0(x) = (Iﬁlogz, Elogz— 1]),

1 1
009 = ([F 2z ])
where we take the branch of the logarithm for which log 1 = 0. The integral
of the hyperfunction ([ f, g]) over the entire real line can be expressed as the
integral of falong a contour just below the real line minus the integral of g
along a contour just above the real line (assuming these converge), both
from left to right.”-!4l Note that the hyperfunction can be non-trivial even
when f'and g are analytic continuations of the same function.

How general are hyperfunctions? They certainly include all analytic
functions. They also include discontinuous functions like 6(x) and the
square wave (as our discussions above show), or other C~!-functions
obtained by adding such things together. In fact all C~'-functions are
examples of hyperfunctions. Moreover, since we can differentiate a hyper-
function to obtain another hyperfunction, and any C~2-function can be
obtained as the derivative of some C~!-function, it follows that all C~>-
functions are also hyperfunctions. We have seen that this includes the

E35[9.13] There is a small subtlety here. Sort it out. Hint: Think carefully about the domains of
definition.

£ [9.14] Check the standard property of the delta function that [ ¢(x)3(x)dx = ¢(0), in the case
when ¢(x) is analytic.
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Dirac delta function. We can differentiate again, and then again. Indeed,
any C™"-function is a hyperfunction for any integer n whatever. What
about the C™*°-functions, referred to as distributions (see §6.6). Yes, these
also are all hyperfunctions.

The normal definition of a distribution!® is as an element of what is
called the dual space of the C*°-smooth functions. The concept of a ‘dual
space’ will be discussed in §12.3 (and §13.6). In fact, the dual (in an
appropriate sense) of the space of C"-functions is the space of C~>7"-
functions for any integer n, and this applies also to n = oo, if we write
—2—o00=-00 and —2+ 0o =o00. Accordingly, the C *-functions
are indeed dual to the C™-functions. What about the dual (C™®) of
the C®-functions? Indeed; with the appropriate definition of ‘dual’, these
C™“-functions are precisely the hyperfunctions!

We have come full circle. In trying to generalize the notion of ‘function’ as
faras we can away from the apparently very restrictive notion of an ‘analytic’
or ‘holomorphic’ function—the type of function that would have made
Euler happy—we have come round to the extremely general and flexible
notion of a hyperfunction. But hyperfunctions are themselves defined, in a
basically very simple way, in terms of the these very same ‘Eulerian’ holo-
morphic functions that we thought we had reluctantly abandoned. In my
view, thisis one of the supreme magical achievements of complex numbers.!®
If only Euler had been alive to appreciate this wondrous fact!

Notes

Section 9.1

9.1. T am using the greek letter y (‘chi’) here, rather than an ordinary x, which might
have seemed more natural, only because we need to distinguish this variable
from the real part x of the complex number z, which will play an important part
in what follows.

9.2. There is no requirement that f(y) be real for real values of y, that is, for the a,.,b,,
and ¢ to be real numbers. It is perfectly legitimate to have complex functions of
real variables. The condition that f(y) be real is that «_, be the complex
conjugate of o,,. Complex conjugates will be discussed in §10.1.

Section 9.2

9.3. The odd-looking notational anomaly of using ‘F~’ for the part of the series with
positive powers and ‘F*’ for the part with negative powers springs ultimately
from a perhaps unfortunate sign convention that has become almost universal in
the quantum-mechanical literature (see §§21.2,3 and §24.3). I apologize for this,
but there is nothing that I can reasonably do about it!

9.4. Tt is a general principle that, for any C®-function f, defined on a real domain R,
it is possible to ‘complexify’ R to a slightly extended complex domain CR,
called a ‘complex thickening’ of R, containing R in its interior, such that f
extends uniquely to a holomorphic function defined on CR .
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9.5. See e.g. Bailey et al. (1982).

Section 9.4

9.6. On the other hand, it is usual to impose some requirement that f(y) behaves
‘reasonably’ as y tends to positive or negative infinity. This will not be of
particular concern for us here and, in any case, with the approach that I am
adopting, the normal requirements would be unnecessarily restrictive.

9.7. In quantum mechanics, there is also a constant quantity % introduced to fix the
scaling of p appropriately, in relation to x (see §§21.2,11), but for the moment I
am keeping things simple by taking 7 = 1. In fact, 7 is Dirac’s form of Planck’s
constant (i.e. 1/2mn, where / is Planck’s original ‘quantum of action’). The choice
/=1 can always be made, by defining our basic units in a suitable way. See
§27.10.

Section 9.5
9.8. See Bailey et al. (1982).

Section 9.7
9.9. See Sato (1958, 1959, 1960).

9.10. See also Bremermann (1965), although the term ‘hyperfunction’ is not used
explicitly in this work.

9.11. Another aspect of the notion ‘modulo’ will be discussed in §16.1 (and compare
Note 3.17).

9.12. Here ‘open segment’ simply refers to the fact that the actual end-points a and b
are not included in y, so that ‘containing’ y does not imply the containing of a
and b within R.

9.13. This ‘difference’ between sets R,y is also commonly written R \y.

9.14. The technical definition of ‘neighbourhood of” is ‘open set containing’.

9.15. For the more standard (‘distribution’) approach to the idea of ‘generalized
function’, see Schwartz (1966); Friedlander (1982); Gel’fand and Shilov (1964);
Treves (1967); for an alternative proposal, useful in ‘nonlinear’ contexts, and
which shifts the ‘product existence problem to a non-uniqueness problem—see
Colombeau (1983, 1985) and Grosser et al. (2001).

9.16. There are also important interconnections between hyperfunctions and the
holomorphic sheaf cohomology that will be discussed in §33.9. Such ideas play
important roles in the theory of hyperfunctions on higher-dimensional surfaces,
see Sato (1959, 1960) and Harvey (1966).
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Surfaces

10.1 Complex dimensions and real dimensions

ONE of the most impressive achievements in the mathematics of the past
two centuries is the development of various remarkable techniques that
can handle non-flat spaces of various dimensions. It will be important for
our purposes that I convey something of these ideas to the reader: for
modern physics depends vitally upon them.

Up to this point, we have been considering spaces of only one dimen-
sion. The reader might well be puzzled by this remark, since the complex
plane, the Riemann sphere, and various other Riemann surfaces have
featured strongly in several of the previous chapters. However, in the
context of holomorphic functions, these surfaces are really to be thought
of as being, in essence, of only one dimension, this dimension being a
complex dimension, as was indeed remarked upon in §8.2. The points of
such a space are distinguished from one another (locally) by a single
parameter, albeit a parameter that happens to be a complex number.
Thus, these ‘surfaces’ are really to be thought of as curves, namely complex
curves. Of course, one could split a complex number z into its real and
imaginary parts (x, y), where z = x + iy, and think of x and y as being two
independent real parameters. But the process of dividing a complex
number up in this way is not something that belongs within the realm of
holomorphic operations. So long as we are concerned only with holo-
morphic structures, as we have been up until now when considering our
complex spaces, we must regard a single complex parameter as providing
just a single dimension. This, at least, is the attitude of mind that I
recommend should be adopted.

On the other hand, one may take an opposing position, namely that
holomorphic operations constitute merely particular examples of more
general operations, whereby x and y can, if desired, be split apart to be
considered as separate independent parameters. The appropriate way of
achieving this is via the notion of complex conjugation, which is a non-
holomorphic operation. The complex conjugate of the complex number

179



§10.1 CHAPTER 10

A
z = x+i
//‘ X+iy
-~
//
-~ Real axis 5 .
= > Fig. 10.1 The complex conjugate of
NG z=Xx+1y (x, yreal),isz=x — iy
\\\. _ ] obtained as a reflection of the z-plane
ey in the real axis.

z = x + 1y, where x and y are real numbers, is the complex number z given
by

zZ=x—1y.

In the complex z-plane, the operation of forming the complex conjugate of
a complex number corresponds to a reflection of the plane in the real line
(see Fig. 10.1). Recall from the discussion of §8.2 that holomorphic oper-
ations always preserve the orientation of the complex plane. If we wish to
consider a conformal mapping of (a part of) the complex plane which
reverses the orientation (such as turning the complex plane over on itself),
then we need to include the operation of complex conjugation. But, when
included with the other standard operations (adding, multiplying, taking a
limit), complex conjugation also allows us to generalize our maps so that
they need not be conformal at all. In fact, any map of a portion of the
complex plane to another portion of the complex plane (let us say by a
continuous transformation) can be achieved by bringing the operation of
complex conjugation in with the other operations.

Let me elaborate on this comment. We may consider that holomorphic
functions are those built up from the operations of addition and multipli-
cation, as applied to complex numbers, together with the procedure of
taking a limit (because these operations are sufficient for building up power
series, an infinite sum being a limit of successive partial sums).['1 If we
also incorporate the operation of complex conjugation, then we can
generate general (say continuous) functions of x and y because we can
express x and y individually by

_z+2 _Z—Z
T~ YTy

X

(Any continuous function of x and y can be built up from real numbers by
sums, products, and limits.) I shall tend to use the notation F(z, z), with z
mentioned explicitly, when a non-holomorphic function of z is being
considered. This serves to emphasize the fact that as soon as we move

%3 [10.1] Explain why subtraction and division can be constructed from these.
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outside the holomorphic realm, we must think of our functions as being
defined on a 2-real-dimensional space, rather than on a space of a single
complex dimension. Our function F(z, z) can be considered, equally well,
to be expressed in terms of the real and imaginary parts, x and y, of z, and
we can write this function as f(x, y), say. Then we have f(x, y) = F(z, 2),
although, of course, f’s explicit mathematical expression will in general be
quite different from that of F. For example, if F(z, Z) = z> + 2%, then
f(x,y) =2x> — 2)°. As another example, we might consider F(z, z) = zz;
then f(x, y) = x> + y2, which is the square of the modulus |z| of z, that
is,[10.2]

- 2
zz = |z|".

