APPENDIX Al. A BRIEF HISTORY OF CHAOS 1044

Commentary

Remark A1.2. A brief history of period doubling universality. Mitchell J. Feigenbaum
discovered universality in one-dimensional iterative maps in August 1975. Following
Feigenbaum’s functional formulation of the problem, in March 1976 Cvitanovi¢ derived,
in collaboration with Feigenbaum, the equation g(x) = @g(g(x/a)) for the period doubling
fixed point function (not a big step, it is the limit of Feigenbaum functional recursion
sequence), which has since played a key role in the theory of transitions to turbulence. The
first published report [62] on Feigenbaum’s discovery is dated August 1976 (Los Alamos
Theoretical Division Annual Report 1975-1976, pp. 98-102, read it here). By that time the
work had became widely known through many seminars Feigenbaum gave in US and
Europe. His first paper, submitted to Advances in Mathematics in Nov 1976 was rejected.
The second paper was submitted to SIAM Journal of Applied Mathematics in April 1977
and rejected in October 1977. Finally, J. Lebowitz published both papers [63, 64] without
further referee pain (M. J. Feigenbaum, J. Stat. Phys. 19,25 (1978) and 21, 6 (1979)).

A very informative 1976 review by May [ 18] describes what was known before
Feigenbaum’s contribution. The geometric parameter convergence was first noted in 1958
by Myrberg [13, ], and independently of Feigenbaum, by Grossmann and Thomae [79]
in 1977 (without noting the universality of §). The theory of period-doubling universal
equations and scaling functions is developed in Kenway’s notes of Feigenbaum 1984 Ed-
inburgh lectures [66] (trifle hard to track down). The elegant unstable manifold formula-
tion of universality given in ChaosBook.org is due to Vul, Khanin, Sinai and Gol’dberg
[75, , ]in 1982. The most thorough exposition available is the Collet and Eckmann
[30] monograph. For a more recent introduction into renormalization theory that starts out
with period doubling before moving on to Quantum Field Theory, see Gurau, Rivasseau
and Sfondrini [80].

In 1978 Coullet and Tresser [32, 33] have formulated similar equations, in 1979
Derrida, Gervois and Pomeau [53] have extracted a great many metric universalities from
the asymptotic regime, and in 1981 Daido [51] has introduced a different set of universal
equations. Grassberger [76] has computed the Hausdorff dimension of the
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asymptotic attractor. Following up on Grossmann and Thomae [79], Lorenz [113] and
Daido [52] have found a universal ratio relating bifurcations and reverse bifurcations.
If f(x) is not quadratic around the maximum, the universal numbers will be different -
see Vilela Mendés [155] and Hu and Mao [92] for their values. According to Kuramoto
and Koga [103] such mappings can arise in chemical turbulence. Nonlinear oscillator;
quadratic potential with damping and harmonic driving force exhibit cascades of period-
doubling bifurcations [ 105, ]. Refs. [22-24] compute solutions of the period-doubling
fixed point equation using methods of Schoder and Abel, yielding what are so far the most
accurate 6 and a. See also Weisstein [159].

Since then the universal equations have been generalized to period n-tuplings [46,

]; universal scaling functions for all winding numbers in circle maps constructed [48],
and universality of the Hausdorff' dimension of the critical staircase established [44]. A
nice discussion of circle maps and their physical applications is given in refs. [ 10, 94, 95].
The universality theory for golden mean scalings is developed in refs. [65, 126, 135, 149].

The theory would have remained a curiosity, were it not for the beautiful experiment
by Libchaber and Maurer [117], and many others that followed. Crucial insights came
from Collet and Eckmann [30] and Collet, Eckmann and Koch [31] who explained how
the dynamics of dissipative system (such as a viscous fluid) can become 1-dimensional.
The experimental and theoretical developments up to 1990’s are summarized in reprint
collections by Cvitanovi¢ [37] and Hao [87]. We also recommend Hu [91], Crutchfield,
Farmer and Huberman [35], Eckmann [58] and Ott [127]. The period-doubling route to
turbulence that is by no means the only way to get there; see Eckmann [58] discussion of
other routes to chaos.

Remark A1.3. Should one attach names to equations?

