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ON A PROOF BY PETROV OF THE STABILITY OF PLANE
COUETTE FLOW AND PLANE POISEUILLE FLOW*

A P. GALLAGHERY

Summary. A proof by Petrov [10] that plane Couette flow and plane Poiseuille flow are always
stable with respect to infinitesimal disturbances is examined and found to be hased an a set of incom-
plete functions, thus rendering the proof invalid.

L. Introduction. Petrov [10] gave a proof of the stability for all Reynolds
numbers of both plane Couette flow and plane Poiseuille flow with respect to
infinitesimal disturbances. Since then both problems have received considerable
attention, and while these more recent results tend to confirm the belief that
plane Couette flow is always stable (Grohne [5], Gallagher and Mercer [3], [4],
Deardorff [2]), regions of instability have been found for the plane Poiseuille
problem {Lin [6], Thomas [12], Grohne [5], Shen [11], Nachtsheim [8]). How-
ever, Pekeris [9] also concluded that plane Poiseuille flow 1s always stable, but
it is believed that his proof is not valid because it employs a series representation
which does nat apply to unstable motions. In view of these results it was concluded
that Petrov's proof is defective. This was indeed found to be the case. For ease of
reference we use the same notation as Petrov.

As is well known, the problem of the stability of plane parallel flows of a
viscous and incompressible fluid with respect to infinitesimal disturbances of the
form ¢(y) exp {in(x — ct)} is reduced to the problem of finding the eigenvalues
of the Orr-Sommerfeld equation

(1) ™ — 202" + o*¢ = iR — J(@" — «*P) — u’P]

with @0} = ¢'(0) = ¢(1) = ¢'(1} = 0, where u(y) is the wvelocity profile and
¢ = ¢, + ic; is the eigenvalue, R being the Reynwds number. If ¢; < 0, the
disturbance is damped and amplified if ¢; > 0; while if ¢; = 0, the moticon is said
to be neutrally stable.

2. The method of Petrov. Putting ' = ¢" — a’¢ in (1), the equation becomes
{2) f° = = aR{u — o) f — up}.

Essentially, Petrov's method is to expand the function f in a series of orthogonal
functions f;. These are defined as follows.

Let o, t;,5=1,2,3,---, be the eigenvectors and eigenvalues of the
differential equation

$ — 20" 4 o + e = o76) = 0
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with #(0) = ¢'(0) = H{1) = $'(}) = 0. These are found ta he
k
(3) @, = (cos ky — coshay) + .| sink,y — isinh ayl,

where

—ofcos k, — cosh )
= — : . k= — o’
8 asin ky — kg sinh « Hs

It can be shown that u;, = 0. The k, are determined from the equation

sin k, =

% coshacosk, — 1
k| (a*fk? — 1)sinh o |

The functions f, are defined by f, = ¢; — «’¢,. These are found to satisfy
the following relationships:

I I I
[ttty = [ spar=[ sri-wpar=o0. s#&
4] 4] i}
) 1
L A — ) dy = —ml Sl

1
where [£1? = [ f2dy.
1]

Multiplying (2) by [, integrating and making the substitution f = Eil b, s
one obtaing

™
it

3 (¢'d — d'd)dy

Laa] 1 ~ 1
6 =Y A Ibd? = chc,f fFdy+ iocR_[
=1 I} 0

on integrating by parts and taking the real part. For plane Couette flow and
plane Paiseuille low ™ = 0 so that (5) yields ¢; < 0 for all values of ¢ and R.

It is obvious that the above formal procedure can only be justified if the
{ f.} form a complete set in the space under discussion. We shall show in the next
section that the set is incomplete in the complex Hilbert space LY0, 1), where
[%0, 1} denotes the space of square summable functions (in the Lebespgue sense)
defined on the interval (0, 1). This of course means that any proof which uses
these functions is invalid unless it is proved that they are complete with respect
to the subspace of L%(0, 1) under discussion. Thus it is possible that the set is
complete with respect to the subspace generated by the solutions of (1) in the
plane Couette flow case. In order to explain the discrepancy discussed in §1
it would be more satisfactory to prove that the set of functions is incomplete
with respect to the subspace of L*(0, 1) generated by the solutions of (1) in the
plane Poiseuille problem. Both of these more difficult problems are under
investigation.
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3. Incompleteness of the set { /;}. A necessary and sufficient condition for \
the completeness of an orthonormal set in L*(0, 1) is given by Parseval’s equality

[1, p. 16],
w 1 f;g 2 B L s
© s; |:~[o A dy] - J.o oy

1 142
for all functions g in L*(0, 1). Here | f;|| = |:J f2 d,y] is the norm of f, {note
a

that the f; are real).
If « =0, we take g{y) = 1,0 £ y < 1, and obtain the following necessary

condition for completeness:
1 2
[{s9]
7 Lo 1
0 PR

1
But [, = ¢ for « = 0, so that J fody = @{1) — ¢.40) = 0 by the end conditions
4]

=1.

on ¢,. Hence (7) 15 not satisfied in this case.
If « # 0, we take g as any of the ¢,. Using (4) we cbtain, from (6),

U fmdy]
TR f 9 dy.

Hence

[ j fub dy]z - f £t ay f ot dy.

This is Schwarz’s inequality with equality sign, and so f, and ¢, are linearly
dependent [1, p. 2]. Hence f, = c¢p, where ¢ is a nonzero constant. Replacing
f. by ¢} — a’p, we obtain ¢} = (¢ + o’)¢,, which from (3) easily yields the
contradiction that ¢ is zera.

Hence the set { £} is incomplete in L2(0, 1) for all values of .
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