10.2 Smoothness, partial derivatives

Since, by considering functions of more than one variable, we are now
beginning to venture into higher-dimensional spaces, some remarks are
needed here concerning ‘calculus’ on such spaces. As we shall be seeing
explicitly in the chapter following the next one, spaces—referred to as
manifolds—can be of any dimension n, where n is a positive integer. (An
n-dimensional manifold is often referred to simply as an n-manifold.)
Einstein’s general relativity uses a 4-manifold to describe spacetime, and
many modern theories employ manifolds of higher dimension still. We
shall explore general n-manifolds in Chapter 12, but for simplicity, in the
present chapter, we just consider the situation of a real 2-manifold (or
surface) S. Then local (real) coordinates x and y can be used to label the
different points of & (in some local region of ). In fact, the discussion is
very representative of the general n-dimensional case.

A 2-dimensional surface could, for example, be an ordinary plane or an
ordinary sphere. But the surface is not to be thought of as a ‘complex
plane’ or a ‘Riemann sphere’, because we shall not be concerned with
assigning a structure to it as a complex space (i.e. with the attendant
notion of ‘holomorphic function’ defined on the surface). Its only structure
needs to be that of a smooth manifold. Geometrically, this means that we
do not need to keep track of anything like a local conformal structure, as
we did for our Riemann surfaces in §8.2, but we do need to be able to tell
when a function defined on the space (i.e. a function whose domain is the
space) is to be considered as ‘smooth’.

For an intuitive notion of what a ‘smooth’ manifold is, think of a sphere
as opposed to a cube (where, of course, in each case I am referring to the
surface and not the interior). For an example of a smooth function

¢€3 [10.2] Derive both of these.
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(a) (b) ©

Fig.10.2 Functionsonasphere S, pictured assittingin Euclidean 3-space, where /1
measures the distance above the equatorial plane. (a) The function / itself is smooth
on &S (negative values indicated by broken lines). (b) The modulus |4 (see Fig. 6.2b)
is not smooth along the equator. (c) The square /? is smooth all over S.

on the sphere, we might think of a ‘height function’, say the distance above
the equatorial plane (the sphere being pictured as sitting in ordinary
Euclidean 3-space in the normal way, distances beneath the plane being
counted negatively). See Fig. 10.2a. On the other hand, if our function is
the modulus of this height function (see §6.1 and Fig. 10.2b), so that
distances beneath the equator also count positively, then this function is
not smooth along the equator. Yet, if we consider the square of the height
function, then this function is smooth on the sphere (Fig. 10.2¢c). It is
instructive to note that, in all these cases, the function is smooth at the
north and south poles, despite the ‘singular’ appearance, at the poles, of
the contour lines of constant height. The only instance of non-smoothness
occurs in our second example, at the equator.

In order to understand what this means a little more precisely, let us
introduce a system of coordinates on our surface S. These coordinates
need apply only locally, and we can imagine ‘gluing’ S together out of
local pieces—coordinate patches—in a similar manner to our procedure for
Riemann surfaces in §8.1. (For the sphere, for example, we do need more
than one patch.) Within one patch, smooth coordinates label the different
points; see Fig. 10.3. Our coordinates are to take real-number values, and
let us call them x and y (without any suggestion intended that they ought
to be combined together in the form of a complex number). Suppose, now,

Fig. 10.3 Within one local patch,
smooth (real-number) coordinates
(x, y) label the points.
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that we have some smooth function ¢ defined on S. In the modern
mathematical terminology, @ is a smooth map from &S to the space of
real numbers IR (or complex numbers C, in case @ is to be a complex-
valued function on &) because @ assigns to each point of S a real (or
complex) number—i.e. ® maps S to the real (or complex) numbers. Such a
function is sometimes called a scalar field on S. On a particular coordin-
ate patch, the quantity @ can be represented as a function of the two
coordinates, let us say

D =f(x, ),

where the smoothness of the quantity @ is expressed as the differentiability
of the function f(x, ).

I have not yet explained what ‘differentiability’ is to mean for a function
of more than one variable. Although intuitively clear, the precise definition
is a little too technical for me to go into thoroughly here.! Some clarifying
comments are nevertheless appropriate.

First of all, for f be differentiable, as a function of the pair of variables
(x, y), it is certainly necessary that if we consider f{x, y) in its capacity as a
function of only the one variable x, where y is held to some constant value,
then this function must be smooth (at least C'), as a function of x, in the
sense of functions of a single variable (see §6.3); moreover, if we consider
f(x, y) as a function of just the one variable y, where it is x that is now to be
held constant, then it must be smooth (C') as a function of y. However,
this is far from sufficient. There are many functions f{x,y) which are
separately smooth in x and in y, but for which would be quite unreason-
able to call smooth in the pair (x, y).['31 A sufficient additional require-
ment for smoothness is that the derivatives with respect to x and y
separately are each continuous functions of the pair (x, y). Similar state-
ments (of particular relevance to §4.3) would hold if we consider functions
of more than two variables. We use the ‘partial derivative’ symbol d to
denote differentiation with respect to one variable, holding the other(s)
fixed. The partial derivatives of f{x, y) with respect to x and with respect
to y, respectively, are written

#5 [10.3] Consider the real function f(x, y) = xy(x2 + yz)fN, in the respective cases N = 2, 1, and
1. Show that in each case the function is differentiable (C®) with respect to x, for any fixed y-value
(and that the same holds with the roles of x and y reversed). Nevertheless, f'is not smooth as a
function of the pair (x, y). Show this in the case N = 2 by demonstrating that the function is not
even bounded in the neighbourhood of the origin (0, 0) (i.e. it takes arbitrarily large values there),
in the case N = | by demonstrating that the function though bounded is not actually continuous
as a function of (x, y), and in the case N = % by showing that though the function is now
continuous, it is not smooth along the line x = y. (Hint: Examine the values of each function
along straight lines through the origin in the (x, y)-plane.) Some readers may find it illuminating to
use a suitable 3-dimensional graph-plotting computer facility, if this is available—but this is by no
means necessary.

183



§10.2 CHAPTER 10

(As an example, we note that if f(x,y)=x>+xy>+)°, then
of /ox = 2x + y? and of /dy = 2xy + 3y°.) If these quantities exist and are
continuous, then we say that @ is a (C!-)smooth function on the surface.

We can also consider higher orders of derivative, denoting the second
partial derivative of f with respect to x and y, respectively, by

0% 02
—f and —f .
ax2 0?2

(Now we need C>-smoothness, of course.) There is also a ‘mixed’ second
derivative 9*f /dx 9y, which means a(9f /dy)/dx, namely the partial deriva-
tive, with respect to x, of the partial derivative of f with respect to y. We
can also take this mixed derivative the other way around to get the
quantity 8>/ /dy dx. In fact, it is a consequence of the (second) differentia-
bility of f that these two quantities are equal:[10-4]

’*f &
ax dy  dy ax’

(The full definition of C?-smoothness, for a function of two variables,
requires this.)l'%3] For higher derivatives (and higher-order smoothness),
we have corresponding quantities:

of ’*f Pf oS

- = = , etc.
ax3 ax20y  9x dy dx 9y dx?

An important reason that I have been careful here to distinguish f from
&, by using different letters (and I may be a good deal less ‘careful’” about
this sort of thing later), is that we may want to consider a quantity &,
defined on the surface, but expressed with respect to various different
coordinate systems. The mathematical expression for the function f(x, y)
may well change from patch to patch, even though the value of the quantity
@ at any specific point of the surface ‘covered’ by those patches does not
change. Most particularly, this can occur when we consider a region of
overlap between different coordinate patches (see Fig. 10.4). If a second
set of coordinates is denoted by (X, Y), then we have a new expression,

£3 [10.4] Prove that the mixed second derivatives 8°f /dydx and 9*f/dxdy are always equal if
f(x, y)is a polynomial. (4 polynomial in x and y is an expression built up from x, y, and constants
by use of addition and multiplication only.)

#5 [10.5] Show that the mixed second derivatives of the function f'= xy(x? — y?)/(x* + )?) are
unequal at the origin. Establish directly the lack of continuity in its second partial derivatives at
the origin.
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Fig. 10.4 To cover the whole of S

we may have to ‘glue’ together several
coordinate patches. A smooth function @
on S would have a coordinate expression
® = f(x, y)ononepatchand ® = F(X, Y)
on another (with respective local
coordinates (x, y), (X, Y)). On an
overlap region f(x, y) = F(X, Y),

where X and Y are smooth functions

of x and y.

?=F(X,7Y),

for the values of @ on the new coordinate patch. On an overlap region
between the two patches, we shall therefore have

F(Xa Y) :f(xa J/),

But, as indicated above, the particular expression that F represents, in
terms of the quantities X and Y, will generally be quite different from the
expression that f represents in terms of x and y. Indeed, X might be some
complicated function of x and y on the overlap region and so might Y, and
these functions would have to be incorporated in the passage from f to
F.[1061 Such functions, representing the coordinates of one system in terms
of the coordinates of the other,

X=X(x,y) and Y=7Y(x,y)
and their inverses

x=x(X,Y) and y=pX,Y)
are called the transition functions that express the cordinate change from
one patch to the other. These transition functions are to be smooth—Ilet
us, for simplicity, say C*°-smooth—and this has the consequence that the

‘smoothness’ notion for the quantity ¢ is independent of the choice of
coordinates that are used in some patch overlap.

10.3 Vector fields and 1-forms

There is a notion of ‘derivative’ of a function that is independent of the
coordinate choice. A standard notation for this, as applied to the function
@ defined on S, is d®, where

(€ [10.6] Find the form of F(X,Y) explicitly when f(x,y) = x> — »*, where X = x —y, ¥ = xy.
Hint: What is x> + xy + »* in terms of X and ¥; what does this have to do with f?
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do = %dx + gdy.
ax ay

Here we begin to run into some of the confusions of the subject, and these
take some while to get accustomed to. In the first place, a quantity such as
‘d®’ or ‘dx’ initially tends to be thought of as an ‘infinitesimally small’
quantity, arising when we apply the limiting procedure that is involved in
the calculus when the derivative ‘dy/dx’ is formulated (see §6.2). In some
of the expressions in §6.5, I also considered things like d(log x) = dx/x. At
that stage, these expressions were considered as being merely formal,? this
last expression being thought of as just a convenient way (‘multiplying
through by dx’) of representing the ‘more correct’ expression
d(logx)/dx = 1/x. When I write ‘d®’ in the displayed formula above,
on the other hand, I mean a certain kind of geometrical entity that is called
a I-form (although this is not the most general type of 1-form; see §10.4
below and §12.6), and this works for things like d(logx) = dx/x, too. A
1-form is not an ‘infinitesimal’; it has a somewhat different kind of inter-
pretation, a type of interpretation that has grown in importance over the
years, and I shall be coming to this in a moment. Remarkably, however,
despite this significant change of interpretation of ‘d’, the formal math-
ematical expressions (such as those of §6.5)—provided that we do not try
to divide by things like dx—are not changed at all.