Q : Name the 2nd person who invented General Relativity?
A : Who remembers?

—Professore Dottore Gatto Nero

By 1979 mathematicians understood that the numerical methods used by Feigenbaum
and Cvitanovi€ to solve the universal equations were in fact convergent. They did what
they do; they attached various names to the equations, they changed letters around. The
re-lettering did not stick, but the renamings did.

Feigenbaum [62] discovered and formulated period-doubling universality in 1975:
you can read about it and find his 1976 report by clicking here and here. In 1981
Lanford [108] satisfied himself that the iterative method Feigenbaum and Cvitanovi¢ used
and knew was contracting was indeed contracting. Lanford refers only to the Feigenbaum
paper [63]. Coullet and Tresser [32, 33] refer to the Feigenbaum paper [63].

In 1995 Lyubich [ 115, 116] rechristened the equations to “Feigenbaum-Coullet-Tress-
er,” omitting Cvitanovi¢ (the first to formulate the period-doubling fixed point equation),
and adding Coullet and Tresser (who rediscovered it a couple of years later). These are
all very fine physicists / mathematicians, creative and crazy as bats. But why rename an
equation that was widely known and publicized well before 19787 Is there something
essential that is missing in the 1976 formulation?

We asked Lyubich why? He wrote back: “In 1990s, I talked to both Feigenbaum and

Tresser, and my conclusion was that Coullet-Tresser discovered the phenomenon inde-
pendently, though slightly later. Also, they seemed to recognize better importance of the
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dynamical universality (while Feigenbaum focused more on the parameter phenomenon).
I felt that Coullet-Tresser did not receive a proper credit for their insights, so I attached
all three names to the phenomenon.” That’s sweet. Turns out Feigenbaum and Cvitanovi¢
invented but did not recognize “importance of the dynamical universality”, whatever that
might mean. While we are at it, why not credit the person who actually wrote the fixed
point equation first? Or he’s just dog meat?

People reinvent stuff all the time. For example, Myrheim and Cvitanovi¢ [46, 47]
generalized period doubling to infinity of renomalizations in the complex plane, but once
they were told that Golberg, Sinai and Khanin [75] did it first (for period tripling), they
gave credit to them, even though both groups discovered the phenomenon independently
in 1983.

Why attach names to equations anyway? Pretty soon the attribution problems will

sort themselves out by themselves - heart attacks and homicidal Atlanta drivers running
down cyclists will take care of that.

appendHist - 22jul2019 ChaosBook.org edition16.4, Jul 7 2019


http://www.cns.gatech.edu/~predrag/papers/preprints.html#ComplexRenorm
https://www.nytimes.com/2019/07/18/science/mitchell-feigenbaum-dead.html

APPENDIX Al. A BRIEF HISTORY OF CHAOS 1048

References

[1]

(2]

(3]

[4]

(5]

[6]

D. Adams, The Ultimate Hitchhiker’s Guide to the Galaxy (Random House,
New York, 1979).

M. Artin and B. Mazur, “On periodic points”, Ann. Math. 81, 82-99
(1965).

R. Artuso, “Diffusive dynamics and periodic orbits of dynamic systems”,
Phys. Lett. A 160, 528-530 (1991).

R. Artuso, E. Aurell, and P. Cvitanovié, “Recycling of strange sets: . Cy-
cle expansions”, Nonlinearity 3, 325-359 (1990).

R. Artuso, E. Aurell, and P. Cvitanovié, “Recycling of strange sets: II.
Applications”, Nonlinearity 3, 361-386 (1990).

N. Aubry, P. Holmes, J. L. Lumley, and E. Stone, “The dynamics of co-
herent structures in the wall region of turbulent boundary layer”, J. Fluid
Mech. 192, 115-173 (1988).