There is also another issue of potential confusion in the above displayed
formula, which arises from the fact that I have used @ on the left-hand side
and f on the right. I did this mainly because of the warnings about the
distinction between ¢ and fthat I issued above. The quantity @ is a function
whose domain is the manifold &, whereas the domain of f'is some (open)
region in the (x, y)-plane that refers to a particular coordinate patch. If [ am
to apply the notion of ‘partial derivative with respect to x’, then I need to
know what it means ‘to hold the remaining variable y constant’. It is for this
reason that fis used on the right, rather than @, because f ‘knows’ what the
coordinates x and y are, whereas @ doesn’t. Even so, there is a confusion
in this displayed formula, because the arguments of the functions are
not mentioned. The @ on the left is applied to a particular point p of the
2-manifold S, while f'is applied to the particular coordinate values (x, )
that the coordinate system assigns to the point p. Strictly speaking, this
would have to be made explicit in order that the expression makes sense.
However, it is a nuisance to have to keep saying this kind of thing, and it
would be much more convenient to be able to write this formula as

0P
ax

aP
do =—dx+—d
x+ay Vs

or, in ‘disembodied’ operator form,

186



Surfaces §10.3

ad

d
d= dxa—kdyay

Indeed, I am going to try to make sense of these things. These formulae are
instances of something referred to as the chain rule. As stated, they require
meanings to be assigned to things like ‘9®/9dx” when @ is some function
defined on S.

How are we to think of an operator, such as d/dx, as something that can
be applied to a function, like @, that is defined on the manifold &, rather
than just to a function of the variables x and y? Let us first try to see what
d/dx means when we refer things to some other coordinate system (X, Y).
The appropriate ‘chain rule’ formula now turns out to be

d X 9 Y a

ox  oxoX | axar
Thus, in terms of the (X, Y) system, we now have the more complicated-
looking expression (90X /dx)d/dX + (3Y /dx)d/dY to represent exactly the
same operation as the simple-looking 9/dx represents in the (x, y) system.
This more complicated expression is a quantity £, of the form

d d
E=Ax By

where 4 and B are (C*-) smooth functions of X and Y. In the particular
case just given, with & representing d/dx in the (x, y) system, we have
A =0X/ox and B=9Y/ox. But we can consider more general such
quantities & for which 4 and B do not have these particular forms. Such
a quantity & is called a vector field on S (in the (X, Y)-coordinate patch).
We can rewrite £ in the original (x, y) system, and find that & has just the
same general form as in the (X, Y) system:

d d
E=a Py +b 3y
(although the functions « and b are generally quite different from 4 and
B).['0.71 This enables us to extend the vector field from the (X, Y)-patch to
an overlapping (x, y)-patch. In this way, taking as many patches as we
need, we can envisage extending the vector field £ to the whole of S.

All this has probably caused the reader great confusion! However, my
purpose is not to confuse, but to find the right analytical form of a very
basic geometrical notion. The differential operator &, which we have called
a ‘vector field’, with its (consequent) very specific way of transforming, as
we pass from patch to patch, has a clear geometrical interpretation, as

[10.7] Find 4 and B in terms of a and b; by analogy, write down « and b in terms of 4 and B.
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Fig. 10.5 The geometrical
interpretation of a vector field £ as
a ‘field of arrows’ drawn on S.

illustrated in Fig. 10.5. We are to visualize & as describing a “field of little
arrows’ drawn on &, although, at some places on S, an arrow may shrink
to a point, these being the places where & takes the value zero. (To get a
good picture of a vector field, think of wind-flow charts on TV weather
bulletins.) The arrows represent the directions in which the function upon
which £ acts is to be differentiated. Taking this function to be @, the action
of & on @, namely &(®P) = a dP/dx + b 9P/Jy, measures the rate of in-
crease of @ in the direction of the arrows; see Fig. 10.6. Also, the magni-
tude (‘length’) of the arrow has significance in determining the ‘scale’, in
terms of which this increase is to be measured. A longer arrow gives a
correspondingly greater measure of the rate of increase. More appropriately,

Fig. 10.6 The action of £ on a
scalar field @ gives its rate of
increase along the &-arrows.
Think of the arrows as
infinitesimal, each connecting a
point p of &S (‘tail’ of the arrow)
to a ‘neighbouring’ point p’ of S
(‘head’ of the arrow), pictured by
applying a large magnification
(by a factor e !, where € is small)
to the neighbourhood of p. The
difference ®(p’) — @(p), divided
by ¢, is (in the limit ¢ — 0) the
gradient £(®) of @ along £.
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we ought to think of all the arrows as being infinitesimal, each one
connecting a point p of S (at the ‘tail’ of the arrow) with a ‘neighbouring’
point p’ of S (at the ‘head’ of the arrow). To make this just a little more
explicit, let us choose some small positive number ¢ as a measure of the
separation, along the direction of &, between two separate points p and p'.
Then the difference ®(p’) — ®(p), divided by ¢, gives us an approximation
to the quantity &(&). The smaller we choose ¢ to be, the better approxima-
tion we get. Finally, in the limit when p’ approaches p (so ¢ — 0), we
actually obtain &(®), sometimes called the gradient (or slope) of @ in the
direction of &.

In the particular case of the vector field 9/dx, the arrows all point along
the coordinate lines of constant y. This illustrates an issue that frequently
leads to confusion with the standard mathematical notation ‘9/dx’ for
partial derivative. One might have thought that the expression ‘9/9x’
referred most specifically to the quantity x. However, in a clear sense, it
has more to do with the variable(s) that are not explicitly mentioned, here
the variable y, than it has to do with x. The notation is particularly
treacherous when one considers a change of coordinate variables, say
from (x, y) to (X, Y), in which one of the coordinates remains the same.
Consider, for example the very simple coordinate change

X=x, Y=y+x
Then we find!10-8]

0 d 6] 0 d

oX ox ay’ oY oy’

Thus, we see that 9/0X is different from 9/dx, despite the fact that X is
the same as x—whereas, in this case, d/9Y is the same as d/Jy, even though
Y differs from y. This is an instance of what my colleague Nick Wood-
house refers to as ‘the second fundamental confusion of calculus’!3 Tt is
geometrically clear, on the other hand, why 0d/0X # d/dx, since
the corresponding ‘arrows’ point along different coordinate lines
(Fig. 10.7).

We are now in a position to interpret the quantity d®. This is called
the gradient (or exterior derivative) of @, and it carries the information
of how @ is varying in all possible directions along S. A good geometrical
way to think of d@ is in terms of a system of contour lines on S. See
Fig. 10.8a. We can think of S as being like an ordinary map (where by
‘map’ here I mean the thing made of stiff paper that you take with you
when you go hiking, not the mathematical notion of ‘map’), which might

€9 [10.8] Derive this explicitly. Hinz: You may use ‘chain rule’ expressions for 9/0X and 9/dY that
are the exact analogies of the expression for d/dx that was displayed earlier.
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y = const. 9y

y = const. o

y = const.

=X
X

X

'1suo|‘o =X
]
JSU0d = X

1SU0d
“1SU0d

X

N\

J1SU0d

Fig. 10.7 Second fundamental confusion of calculus is illustrated: 9/9X # 9/dx
despite X =x, and 9/0Y =9/dy despite Y #y, for the coordinate change
X = Xx, Y= y+ x. The interpretation of partial differential operators as ‘arrows’
pointing along coordinate lines clarifies the geometry (x = const. agree with X =
const., but y = const. disagree with ¥ = const.).

be a spherical globe, if we want to take into account that S might be a
curved manifold. The function @ might represent the height of the ground
above sea level. Then d® represents the slope of the ground as compared
with the horizontal. The contour lines trace out places of equal height. At
any one point p of &, the direction of the contour line tells us the direction
along which the gradient vanishes (the ‘axis of tilt’ of the slope of the
ground), so this is the direction of the arrow £ at p for which &(&®) = 0. We
neither climb nor descend, when we follow a contour line. But if we cut
across contour lines, then there will be an increase or decrease in @, and the
rate at which this occurs, namely £(®), will be measured by the crowding of
the contour lines in the direction that we cross them. See Fig. 10.8b.

10.4 Components, scalar products

According to the expression
d d
—a— 4 b,
§=a 0x * ay

the vector field & may be thought of as being composed of two parts, one
being proportional to d/dx, which points along the lines of constant y, and
the other, proportional to d/dy, which points along the lines of constant x.
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@ Graph of
height of @

Fig. 10.8 We can

geometrically picture the full

gradient (exterior derivative)

d® of a scalar @ in terms of

a system of contour lines

on S. (a) The value @ is

- ae here plotted vertically above

Surface gives direction of S, so the contour lines on

contours X

N S (constant @) describe
constant height. (b) At any
one point p of &, the direc-
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measuring the crowding

of the lines in the

(b) direction of &.

Thus, in the (x, y)-coordinate system, the pair of respective weighting
factors (a, b) may be used to label £ The numbers a and b are referred
to as the components of & in this coordinate system; see Fig. 10.9. (Strictly
speaking, the two ‘components’ of & would actually be the two vector
fields a 9/dx and b 9/dy themselves, of which the vector field € is com-
posed, as displayed in Fig. 10.9—and a similar remark would apply to the
components of d®, below. However, the term ‘component’ has now ac-
quired this meaning of ‘coordinate label’ in much mathematical literature,
particularly in connection with the tensor calculus; see §12.8.)

Similarly, the quantity d& (a ‘1-form’) is composed of the two parts dx
and dy, according to the expression

do=udx+ovdy

and so (u, v) may be used to label d®, and the numbers u and v are the
components of d® in this same coordinate system. (In fact, we have
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Fig. 10.9 The vector
&=ad/dx+b d/dy may be
thought of as being composed of
two parts, one proportional to
d/0x, pointing along y = const.,
and the other, proportional to
d/dy, pointing along x = const.
The pair of respective weighting
factors (a, b) are called the com-
ponents of & in the (x, y)-coord-
inate system.

u=0®/dx and v=0P/dy here.) The relation between the components
(u, v) of the 1-form d® and the components (a, b) of the vector field & is
obtained through the quantity &(®), which, as we saw above, measures the
rate of increase of @ in the direction of & We find['*] that the value of
&(®) is given by

&(®) = au + bv.

We call au + bv the scalar (or inner) product between &, as represented by
(a, b), and d@, as represented by (u, v). This scalar product will sometimes
be written d@ - £ if we want to express it abstractly without reference to
any particular coordinate system, and we have

do - £ = &().

The reason for having two different notations for the same thing, here, is that
the operation expressed in d@ « & also applies to more general kinds of
1-form than those that can be expressed as d@ (see §12.3). If 5 is such a
1-form, then it has a scalar product with any vector field &€, which is written
asm-§.

In fact the definition of a 1-form is essentially that it is a quantity that can
be combined with a vector field to form a ‘scalar product’ in this way. Thus,
the fact that the quantity d® is something that naturally forms a scalar
product with vector fields is actually what characterizes it as a 1-form. (A
1-form is sometimes called a covector, depending on the context.) Technic-
ally, 1-forms (covectors) are dual to vector fields in this sense. This notion of
a ‘dual’ object will be explored more fully in §12.3, where we shall see that

@3 [10.9] Show this explicitly, using ‘chain rule’ expressions that we have seen earlier.
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these ideas apply quite generally within a ‘surface’ of higher dimension (i.e.
to an n-manifold). The geometrical meaning of a 1-form will also be filled
out more fully in §§12.3-5, in the context of higher dimensions. For the
moment, the family of contour lines itself will do, these lines representing the
directions along which a &-arrow must point if d@ « £ = 0 (i.e. if £&(®) = 0).

10.5 The Cauchy-Riemann equations

But before making this leap to higher dimensions, which we shall be
preparing ourselves for in the next chapter, let us return to the issue that
we started with in this chapter: the property of a 2-dimensional surface
that is needed in order that it can be reinterpreted as a complex 1-mani-
fold. Essentially what is required is that we have a means of characterizing
those complex-valued functions @ which are holomorphic. The condition
of holomorphicity is a local one, so that we can recognize it as something
holding in each coordinate patch, and consistently on the overlaps be-
tween patches. On the (x, y)-patch, we require that @ be holomorphic in
the complex number z = x 4 iy; on an overlapping (X, Y)-patch, holo-
morphicin Z = X +1Y. The consistency between the two is ensured by the
requirement that Z is a holomorphic function of z on the overlap and vice
versa. (If @ is holomorphic in z, and z is holomorphic in Z, then ¢ must be
holomorphic in Z, since a holomorphic function of a holomorphic func-
tion is again a holomorphic function.[19-101)

Now, how do we express the condition that ¢ is holomorphic in z, in
terms of the real and imaginary parts of ¢ and z? These are the famous
Cauchy—Riemann equations referred to in §7.1. But what are these equa-
tions explicitly? We can imagine @ to be expressed as a function of z and z
(since, as we saw at the beginning of this chapter, the real and imaginary
parts of z, namely x and y, can be re-expressed in terms of z and z by using
the expressions x = (z+2)/2 and y = (z —z)/2i). We are required to
express the condition that, in effect, @ ‘depends only on z’ (i.e. that it is
‘independent of 2°).

What does this mean? Imagine that, instead of the complex conjugate pair
of variables z and z, we had a pair of independent real variables u and v, say,
and we wished to express the fact that some quantity ¥ thatis a function of u
and v is in fact independent of v. This independence can be stated as

i
.

0

[10.10] Explain this from three different points of view: (a) intuitively, from general principles
(how could a z appear?), (b) using the geometry of holomorphic maps described in §8.2, and (c)
explicitly, using the chain rule and the Cauchy—Riemann equations that we are about to come to.
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(because this equation tells us that, for each value of u, the quantity ¥ is
constant in v; so ¥ is dependent only on u).# Accordingly, @ being ‘inde-
pendent of Z” ought to be expressed as

0P
—— = 0)
0z

and this does indeed express the holomorphicity of @ (although the
‘argument by analogy’ that I have just given should not be taken as a
proof of this fact)>. Using the chain rule, we can re-express this equa-
tion!%111 in terms of partial derivatives in the (x, y)-system:

op 0P
—+1—=0.
ox ay

Writing @ in terms of its real and imaginary parts,
D =0a+1p,
with o and B real, we obtain the Cauchy—Riemann equations®[10-12]

do.  ap doo  9p
ax 9y’ ay  ax’

Since, as remarked earlier, on an overlap between an (x, y)-coordinate

patch and an (X, Y)-coordinate patch we require Z = X + 1Y to be holo-

morphic in z = x + iy, we also have the Cauchy—Riemann equations hold-

ing between (x, y) and (X, Y):

X 9Y D¢ aY

ox oy’ ay  ox
If this condition holds between any pair of coordinate patches, then we
have assembled a Riemann surface S. (These are the required analytic
conditions that I skated over in §7.1.) Recall that such a surface can also be
thought of as a complex 1-manifold. But, according to the present ‘Cau-
chy-Riemann’ way of looking at things, we think of & as being a real
2-manifold with the particular type of structure (namely that determined
by the Cauchy-Riemann equations).

Whereas there is a certain ‘purity’ in trying to stick entirely to holo-
morphic operations (a philosophical perspective that will have importance
for us later, in Chapter 33 and in §34.8) and in thinking of S as a ‘curve’,
this alternative ‘Cauchy-Riemann’ standpoint is a powerful one in a

£5[10.11] Do this.

15 [10.12] Give a more direct derivation of the Cauchy—Riemann equations, from the definition of
a derivative.
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number of other contexts. For example, it allows us to prove results by
appealing to many useful techniques in the existence theory of partial
differential equations. Let me try to give a taste of this by appealing to
an (important) example.

If the Cauchy-Riemann equations da/dx = df/dy and do/dy = —df3/ox
hold, then the quantities « and f each individually turn out to satisfy a
particular equation (Laplace’s equation). For we havel!0-13]

Via =0, V=0,

where the second-order differential operator V2, called the (2-dimensional)
Laplacian, is defined by
,
V= 0x2 + a2

The Laplacian is important in many physical situations (see §21.2, §22.11,
§§24.3-6). For example, if we have a soap film spanning a wire loop which
deviates very slightly up and down from a horizontal plane, then the
height of the film above the horizontal will be a solution of Laplace’s
equation (to a close approximation which gets better and better the smaller
is this vertical deviation).” See Fig. 10.10. Laplace’s equation (in three
dimensions) also has a fundamental role to play in Newtonian gravita-
tional theory (and in electrostatics; see Chapters 17 and 19) since it is the
equation satisfied by a potential function determining the gravitational (or
static electric) field in free space.

Solutions of the Cauchy—Riemann equations can be obtained from solu-
tions of the 2-dimensional Laplace equation in a rather direct way. If we
have any o satisfying V2o = 0, then we can construct S by f = [ (9a/dx) dy;

Fig. 10.10 A soap
film spanning a wire
loop which deviates
only very slightly up
and down from a
horizontal plane. The
height of the film
above the horizontal
gives a solution of
Laplace’s equation
(to an approximation
which gets better the
smaller the vertical
deviation).

46 [10.13] Show this.
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we then find that both Cauchy-Riemann equations are consequently
satisfied.l'%-141 This fact can be used to demonstrate and illuminate some
of the assertions made at the end of the previous chapter.

In particular, let us consider the remarkable fact, asserted at the end of
§9.7, that any continuous function f defined on the unit circle in the
complex plane can be represented as a hyperfunction. This assertion
effectively states that any continuous f is the sum of two parts, one of
which extends holomorphically into the interior of the unit circle and the
other of which extends holomorphically into the exterior, where we now
think of the complex plane completed to the Riemann sphere. This asser-
tion is effectively equivalent (according to the discussion of §9.2) to the
existence of a Fourier series representation of f, where f'is regarded as a
periodic function of a real variable. For simplicity, assume that f is real-
valued. (The complex case follows by splitting f into real and imaginary
parts.) Now, there are theorems that tell us that we can extend f continu-
ously into the interior of the circle, where f satisfies V2f = 0 inside the
circle. (This fact is intuitively very plausible, because of the soap-film
argument given above; see Fig. 10.10. Scaling f down appropriately to a
new function ¢ f, for some fixed small ¢, we can imagine that our wire loop
lies at the unit circle in the complex plane, deviating slightly® up and down
vertically from it by the values of ¢f" on the unit circle. The height of the
spanning soap film provides ¢f and therefore f inside.) By the above
prescription (g = [ (9f /dx)dy), we can supply an imaginary part g to f,
so that f'+ ig is holomorphic throughout the interior of the unit circle. This
procedure also supplies an imaginary part g to f on the unit circle (gener-
ally in the form of a hyperfunction, so that f+ ig is of negative frequency.
We now repeat the procedure, applying it to the exterior of the unit circle
(thought of as lying in the Riemann sphere), and find that /' — ig extends
there and is of positive frequency. The splitting /= 1 (f+ ig) + 5 (f — ig)
achieves what is required.

Notes

Section 10.2

10.1 For a detailed discussion of differentiability, for functions of several variables, see
Marsden and Tromba (1996).

Section 10.3

10.2 Although the ‘dx’ notation that Leibniz originally introduced (in the late 17th
century) shows great power and flexibility, as is illustrated by the fact that
quantities like dx can be treated as algebraic entities in their own right, this

£3[10.14] Show this.
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does not extend to his ‘d’x’ notation for second derivatives. Had he used a
modification of this notation in which the second derivative of y with respect to
x were written (d*y —d?x dy/dx)/dx? instead, then the quantity ‘d*x’ would
indeed behave in a consistent algebraic way (where ‘dx?’ denotes dxdx, etc.). It
is not clear how practical this would have been, owing to the complication of this
expression, however.