appendHist - 22jul2019 ChaosBook.org edition16.4, Jul 7 2019


http://books.google.com/books?vid=ISBN9780307498465
http://www.jstor.org/stable/1970384
http://www.jstor.org/stable/1970384
http://www.jstor.org/stable/1970384
http://dx.doi.org/10.1016/0375-9601(91)91062-I
http://dx.doi.org/10.1016/0375-9601(91)91062-I
http://dx.doi.org/10.1088/0951-7715/3/2/005
http://dx.doi.org/10.1088/0951-7715/3/2/005
http://dx.doi.org/10.1088/0951-7715/3/2/005
http://dx.doi.org/10.1088/0951-7715/3/2/006
http://dx.doi.org/10.1088/0951-7715/3/2/006
http://dx.doi.org/10.1088/0951-7715/3/2/006
http://dx.doi.org/10.1017/S0022112088001818
http://dx.doi.org/10.1017/S0022112088001818
http://dx.doi.org/10.1017/S0022112088001818
http://dx.doi.org/10.1017/S0022112088001818

APPENDIX Al. A BRIEF HISTORY OF CHAOS 1049

[71 D. Auerbach, P. Cvitanovié, J.-P. Eckmann, G. Gunaratne, and I. Procac-
cia, “Exploring chaotic motion through periodic orbits”, Phys. Rev. Lett.
58, 2387-2389 (1987).

[8] D. Avnir, O. Biham, D. Lidar, and O. Malcai, “Is the geometry of nature
fractal?”, Science 279, 39—40 (1998).
[9] J. Baez, This Week’s Finds in Mathematical Physics Week 236, 2006.
[10] P. Bak, T. Bohr, and M. H. Jensen, “Mode-locking and the transition to
chaos in dissipative systems”, Physica Scripta T9, 50-58 (1985).
[11] V. Baladi, Positive Transfer Operators and Decay of Correlations (World
Scientific, Singapore, 2000).
[12] J. Barrow-Green, Poincaré and the Three Body Problem (Amer. Math.
Soc., Providence R.I., 1997).

[13] M. W. Beims and J. A. C. Gallas, “Accumulation points in nonlinear pa-
rameter lattices”, Physica A 238, 225-244 (1997).

[14] M. Benedicks and L. Carleson, “On iterations of | —ax” on (1, 1)”, Ann.
Math. 122, 1-25 (1985).

[15] M. Benedicks and L. Carleson, On the Hénon attractor, in IXth Int. Congr.
on Mathematical Physics, edited by B. Simon, A. Truman, and M. Davies
(1989), pp. 498-500.

[16] M. Benedicks and L. Carleson, “The dynamics of the Hénon map”, Ann.
Math. 133, 73 (1991).

[17] M. Benedicks and L.-S. Young, “Absolutely continuous invariant mea-
sures and random perturbations for certain one-dimensional map”, Ergod.
Theor. Dynam. Syst. 12, 13-37 (1992).

[18] M. V. Berry, “Martin Gutzwiller and his periodic orbits”, Commun. Swiss
Phys. Soc. 37, 34-38 (2012).

[19] M. V. Berry and J. P. Keating, “A rule for quantizing chaos”, J. Phys. A
23, 4839-4849 (1990).

[20] M. Born, Vorlesungen iiber Atommechanik, English Translation: The Me-
chanics of the Atom (Ungar Publishing, New York, 1927).

[21] R. Bowen, Equilibrium States and the Ergodic Theory of Anosov Diffeo-
morphisms (Springer, New York, 1975).

[22] K. Briggs, “A precise calculation of the Feigenbaum constants”, Mathe-
matics of Computation 57, 435-439 (1991).

[23] K. M. Briggs, T. W. Dixon, and G. Szekeres, “Analytic solutions of the
Cvitanovi¢-Feigenbaum and Feigenbaum-Kadanoft-Shenker equations”,
Int. J. Bifur. Chaos 8, 347-357 (1998).

[24] K. M. Briggs, G. R. W. Quispel, and C. J. Thompson, “Feigenvalues for
Mandelsets”, J. Phys. A 24, 3363-3368 (1991).

[25] M. L. Cartwright and J. E. Littlewood, “On non-linear differential equa-
tions of the second order”, J. London Math. Soc. 20, 180-189 (1945).