10.3 The ‘first fundamental confusion’ has to do with the confusion between the use of
fand & that we encountered in §10.2, particularly in relation to the taking of
partial derivatives. See Woodhouse (1987).

Section 10.5

10.4 We must take this condition in a local sense only. For example, we can have a
smooth function &(u, v) defined on a kidney-shaped region in the (u, v)-plane,
within which d®/9dv = 0, but for which @ is not fully consistent as a function of
1 [10.15]

10.5 Although not the most rigorous route to the Cauchy—Riemann equations, this
argument provides the underlying reason for their form.

10.6 In fact, Jean LeRond D’Alembert found these equations in 1752, long before
Cauchy or Riemann (see Struik 1954, p. 219).

10.7 It turns out that the actual soap-film equation (to which the Laplace equation is
an approximation) has a remarkable general solution, found by Weierstrass
(1866), in terms of free holomorphic functions.

10.8 Since f'is continuous on the circle, it must be bounded (i.e. its values lie between a
fixed lower value and a fixed upper value). This follows from standard theorems,
the circle being a compact space. (See §12.6 for the notion of ‘compact’ and Kahn
1995; Frankel 2001). We can then rescale /' (multiplying it by a small constant ),
so that the upper and lower bounds are both very tiny. The soap film analogy
then provides a reasonable plausibility argument for the existence of ¢/ extended
inside the circle, satisfying the Laplace equation. It is not a proof of course; see
Strauss (1992) or Brown and Churchill (2004) for a more rigorous solution to this
so-called, ‘Dirichlet problem for a disc’.

#5 [10.15] Spell this out in the case @(u, v) = 0(v)h(u), where the functions 0 and / are defined as
in §§6.1,3. The kidney-shaped region must avoid the non-negative u-axis.
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11.1  The algebra of quaternions

How do we generalize all this to higher dimensions? I shall describe the
standard (modern) procedure for studying n-manifolds in the next chapter,
but it will be illuminating, for various other reasons, if I first acquaint the
reader with certain earlier ideas aimed at the study of higher dimensions.
These earlier ideas have acquired important direct relevance to some
current activities in theoretical physics.

The beauty and power of complex analysis, such as with the above-
mentioned property whereby solutions of the 2-dimensional Laplace equa-
tion—an equation of considerable physical importance—can be very
simply represented in terms of holomorphic functions, led 19th-century
mathematicians to seek ‘generalized complex numbers’, which could apply
in a natural way to 3-dimensional space. The renowned Irish mathemat-
ician William Rowan Hamilton (1805-1865) was one who puzzled long
and deeply over this matter. Eventually, on the 16 October 1843, while on
a walk with his wife along the Royal Canal in Dublin, the answer came to
him, and he was so excited by this discovery that he immediately carved his
fundamental equations

==K =ik=-1

on a stone of Dublin’s Brougham Bridge.
Each of the three quantities i, j, and k is an independent ‘square root of
—1’ (like the single i of complex numbers) and the general combination

q =1t+ ui+ vj+ wk,

where ¢, u, v, and w are real numbers, defines the general quaternion. These
quantities satisfy all the normal laws of algebra bar one. The exception—
and this was the true novelty! of Hamilton’s entities—was the violation of
the commutative law of multiplication. For Hamilton found that(!!-1]

£3 [11.1] Prove these directly from Hamilton’s ‘Brougham Bridge equations’, assuming only the
associative law a(bc) = (ab)c.
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ii=—ji, jk=—kj, Kki=—ik,

which is in gross violation of the standard commutative law: ab = ba.

Quaternions still satisfy the commutative and associative laws of add-
ition, the associative law of multiplication, and the distributive laws of
multiplication over addition,!'!?l namely

a+b=>b+a,
at+b+c)=(a+b)+c,
a(bc) = (ab)c,
a(b + ¢) = ab + ac,
(a+ b)c = ac + bc,

together with the existence of additive and multiplicative ‘identity elem-
ents’ 0 and 1, such that

a+0=a la=al =a

These relations, if we exclude the last one, define what algebraists call a
ring. (To my mind, the term ‘ring’ is totally non-intuitive—as is much of
the terminology of abstract algebra—and I have no idea of its origins.) If
we do include the last relation, we get what is called a ring with identity.

Quaternions also provide an example of what is called a vector space
over the real numbers. In a vector space, we can add two elements
(vectors?), £ and m, to form their sum & + 5, where this sum is subject to
commutativity and associativity

E+mn=m+¢
E+m+i=&+m+0),

and we can multiply vectors by ‘scalars’ (here, just the real numbers f'and
g), where the following distributive and associative properties, etc., hold:

(f+8€ =/&+4¢E,
JE+n) =&+,
f(g8) = (/2)¢,
1£E=¢.
Quaternions form a 4-dimensional vector space over the reals, because
there are just four independent ‘basis’ quantities 1, i, j, k that span the
entire space of quaternions; that is, any quaternion can be expressed

uniquely as a sum of real multiples of these basis elements. We shall be
seeing many other examples of vector spaces later.

@63 [11.2] Express the sum and product of two general quaternions so that all these indeed hold.
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Quaternions also provide us with an example of what is called an
algebra over the real numbers, because of the existence of a multiplication
law, as described above. But what is remarkable about Hamilton’s quater-
nions is that, in addition, we have an operation of division or, what
amounts to the same thing, a (multiplicative) inverse ¢~' for each non-
zero quaternion ¢. This inverse satisfies

g 'qg=qq"' =1,

giving the quaternions the structure of what is called a division ring, the
inverse being explicitly

g ' =qqp",
where the (quaternionic) conjugate q of ¢ is defined by
g=1—ui—vj—wk,
with ¢ = t 4 ui + vj + wk, as before. We find that
qq =1 + 1> + 07 +w

so that the real number g¢q cannot vanish unless ¢=0 (ie.
t=u=v=w=0), so (gq)" " exists, whence ¢! is well defined provided
that ¢ # 0.[113]

11.2 The physical role of quaternions?

This gives us a very beautiful algebraic structure and, apparently, the
potential for a wonderful calculus finely tuned to the treatment of the
physics and the geometry of our 3-dimensional physical space. Indeed,
Hamilton himself devoted the remaining 22 years of his life attempting
to develop such a calculus. However, from our present perspective, as we
look back over the 19th and 20th centuries, we must still regard these
heroic efforts as having resulted in relative failure. This is not to say that
quaternions are mathematically (or even physically) unimportant. They
certainly do have some very significant roles to play, and in a slightly
indirect sense their influence has been enormous, through various types of
generalization. But the original ‘pure quaternions’ still have not lived up to
what must undoubtedly have initially seemed to be an extraordinary
promise.

Why have they not? Is there perhaps a lesson for us to learn concerning
modern attempts at finding the ‘right” mathematics for the physical world?

@ [11.3] Check that this definition of ¢~! actually works.
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First, there is an obvious point. If we are to think of quaternions to be a
higher-dimensional anologue of the complex numbers, the analogy is that
the dimension has gone up not from 2 to 3 dimensions, but from 2 to 4.
For, in each case, one of the dimensions is the ‘real axis’, which here
corresponds to the ‘# component in the above representation of ¢ in
terms of i, j, k. The temptation is strong to take this 7 to represent the
time,? so that our quaternions would describe a four-dimensional space-
time, rather than just space. We might think that this should be highly
appropriate, from our 20th-century perspective, since a four-dimensional
spacetime is central to modern relativity theory, as we shall be seeing in
Chapter 17. But it turns out that quaternions are not really appropriate for
the description of spacetime, largely for the reason that the ‘quaternioni-
cally natural’ quadratic form qq = t* +u*> +v* +w? has the ‘incorrect
signature’ for relativity theory (a matter that we shall be coming to later;
see §13.8, §18.1). Of course, Hamilton did not know about relativity, since
he lived in the wrong century for that. In any case, there is a ‘can of worms’
here that I do not wish to get involved with just yet. I shall open it slowly
later! (See §13.8, §§18.1-4, end of §22.11, §28.9, §31.13, §32.2.)

There is another reason, perhaps a more fundamental one, that quater-
nions are not really so mathematically ‘nice’ as they seem at first sight.
They are relatively poor ‘magicians’; and, certainly, they are no match for
complex numbers in this regard. The reason appears to be that there is no
satisfactory* quaternionic analogue of the notion of a holomorphic func-
tion. The basic reason for this is simple. We saw in the previous chapter
that a holomorphic function of a complex variable z is characterized as
being holomorphically ‘independent’ of the complex conjugate z. But we
find that, with quaternions, it is possible to express the quaternionic
conjugate g of ¢ algebraically in terms of ¢ and the constant quantities i,
j, and k by use of the expression.[!1-4]

_ 1 e
q:—i(q+lql+1ql+qu)-

If ‘quaternionic-holomorphic’ is to mean ‘built up from quaternions by
means of addition, multiplication, and the taking of limits’, then ¢ has to
count as a quaternionic-holomorphic function of ¢, which rather spoils the
whole idea.

Is it possible to find modifications of quaternions that might have more
direct relevance to the physical world? We shall find that this is certainly
true, but these all sacrifice the key property of quaternions, demonstrated
above, that you can always divide by them (if non-zero). What about
generalizations to higher dimensions? We shall be secing shortly how

46 [11.4] Check this.
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Clifford achieved this, and how this kind of generalization does have great
importance for physics. But all these changes lead to the abandonment of
the division-algebra property.

Are there generalizations of quaternions which preserve the division
property? In fact, yes; but the first point to make is that there are theorems
telling us that this is not possible unless we relax the rules of the algebra
even further than our abandoning of the commutative law of multipli-
cation. About two months after receiving a letter from Hamilton announ-
cing the discovery of quaternions, in 1843, John Graves discovered that
there exists a kind of ‘double’ quaternion—entities now referred to as
octonions. These were rediscovered by Arthur Cayley in 1845. For octo-
nians, the associative law a(bc) = (ab)c is abandoned (although a remnant
of this law is maintained in the form of the restricted identities a(ab) = a*b
and (ab)b = ab?). The beauty of this structure is that it is still a division
algebra, although a non-associative one. (For each non-zero a, there is an
a~! such that a'(ab) = b = (ba)a'.) Octonions form an eight-dimen-
sional non-associative division algebra. There are seven analogues of the
i, j, and k of the quaternion algebra, which, together with 1, span the eight
dimensions of the octonion algebra. The individual multiplication laws for
these elements (analogues of ij = k = —ji, etc.) are a little complicated and
it is best that I postpone these until §16.2, where an elegant description will
be given, illustrated in Fig. 16.3. Unhappily, there is no fully satisfactory
generalization of the octonions to even higher dimensions if the division
algebra property is to be retained, as follows from an algebraic result of
Hurwitz (1898), which showed that the quaternionic (and octonionic)
identity ‘gg = sum of squares’ does not work for dimensions other than
1, 2, 4, 8. In fact, apart from these specific dimensions, there can be no
algebra at all in which division is always possible (except by 0). This
follows from a remarkable topological theorem?® that we shall encounter
in §15.4. The only division algebras are, indeed, the real numbers, the
complex numbers, the quaternions, and the octonions.

If we are prepared to abandon the division property, then there is
an important generalization of the notion of quaternions to higher dimen-
sions, and it is a generalization that indeed has powerful implications
in modern physics. This is the notion of a Clifford algebra, which
was introduced® in 1878 by the brilliant but short-lived English mathem-
atician William Kingdon Clifford (1845-1879). One may regard Clifford’s
algebra as actually having sprung from two sources, each of which was
geared to the understanding of spaces of dimension higher than the two
described by complex numbers. One of these sources was in fact the
algebra of Hamilton’s quaternions that we have been concerned with
here; the other is an earlier important development, originally put for-
ward’ in 1844 and 1862 by a little-recognized German schoolmaster,
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Hermann Grassmann (1809-1877). Grassmann algebras also have direct
roles to play in modern theoretical physics. (In particular, the modern
notion of supersymmetry—see §31.3—depends crucially upon them, super-
symmetry being close to ubiquitous among modern attempts to develop
the foundations of physics beyond the framework of its standard model.)
It will be important for us to acquaint ourselves with both the Grassmann
and Clifford algebras here, and we shall do so in §11.6 and §11.5, respect-
ively.

Clifford (and Grassmann) algebras involve a new ingredient that comes
from the higher dimensionality of the space under consideration. Before
we can properly appreciate this point, it is best that we consider quater-
nions again, but from a somewhat different perspective—a geometrical
one. This will lead us also into some other considerations that are of
fundamental importance in modern physics.

11.3 Geometry of quaternions

Think of the basic quaternionic quantities i, j, k as referring to three
mutually perpendicular (right-handed) axes in ordinary Euclidean 3-
space (see Fig. 11.1). Now, we recall from §5.1 that the quantity i in
ordinary complex-number theory can be interpreted in terms of the oper-
ation ‘multiply by i’ which, in its action on the complex plane, means
‘rotate through a right angle about the origin, in the positive sense’. We
might imagine that we could interpret the quaternion i in the same kind of
way, but now as a rotation in 3 dimensions, in the positive sense (i.e. right-
handed) about the i-axis (so the (j, k)-plane plays the role of the complex
plane), where we would correspondingly think of j as representing a
rotation (in the positive sense) about the j-axis, and k a rotation about
the k-axis. However, if these rotations are indeed right-angle rotations, as
was the case with complex numbers, then the product relations will not
work, because if we follow the i-rotation by the j-rotation, we do not get
(even a multiple of) the k-rotation.

Fig. 11.1 The basic quaternions i, j, k refer to
3 mutually perpendicular (and right-handed) axes in
i ordinary Euclidean 3-space.
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It is quite easy to see this explicitly by taking some ordinary object and
physically rotating it. I suggest using a book. Lay the book flat on a
horizontal table in front of you in the ordinary way, with the book closed,
as though you were just about to open it to read it. Imagine the k-axis to
be upwards, through the centre of the book, with the i-axis going off to the
right and the j-axis going off directly away from you, both also through the
centre. If we rotate the book through a right angle (in the right-handed
sense) about i and then rotate it (in the right-handed sense) about j, we find
that it ends up in a configuration (with its back spine upwards) that cannot
be restored to its original state by any single rotation about k. (See
Fig. 11.2.)

What we have to do to make things work is to rotate about two right
angles (i.e. through 180°, or m). This seems an odd thing to do, as it is
certainly not a direct analogy of the way that we understood the action of
the complex number i. The main trouble would seem to be that if we apply
this operation twice about the same axis, we get a rotation through 360°
(or 2m), which simply restores the object (say our book) back to its original
state, apparently representing i> = 1, rather than i> = —1. But here is
where a wonderful new idea comes in. It is an idea of considerable subtlety
and importance—a mathematical importance that is fundamental to the
quantum physics of basic particles such as electrons, protons, and neu-
trons. As we shall be seeing in §23.7, ordinary solid matter could not exist
without its consequences. The essential mathematical notion is that of a
spinor.®

What is a spinor? Essentially, it is an object which turns into its negative
when it undergoes a complete rotation through 2n. This may seem like an
absurdity, because any classical object of ordinary experience is always
returned to its original state under such a rotation, not to something else.
To understand this curious property of spinors—or of what I shall refer to
as spinorial objects—Iet us return to our book, lying on the table before us.
We shall need some means of keeping track of how it has been rotated. We
can do this by placing one end of a long belt firmly between the pages of
the book and attaching the buckle rigidly to some fixed structure (say a

Fig. 11.2 We can think of the quaternionic
operators i, j, and k as referring to rotations
(through 180°, i.e. ) of some object, which is
here taken to be a book.
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() (b) ©

Fig. 11.3 A spinorial object, represented by the book of Fig. 11.2. An even
number of 27 rotations is to be equivalent to no rotation, whereas an odd number
of 27 rotations is not. (a) We keep track of the parity of the number of 2x rotations
of the book by loosely attaching it, using a long belt, to some fixed object (here to
a pile of books). (b) A rotation of our book through 27 twists the belt so that it
cannot be undone without a further rotation. (c) A rotation of the book through
4 gives a twist that can be removed completely by looping the belt over the book.

pile of other books; see Fig. 11.3a). A rotation of the book through 2n
twists the belt in a way that cannot be undone without further rotation of
the book (Fig. 11.3b). But if we rotate the book through an additional
angle of 2m, giving a total rotation through 4m, then we find, rather
surprisingly, that the twist in the belt can be removed completely, simply
by looping it over the book, keeping the book itself in the same position
throughout the manoeuvre (Fig. 11.3c). Thus, the belt keeps track of the
parity of the number of 2r rotations that the book undergoes, rather than
totting up the entire number. That is to say, if we rotate the book through
an even number of 2w rotations then the belt twist can be made to
disappear completely, whereas if we rotate the book through an odd
number of 2r rotations the belt inevitably remains twisted. This applies
whatever rotation axis, or succession of different rotation axes, we choose
to use.

Thus, to picture a spinorial object, we can think of an ordinary object in
space, but where there is an imaginary flexible attachment to some fixed
external structure, this imaginary attachment being represented by the belt
that we have been just considering. The attachment may be moved around
in any continuous way, but its ends must be kept fixed, one on the object
itself and the other on the fixed external structure. The configuration of
our ‘spinorial book’, so envisaged, is to be thought of as having such an
imaginary attachment to some such fixed external structure, and two
configurations of it are deemed to be equivalent only if the imaginary
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attachment of one can be continuously deformed into the imaginary
attachment of the other. For every ordinary book configuration, there
will be precisely two inequivalent spinorial book configurations, and we
deem one to be the negative of the other.

Let us now see whether this provides us with the correct multiplication
laws for quaternions. Lay the book on the table in front of you, just as
before, but where now the belt is held firmly between its pages. Rotate,
now, through © about i following this by a rotation of ® about j. We get a
configuration that is equivalent to a « rotation about k, just as it should
be, in accordance with Hamilton’s ij = k.

Or does it? There is just one small point of irritation. If we carefully
insist that all these rotations are in the right-handed sense, then, keeping
track of the belt twistings appropriately, we seem to get ij = —k, instead.
This is not an important point, however, and it can be righted in a number
of different ways. Either we can represent our quaternions by left-handed
rotations through 2rn instead of right-handed ones (in which case we do
retrieve ‘ij = k’) or we take our i, j, k-axes to have a left-handed orienta-
tion rather than a right-handed one. Or, best, we can adopt a convention
of the ordering of multiplication of operators that is quite usual in math-
ematics, namely that the ‘product pq’ represents ¢ followed by p, rather
than p followed by g¢.

In fact, there is a good reason for this odd-looking convention. This has
to do with operators—such as things like d/0x—generally being under-
stood to act on things written to the right of them. Thus, the operator P
acting on @ would be written P(®), or simply P®. Accordingly, if we apply
first P and then Q to @, we get Q(P(P)) or simply QP®, which is QP acting
on @.

My own way of resolving this awkward sign issue with quaternions will
indeed be to take everything in the standard right-handed sense and to
adopt this ‘usual’ reverse-order mathematical convention for the ordering
of operators. It is now a simple matter for the reader to confirm that all of
Hamilton’s ‘Brougham Bridge’ equations i’ =j* = k> =ijk = —1 are
indeed satisfied by our ‘spinorial book’. We bear in mind, of course, that
ijk now stands for ‘k followed by j followed by i’.”

11.4 How to compose rotations

This curious property of rotation angles being twice what might have
seemed geometrically appropriate can be demonstrated in another way.
It is a particular feature of (proper, i.e. non-reflective) rotations in three
dimensions that if we combine any number of them together then we
always get a rotation about some axis. How can we find this axis in a
simple geometrical way, and also the amount of this rotation? An elegant
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answer was found by Hamilton.!? Let us see how this works. My presenta-
tion here will be a little different from that originally provided by Hamilton.