[26] F. Christiansen and P. Cvitanovié, “Periodic orbit quantization of the anisotropic
Kepler problem”, Chaos 2, 61-69 (1992).

appendHist - 22jul2019 ChaosBook.org edition16.4, Jul 7 2019


http://dx.doi.org/10.1103/PhysRevLett.58.2387
http://dx.doi.org/10.1103/PhysRevLett.58.2387
http://dx.doi.org/10.1103/PhysRevLett.58.2387
http://dx.doi.org/10.1126/science.279.5347.39
http://dx.doi.org/10.1126/science.279.5347.39
http://dx.doi.org/10.1126/science.279.5347.39
http://sci.tech-archive.net/Archive/sci.physics.research/msg00062.html
http://dx.doi.org/10.1088/0031-8949/1985/T9/007
http://dx.doi.org/10.1088/0031-8949/1985/T9/007
http://dx.doi.org/10.1088/0031-8949/1985/T9/007
http://dx.doi.org/10.1142/9789812813633
http://books.google.com/books?vid=ISBN9780821803677
http://dx.doi.org/10.1016/s0378-4371(96)00451-7
http://dx.doi.org/10.1016/s0378-4371(96)00451-7
http://dx.doi.org/10.1016/s0378-4371(96)00451-7
http://dx.doi.org/10.2307/1971367
http://dx.doi.org/10.2307/1971367
http://dx.doi.org/10.2307/1971367
http://dx.doi.org/10.2307/2944326
http://dx.doi.org/10.2307/2944326
http://dx.doi.org/10.2307/2944326
http://dx.doi.org/10.1017/S0143385700006556
http://dx.doi.org/10.1017/S0143385700006556
http://dx.doi.org/10.1017/S0143385700006556
http://dx.doi.org/10.1017/S0143385700006556
http://www.sps.ch/fileadmin/_migrated/content_uploads/Mitteilungen.37.pdf
http://www.sps.ch/fileadmin/_migrated/content_uploads/Mitteilungen.37.pdf
http://www.sps.ch/fileadmin/_migrated/content_uploads/Mitteilungen.37.pdf
http://dx.doi.org/10.1088/0305-4470/23/21/024
http://dx.doi.org/10.1088/0305-4470/23/21/024
http://dx.doi.org/10.1088/0305-4470/23/21/024
http://dx.doi.org/10.1007/978-3-642-61898-7
http://dx.doi.org/10.1007/bfb0081279
http://dx.doi.org/10.1007/bfb0081279
http://dx.doi.org/10.1090/S0025-5718-1991-1079009-6
http://dx.doi.org/10.1090/S0025-5718-1991-1079009-6
http://dx.doi.org/10.1090/S0025-5718-1991-1079009-6
http://dx.doi.org/10.1142/S0218127498000206
http://dx.doi.org/10.1142/S0218127498000206
http://dx.doi.org/10.1142/S0218127498000206
http://dx.doi.org/10.1088/0305-4470/24/14/023
http://dx.doi.org/10.1088/0305-4470/24/14/023
http://dx.doi.org/10.1088/0305-4470/24/14/023
http://dx.doi.org/10.1112/jlms/s1-20.3.180
http://dx.doi.org/10.1112/jlms/s1-20.3.180
http://dx.doi.org/10.1112/jlms/s1-20.3.180
http://dx.doi.org/10.1063/1.165899
http://dx.doi.org/10.1063/1.165899
http://dx.doi.org/10.1063/1.165899

APPENDIX Al. A BRIEF HISTORY OF CHAOS 1050

[27]

(28]

[29]

[30]

[31]

(32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

F. Christiansen, P. Cvitanovi¢, and V. Putkaradze, “Hopf’s last hope: Spa-
tiotemporal chaos in terms of unstable recurrent patterns”, Nonlinearity
10, 55-70 (1997).

F. Christiansen, P. Cvitanovi¢, and H. H. Rugh, “The spectrum of the
period-doubling operator in terms of cycles”, J. Phys. A 23, L713S-L717S
(1990).

A. J. Coleman, “Groups and physics — Dogmatic opinions of a senior citi-
zen”, Notices Amer. Math. Soc. 44, 8—17 (1997).

P. Collet and J.-P. Eckman, Iterated Maps on the Interval as Dynamical
Systems (Birkhéuser, Boston, 2009).

P. Collet, J.-P. Eckmann, and H. Koch, “Period doubling bifurcations for
families of maps on R,,”, J. Stat. Phys. 25, 1-14 (1981).

P. Coullet and C. Tresser, “ltérations d’endomorphismes et groupe de
renormalisation”, J. Phys. Colloques C5 39, 25-28 (1978).

P. Coullet and C. Tresser, “lterations of endomorphisms and renormaliza-
tion group”, C. R. Acad. Sc. Paris A 287, 577-581 (1978).

G. Cristadoro, “Fractal diffusion coefficient from dynamical zeta func-
tions”, J. Phys. A 39, L151 (2006).

J. P. Crutchfield, J. D. Farmer, and B. A. Huberman, “Fluctuations and
simple chaotic dynamics”, Phys. Rep. 92, 45-82 (1982).

P. Cvitanovié, “Invariant measurement of strange sets in terms of cycles”,
Phys. Rev. Lett. 61, 2729-2732 (1988).

P. Cvitanovi¢, Universality in Chaos, 2nd ed. (Adam Hilger, Bristol, 1989).

P. Cvitanovi¢, R. L. Davidchack, and E. Siminos, “On the state space ge-
ometry of the Kuramoto-Sivashinsky flow in a periodic domain”, SIAM J.
Appl. Dyn. Syst. 9, 1-33 (2010).

P. Cvitanovi¢ and B. Eckhardt, “Periodic orbit quantization of chaotic sys-
tems”, Phys. Rev. Lett. 63, 823—826 (1989).

P. Cvitanovi¢ and B. Eckhardt, “Periodic orbit expansions for classical
smooth flows”, J. Phys. A 24, L237 (1991).

P. Cvitanovi¢ and B. Eckhardt, “Symmetry decomposition of chaotic dy-
namics”’, Nonlinearity 6, 277-311 (1993).

P. Cvitanovié, J.-P. Eckmann, and P. Gaspard, ““Transport properties of the
Lorentz gas in terms of periodic orbits”, Chaos Solit. Fract. 6, 113-120
(1995).

P. Cvitanovié, G. H. Gunaratne, and I. Procaccia, “Topological and metric
properties of Hénon-type strange attractors”, Phys. Rev. A 38, 1503-1520
(1988).

P. Cvitanovi¢, G. H. Gunaratne, and M. J. Vinson, “On the mode-locking
universality for critical circle maps”, Nonlinearity 3, 873-885 (1990).