Recall that when we compose two different displacements that are
simply translations, we can use the standard triangle law (equivalent to
the parallelogram law illustrated in Fig. 5.1a) to get the answer. Thus, we
can represent the first translation by a vector (by which I here mean an
oriented line segment, the direction of the orientation being indicated by
an arrow on the segment) and the second translation by another such
vector, where the tail of the second vector is coincident with the head of
the first. The vector stretching from the tail of the first vector to the head
of the second represents the composition of the two translational motions.
See Fig. 11 .4a.

Can we do something similar for rotations? Remarkably, it turns out that
we can. Think now of the ‘vectors’ as being oriented arcs of great circles
drawn on a sphere—again depicted with an arrow to represent the orienta-
tion. (A great circle on a sphere is the intersection of the sphere with a plane
through its centre.) We can imagine that such a ‘vector arc’ can be used to
represent a rotation in the direction of the arrow. This rotation is to be
about an axis, through the centre of the sphere, perpendicular to the plane
of the great circle on which the arrow resides.

Can we think of the composition of two rotations, represented in this
way, as being given by a ‘triangle law’ similar to the situation that we had
for ordinary translations? Indeed we can; but there is a catch. The rotation
that is to be represented by our ‘vector arc’ must be through an angle that
is precisely twice the angle that is represented by the length of the arc. (For
convenience, we can take the sphere to be of unit radius. Then the angle
represented by the arc is simply the distance measured along the arc. For
the ‘triangle law’ to hold, the angle through which the rotation is to
take place must be twice this arc-length.) The reason that this works is
illustrated in Fig. 11.4b. The curvilinear (spherical) triangle at the centre
illustrates the ‘triangle law’ and the three external triangles are the respect-
ive reflections in its three vertices. The two initial rotations take one of
these external triangles into a second one and then the second one into the
third; the rotation that is the composition of the two takes the first into
the third. We note that each of these rotations is through an angle which is
precisely twice the corresponding arc-length of the original curvilinear
triangle.['1-5 We shall be seeing a variant of this construction in relativistic
physics, in §18.4 (Fig.18.13).

H% [11.5] In Hamilton’s original version of this construction, the ‘dual’ spherical triangle to this
one is used, whose vertices are where the sphere meets the three axes of rotation involved in
the problem. Give a direct demonstration of how this works (perhaps ‘dualizing’ the argument
given in the text), the amounts of the rotations being represented as twice the angles of this dual
triangle.
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(a) (®) ©

Fig. 11.4 (a) Translations in the Euclidean plane represented by oriented line
segments. The double-arrowed segment represents the composition of the other
two, by the triangle law. (b) For rotations in Euclidean 3-space, the segments are
now great-circle arcs drawn on the unit sphere, each representing a rotation
through twice the angle measured by the arc (about an axis perpendicular to its
plane). To see why this works, reflect the triangle made by the arcs, in each vertex
in turn. The first rotation takes triangle 1 into triangle 2, the second takes triangle
2 into triangle 3, and the composition takes triangle 1 into triangle 3. (c) The
quaternionic relation ij = k (in the form i( — j) = —k), as a special case. The
rotations are each through =, but represented by the half-angle 7.

We can examine this in the particular situation that we considered
above, and try to illustrate the quaternionic relation ij = k. The rotations
described by i, j, and k are each through an angle n. Thus, we use arc-
lengths that are just half this angle, namely im, in order to depict the
‘triangle law’. This is fully illustrated in Fig. 11.4c (in the form
i( — j) = —Kk, for clarity). We can also see the relation i> = —1 as illustrated
by the fact that a great circle arc, of length w, stretching from a point on
the sphere to its antipodal point (depicting ‘—1°) is essentially different
from an arc of zero length or of length 2m, despite the fact that each
represents a rotation of the sphere that restores it to its original position.
The ‘vector arc’ description correctly represents the rotations of a ‘spinor-
ial object’.

11.5 Clifford algebras

To proceed to higher dimensions and to the idea of a Clifford algebra, we
must consider what the analogue of a ‘rotation about an axis’ must be. In n
dimensions, the basic such rotation has an ‘axis’ which is an (n — 2)-
dimensional space, rather than just the 1-dimensional line-axis that we
get for ordinary 3-dimensional rotations. But apart from this, a rotation
about an (7 — 2)-dimensional axis is similar to the familiar case of an
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ordinary 3-dimensional rotation about a 1-dimensional axis in that the
rotation is completely determined by the direction of this axis and by the
amount of the angle of the rotation. Again we have spinorial objects with
the property that, if such an object is continuously rotated through the
angle 2x, then it is not restored to its original state but to what we consider
to be the ‘negative’ of that state. A rotation through 4n always does restore
such an object to its original state.

There is, however, a ‘new ingredient’, alluded to above: that in dimen-
sion higher than 3, it is not true that the composition of basic rotations
about (n — 2)-dimensional axes will always again be a rotation about an
(n — 2)-dimensional axis. In these higher dimensions, general (compos-
itions of) rotations cannot be so simply described. Such a (generalized)
rotation may have an ‘axis’ (i.e. a space that is left undisturbed by the
rotational motion) whose dimension can take a variety of different values.
Thus, for a Clifford algebra in n dimensions, we need a hierarchy
of different kinds of entity to represent such different kinds of rotation.
In fact, it turns out to be better to start with something that is even
more elementary than a rotation through w, namely a reflection in an
(n — 1)-dimensional (hyper)plane. A composition of two such reflections
(with respect to two such planes that are perpendicular) provides a
rotation through m, giving these previously basic m-rotations as ‘second-
ary’ entities, the primary entities being the reflections.[!!-6]

We label these basic reflections y,, v,, v3, ..., ¥,, Where ¥y, reverses
the rth coordinate axis, while leaving all the others alone. For the
appropriate type of ‘spinorial object’, reflecting it twice in the same dir-
ection gives the negative of the object, so we have n quaternion-like
relations,

yvi=-1, vi=-1, yvi=-1, ..., vi=-1,

satisfied by these primary reflections. The secondary entities, representing
our original w-rotations, are products of pairs of distinct y’s, and these
products have anticommutation properties (rather like quaternions):

YI)Yq = _’}/q’)/p (p 7é q)

In the particular case of three dimensions (n = 3), we can define the three
different ‘second-order’ quantities

i=%7 i=7v7,. k=77,

#8 [11.6] Find the geometrical nature of the transformation, in Euclidean 3-space, which is the
composition of two reflections in planes that are not perpendicular.
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and it is readily checked that these three quantities i, j, and k satisfy the
quaternion algebra laws (Hamilton’s ‘Brougham Bridge’ equations).['1.7]

The general element of the Clifford algebra for an n-dimensional space is
a sum of real-number multiples (i.e. a linear combination) of products of
sets of distinct y’s. The first-order (‘primary’) entities are the n different
individual quantities y,. The second-order (‘secondary’) entities are the
%n(n —1) independent products 7v,y, (with p<g); there are
¢n(n—1)(n—2) independent third-order entities v,y,¥y, (with
p<qg<r), ﬁn(n — 1)(n — 2)(n — 3) independent fourth-order entities,
etc., and finally the single nth-order entity y,v,¥;---7¥,. Taking all
these, together with the single zeroth-order entity 1, we get

1 1
1+n+§n(n—1)+6n(n—1)(n—2)+---+1:2"

entities in all,l'!# and the general element of the Clifford algebra is a linear
combination of these. Thus the elements of a Clifford algebra constitute a
2"-dimensional algebra over the reals, in the sense described in §11.1. They
form a ring with identity but, unlike quaternions, they do not form a
division ring.

One reason that Clifford algebras are important is for their role in
defining spinors. In physics, spinors made their appearance in Dirac’s
famous equation for the electron (Dirac 1928), the electron’s state being
a spinor quantity (see Chapter 24). A spinor may be thought of as an
object upon which the elements of the Clifford algebra act as operators,
such as with the basic reflections and rotations of a ‘spinorial object’ that
we have been considering. The very notion of a ‘spinorial object’ is
somewhat confusing and non-intuitive, and some people prefer to resort
to a purely (Clifford-) algebraic'! approach to their study. This certainly
has its advantages, especially for a general and rigorous n-dimensional
discussion; but I feel that it is important also not to lose sight of the
geometry, and I have tried to emphasize this aspect of things here.

In n dimensions,'? the full space of spinors (sometimes called spin-space) is
2"/2_dimensional if n is even, and 2"~D/2-dimensional if z is odd. When 7 is
even, the space of spinors splits into two independent spaces (sometimes
called the spaces of ‘reduced spinors’ or ‘half-spinors’), each of which is
2("=2/2_dimensional; that is, each element of the full space is the sum of two
elements—one from each of the two reduced spaces. A reflection in the (even)
n-dimensional space converts one of these reduced spin-spaces into the other.
The elements of one reduced spin-space have a certain ‘chirality’ or
‘handedness’; those of the other have the opposite chirality. This appears

A& [11.7] Show this.
£ [11.8] Explain all this counting. Hint: Think of (1 + 1)".
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to have deep importance in physics, where I here refer to the spinors for
ordinary 4-dimensional spacetime. The two reduced spin-spaces are each
2-dimensional, one referring to right-handed entities and the other to left-
handed ones. It seems that Nature assigns a different role to each of these
two reduced spin-spaces, and it is through this fact that physical processes
that are reflection non-invariant can emerge. It was, indeed, one of the
most striking (and some would say ‘shocking’) unprecedented discoveries
of 20th-century physics (theoretically predicted by Chen Ning Yang and
Tsung Dao Lee, and experimentally confirmed by Chien-Shiung Wu and
her group, in 1957) that there are actually fundamental processes in
Nature which do not occur in their mirror-reflected form. I shall be
returning to these foundational issues later (§§25.3.4, §32.2, §§33.4,7,11,14).

Spinors also have an important technical mathematical value in
various different contexts!? (see §§22.8-11, §§22.4,5, §§24.6,7, §§32.3,4,
§§33.4,6,8,11), and they can be of practical use in certain types of compu-
tation. Because of the ‘exponential’ relation between the dimension of the
spin-space (2/2, etc.) and the dimension n of the original space, it is not
surprising that spinors are better practical tools when 7 is reasonably
small. For ordinary 4-dimensional spacetime, for example, each reduced
spin-space has dimension only 2, whereas for modern 11-dimensional
‘M-theory’ (see §31.14), the spin-space has 32 dimensions.