appendHist - 22jul2019 ChaosBook.org edition16.4, Jul 7 2019


http://dx.doi.org/10.1088/0951-7715/10/1/004
http://dx.doi.org/10.1088/0951-7715/10/1/004
http://dx.doi.org/10.1088/0951-7715/10/1/004
http://dx.doi.org/10.1088/0951-7715/10/1/004
http://dx.doi.org/10.1088/0305-4470/23/14/005
http://dx.doi.org/10.1088/0305-4470/23/14/005
http://dx.doi.org/10.1088/0305-4470/23/14/005
http://dx.doi.org/10.1088/0305-4470/23/14/005
http://www.ams.org/notices/199701/coleman.pdf
http://www.ams.org/notices/199701/coleman.pdf
http://www.ams.org/notices/199701/coleman.pdf
http://dx.doi.org/10.1007/978-0-8176-4927-2
http://dx.doi.org/10.1007/978-0-8176-4927-2
http://dx.doi.org/10.1201/9780203734636-37
http://dx.doi.org/10.1201/9780203734636-37
http://dx.doi.org/10.1201/9780203734636-37
https://hal.archives-ouvertes.fr/jpa-00217480
https://hal.archives-ouvertes.fr/jpa-00217480
https://hal.archives-ouvertes.fr/jpa-00217480
http://gallica.bnf.fr/ark:/12148/bpt6k6238948x/f107.image.r=Tresser%20Coullet%20Hebdomadaires%201978?rk=21459;2
http://gallica.bnf.fr/ark:/12148/bpt6k6238948x/f107.image.r=Tresser%20Coullet%20Hebdomadaires%201978?rk=21459;2
http://gallica.bnf.fr/ark:/12148/bpt6k6238948x/f107.image.r=Tresser%20Coullet%20Hebdomadaires%201978?rk=21459;2
http://dx.doi.org/10.1088/0305-4470/39/10/L01
http://dx.doi.org/10.1088/0305-4470/39/10/L01
http://dx.doi.org/10.1088/0305-4470/39/10/L01
http://dx.doi.org/10.1016/0370-1573(82)90089-8
http://dx.doi.org/10.1016/0370-1573(82)90089-8
http://dx.doi.org/10.1016/0370-1573(82)90089-8
http://dx.doi.org/10.1103/PhysRevLett.61.2729
http://dx.doi.org/10.1103/PhysRevLett.61.2729
http://dx.doi.org/10.1201/9780203734636
http://dx.doi.org/10.1137/070705623
http://dx.doi.org/10.1137/070705623
http://dx.doi.org/10.1137/070705623
http://dx.doi.org/10.1137/070705623
http://dx.doi.org/10.1103/PhysRevLett.63.823
http://dx.doi.org/10.1103/PhysRevLett.63.823
http://dx.doi.org/10.1103/PhysRevLett.63.823
http://dx.doi.org/10.1088/0305-4470/24/5/005
http://dx.doi.org/10.1088/0305-4470/24/5/005
http://dx.doi.org/10.1088/0305-4470/24/5/005
http://dx.doi.org/10.1088/0951-7715/6/2/008
http://dx.doi.org/10.1088/0951-7715/6/2/008
http://dx.doi.org/10.1088/0951-7715/6/2/008
http://dx.doi.org/10.1016/0960-0779(95)80018-C
http://dx.doi.org/10.1016/0960-0779(95)80018-C
http://dx.doi.org/10.1016/0960-0779(95)80018-C
http://dx.doi.org/10.1016/0960-0779(95)80018-C
http://dx.doi.org/10.1103/PhysRevA.38.1503
http://dx.doi.org/10.1103/PhysRevA.38.1503
http://dx.doi.org/10.1103/PhysRevA.38.1503
http://dx.doi.org/10.1103/PhysRevA.38.1503
http://dx.doi.org/10.1088/0951-7715/3/3/015
http://dx.doi.org/10.1088/0951-7715/3/3/015
http://dx.doi.org/10.1088/0951-7715/3/3/015

APPENDIX Al. A BRIEF HISTORY OF CHAOS 1051

[45]

[46]

[47]

(48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

P. Cvitanovi¢ and Y. Lan, Turbulent fields and their recurrences, in Corre-
lations and Fluctuations in QCD : Proceedings of 10. International Work-
shop on Multiparticle Production, edited by N. Antoniou (2003), pp. 313—
325.

P. Cvitanovi¢ and J. Myrheim, “Universality for period n-tuplings in com-
plex mappings”, Phys. Lett. A 94, 329-333 (1983).

P. Cvitanovié¢ and J. Myrheim, “Complex universality”, Commun. Math.
Phys. 121, 225-254 (1989).

P. Cvitanovi¢, B. Shraiman, and B. Soderberg, “Scaling laws for mode
lockings in circle maps”, Phys. Scr. 32, 263-270 (1985).

P. Dahlqvist, “Determination of resonance spectra for bound chaotic sys-
tems”, J. Phys. A 27, 763-785 (1994).

P. Dahlqvist and G. Russberg, “Periodic orbit quantization of bound chaotic
systems”, J. Phys. A 24, 4763-4778 (1991).

H. Daido, “Universal relation of a band-splitting sequence to a preceding
period-doubling one”, Phys. Lett. A 86, 259-262 (1981).

H. Daido, “Period-doubling bifurcations and associated universal proper-
ties including parameter dependence”, Progr. Theor. Phys. 67, 1698—1723
(1982).

B. Derrida, A. Grevois, and Y. Pomeau, “Universal metric properties of
bifurcations of endomorphisms”, J. Phys. A 12, 269-296 (1979).

C. P. Dettmann and G. P. Morriss, “Stability ordering; strong field Lorentz
gas”, Phys. Rev. Lett. 78, 4201-4204 (1997).

F. Diacu and P. Holmes, Celestial Encounters: The Origins of Chaos and
Stability (Princeton Univ. Press, Princeton, NJ, 1996).