11.6 Grassmann algebras

Finally, let me turn to Grassmann algebra. From the point of view of the
above discussion, we may think of Grassmann algebra as a kind of
degenerate case of Clifford algebra, where we have basic anticommuting
generating elements 0, 0,, 95 , ..., 7, similar to the v, v,, ¥3 ,..., ¥,
of the Clifford algebra, but where each 7, squares to zero, rather than to
the —1 that we have in the Clifford case:

7)%20, n%zO, e, ni:O.

The anticommutation law
NNy = —NyMp

holds as before, except that the Grassmann algebra is now more ‘system-
atic’ than the Clifford algebra, because we do not have to specify ‘p # ¢’ in
this equation. The case 5,1, = —m,7m, simply re-expresses 1;; =0.
Indeed, Grassmann algebras are more primitive and universal than
Clifford algebras, as they depend only upon a minimal amount of
local structure. Basically, the point is that the Clifford algebra needs
to ‘know’ what ‘perpendicular’ means, so that ordinary rotations can be
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built up out of reflections, whereas the notion of a ‘rotation’ is not part of
what is described according to Grassmann algebras. To put this another
way, the ordinary notions of ‘Clifford algebra’ and ‘spinor’ require that
there be a metric on the space, whereas this is not necessary for a Grass-
mann algebra. (Metrics will be discussed in §13.8 and §14.7.)

What the Grassmann algebra is concerned with is the basic idea of
a ‘plane element’ for different numbers of dimensions. Let us think of
each of the basic quantities n, 1,, 13, ..., 1, as defining a line element
or ‘vector’ (rather than a hyperplane of reflection) at the origin of co-
ordinates in some n-dimensional space, each m being associated with
one of the n different coordinate axes. (These can be ‘oblique’ axes,
since Grassmann algebra is not concerned with orthogonality; sece
Fig. 11.5.) The general vector at the origin will be some combination

a=an +amn+t - +an,

where ai, ay ,..., @, are real numbers. (Alternatively the a; could be
complex numbers, in the case of a complex space; but the real and complex
cases are similar in their algebraic treatment.) To describe the 2-dimen-
sional plane element spanned by two such vectors @ and b, where

b:blnl+b2n2+'”+bﬂnm

we form the Grassmann product of a with b. In order to avoid confusion
with other forms of product, I shall henceforth adopt the (standard)
notation a A b for this product (called the ‘wedge product’) rather than
Just using juxtaposition of symbols. Accordingly, what I previously wrote

Fig. 11.5 Each basis element

N, N, M3 5. .., M, of a Grassmann
algebra defines a vector in n-dimensional
space, at some origin-point O. These
vectors can be along the different
coordinate axes (which can be ‘oblique’
axes; Grassmann algebra not being
concerned with orthogonality). A general
vector at O is a linear combination
a=amn tan -+,
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as 1,1, I shall now denote by 0, A n,. The anticommutation law of these
7)’s 1S now to be written

np/\nq = _nq/\np'

Adopting the distributive law (see §11.1) in defining the product a A b, we
consequently obtain the more general anticommutation propertyl!!-°]

aNb=—-bAa

for arbitrary vectors @ and b. The quantity a A b provides an algebraic
representation of the plane element spanned by the vectors a and b (Fig.
11.6a). Note that this contains the information not only of an orientation
for the plane element (since the sign of @ A b has to do with which of a@ or b
comes first), but also of a ‘magnitude’ assigned to the plane element.

We may ask how a quantity such as a A b is to be represented as a set of
components, corresponding to the way that a« may be represented as

(a1, a2 ,...,a,) and b as (by, by ,..., b,), these being the coefficients
occurring when a and b are respectively presented as linear combinations of
n,, M ,--., M, The quantity a A b may, correspondingly, be presented as

a linear combination of n; A n,, B, A 73, etc., and we require the coeffi-
cients that arise. There is a certain choice of convention involved here
because, for example, ; A i, and 1, A n,; are not independent (one being
the negative of the other), so we may wish to single out one or the other of
these. It turns out to be more systematic to include both terms and to
divide the relevant coefficient equally between them. Then we find!'!19] the
coefficients—that is, the components—of a A b to be the various quantities
ap,bg, where square brackets around indices denote antisymmetrization,
defined by

(qu B A‘II’) ’

N —

A[pq] =

whence

1
apbg = B (apbq - aqbp)'

What about a 3-dimensional ‘plane element? Taking a, b, and ¢ to
be three independent vectors spanning this 3-element, we can form
the triple Grassmann product a Ab Ac¢ to represent this 3-element
(again with an orientation and magnitude), finding the anticommutation
properties

4 [11.9] Show this.
€ [11.10] Write out a A b fully in the case n = 2, to see how this comes about.
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(a) (b)

Fig.11.6 (a) The quantity a A b represents the (oriented and scaled) plane-element
spanned by independent vectors a and b. (b) The triple Grassmann producta Ab A ¢
represents the 3-element spanned by independent vectors a, b and c.

aNbANec=bANcha=cNaANb=—-bNaNc=—aNcANb=—-cANbANa

(see Fig. 11.6b). The components of a A b A ¢ are taken to be, in accordance
with the above,

1
apbgcq = 3 (apbycr + agbycy, + aybycy — aghpe, — apbrcg — arbycy),

the square brackets again denoting antisymmetrization, as illustrated by
the expression on the right-hand side.

Similar expressions define general r-elements, where r ranges up to the
dimension n of the entire space. The components of the rth-order wedge
product are obtained by taking the antisymmetrized product of the com-
ponents of the individual vectors.!'!-11}-11.12] Tndeed, Grassmann algebra
provides a powerful means of describing the basic geometrical linear
elements of arbitrary (finite) dimension.

The Grassmann algebra is a graded algebra in the sense that it contains
rth-order elements (where r is the number of #’s that are ‘wedge-pro-
ducted” together within the expression). The number r (where
r=20,1,2,3, ..., n)is called the grade of the element of the Grassmann
algebra. It should be noted, however, that the general element of the
algebra of grade r need not be a simple wedge product (such asaAb A ¢
in the case r = 3), but can be a sum of such expressions. Accordingly, there
are many elements of the Grassmann algebra that do not directly describe

@ [11.11] Write down this expression explicitly in the case of a wedge product of four vectors.

%9 [11.12] Show that the wedge product remains unaltered if a is replaced by @ added to any
multiple of any of the other vectors involved in the wedge product.
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geometrical r-elements. A role for such ‘non-geometrical’ Grassmann
elements will appear later (§12.7).

In general, if P is an element of grade p and Q is an element of grade ¢,
we define their (p + ¢)-grade wedge product P A Q to have components
P..cQa. s, where P, . and Qy. , are the components P and Q respect-
ively. Then we find(!!-13}-[11.14]

PrO= +Q AP if p, g, or both, are even,
| —QAP if pand g are both odd.

The sum of elements of a fixed grade r is again an element of grade r;
we may also add together elements of different grades to obtain a
‘mixed’ quantity that does not have any particular grade. Such elements
of the Grassmann algebra do not have such direct interpretations,
however.

Notes

Section 11.1
11.1. According to Eduard and Klein (1898), Carl Friedrich Gauss had apparently
already noted the multiplication law for quaternions in around 1820, but he had
not published it (Gauss 1900). This, however, was disputed by Tait (1900) and
Knott (1900). For further information, see Crowe (1967).
11.2. The term ‘vector’ has a spectrum of meanings. Here we require no association
with the differentiation notion of a ‘vector field’, described in §10.3.

Section 11.2

11.3. It is not clear to me how seriously Hamilton himself may have yielded to this
temptation. Prior to his discovery of quaternions, he had been interested in the
algebraic treatment of the ‘passage of time’, and this could have had some
influence on his preparedness to accept a fourth dimension in quaternionic
algebra. See Crowe (1967), pp. 23-7.

11.4. Nevertheless, a fair amount of work has been directed at issue of quaternionic
analogues of holomorphic notions and their value in physical theory. See
Giirsey (1983); Adler (1995). One might regard the twistor expressions
(§§33.8,9) for solving the massless free field equations as an appropriate 4-
dimensional analogue of the holomorphic-function method of solution of the
Laplace equation. This, however, uses complex analysis, not quaternionic. For
a general reference on quaternions and octonions, see Conway and Smith
(2003).

11.5. See Adams and Atiyah (1966).

11.6. See Clifford (1878). For modern references see Hestenes and Sobczyk (2001);
Lounesto (1999).

[11.13] Show this.
¢ [11.14] Deduce that PAP = 0, if p is odd.
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11.7. See Grassmann (1844, 1862); van der Waerden (1985), pp. 191-2; Crowe (1967),
Chap. 3.

Section 11.3
11.8. We pronounce this as though it were spelt ‘spinnor’, not ‘spynor’.
11.9. Although I do not know who first suggested this way of demonstrating quater-
nion multiplication, J. H. Conway used it in private demonstrations at the
1978 International Congress of Mathematicians in Helsinki—see also Newman
(1942); Penrose and Rindler (1984), pp. 41-6.

Section 11.4
11.10. See Pars (1968).

Section 11.5

11.11. For an approach to many physical problems through Clifford algebra, see
Lasenby et al. (2000) and references contained therein.

11.12. See Cartan (1966); Brauer and Weyl (1935); Penrose and Rindler (1986),
Appendix; Harvey (1990); Budinich and Trautman (1988).

11.13. See Lounesto (1999); Cartan (1966); Crumeyrolle (1990); Chevalley (1954);
Kamberov (2002) for a few examples.
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12
Manifolds of » dimensions

12.1  Why study higher-dimensional manifolds?

LET us now come to the general procedure for building up higher-dimen-
sional manifolds, where the dimension »n can be any positive integer
whatever (or even zero, if we allow ourselves to think of a single point as
constituting a 0-manifold). This is an essential notion for almost all
modern theories of basic physics. The reader might wonder why it is of
interest, physically, to consider n-manifolds for which » is larger than 4,
since ordinary spacetime 