B. Eckhardt, “Fractal properties of scattering singularities”, J. Phys. A 20,
5971-5979 (1987).

B. Eckhardt, G. Russberg, P. Cvitanovié, P. E. Rosenqvist, and P. Scherer,
“Pinball scattering”, in Quantum chaos: between order and disorder, edited
by G. Casati and B. Chirikov (Cambridge Univ. Press, Cambridge, 1995),
p. 483.

J.-P. Eckmann, “Roads to turbulence in dissipative dynamical systems”,
Rev. Mod. Phys. 53, 643 (1981).

A. Einstein, “On the quantum theorem of Sommerfeld and Epstein”, in
The Collected Papers of Albert Einstein: The Berlin Years: Writings (1914-
1917), Vol. 6, E. Schucking, English translation of “Zum Quantensatz von
Sommerfeld und Epstein,” Verh. Deutsch. Phys. Ges. 19, 82 (Princeton
Univ. Press, Princeton NJ, 1917), p. 443.

G. S. Ezra, K. Richter, G. Tanner, and D. Wintgen, “Semiclassical cycle
expansion for the helium atom”, J. Phys. B 24, L413-1.420 (1991).

H. Faisst and B. Eckhardt, “Traveling waves in pipe flow”, Phys. Rev. Lett.
91, 224502 (2003).

M. J. Feigenbaum, Universality in complex discrete dynamics, 1976.

appendHist - 22jul2019 ChaosBook.org edition16.4, Jul 7 2019


http://dx.doi.org/10.1142/9789812704641_0032
http://dx.doi.org/10.1142/9789812704641_0032
http://dx.doi.org/10.1142/9789812704641_0032
http://dx.doi.org/10.1016/0375-9601(83)90121-4
http://dx.doi.org/10.1016/0375-9601(83)90121-4
http://dx.doi.org/10.1016/0375-9601(83)90121-4
http://dx.doi.org/10.1007/BF01217804
http://dx.doi.org/10.1007/BF01217804
http://dx.doi.org/10.1007/BF01217804
http://dx.doi.org/10.1088/0031-8949/32/4/003
http://dx.doi.org/10.1088/0031-8949/32/4/003
http://dx.doi.org/10.1088/0031-8949/32/4/003
http://dx.doi.org/10.1088/0305-4470/27/3/020
http://dx.doi.org/10.1088/0305-4470/27/3/020
http://dx.doi.org/10.1088/0305-4470/27/3/020
http://dx.doi.org/10.1088/0305-4470/24/20/012
http://dx.doi.org/10.1088/0305-4470/24/20/012
http://dx.doi.org/10.1088/0305-4470/24/20/012
http://dx.doi.org/10.1016/0375-9601(81)90360-1
http://dx.doi.org/10.1016/0375-9601(81)90360-1
http://dx.doi.org/10.1016/0375-9601(81)90360-1
http://dx.doi.org/10.1143/ptp.67.1698
http://dx.doi.org/10.1143/ptp.67.1698
http://dx.doi.org/10.1143/ptp.67.1698
http://dx.doi.org/10.1143/ptp.67.1698
http://dx.doi.org/10.1088/0305-4470/12/3/004
http://dx.doi.org/10.1088/0305-4470/12/3/004
http://dx.doi.org/10.1088/0305-4470/12/3/004
http://dx.doi.org/10.1103/PhysRevLett.78.4201
http://dx.doi.org/10.1103/PhysRevLett.78.4201
http://dx.doi.org/10.1103/PhysRevLett.78.4201
http://books.google.com/books?vid=ISBN9780691005454
http://books.google.com/books?vid=ISBN9780691005454
http://dx.doi.org/10.1088/0305-4470/20/17/030
http://dx.doi.org/10.1088/0305-4470/20/17/030
http://dx.doi.org/10.1088/0305-4470/20/17/030
http://chaosbook.org/~predrag/papers/preprints.html#CERRS
http://chaosbook.org/~predrag/papers/preprints.html#CERRS
http://dx.doi.org/10.1103/revmodphys.53.643
http://dx.doi.org/10.1103/revmodphys.53.643
http://books.google.com/books?vid=ISBN9780691017341
http://dx.doi.org/10.1088/0953-4075/24/17/001
http://dx.doi.org/10.1088/0953-4075/24/17/001
http://dx.doi.org/10.1088/0953-4075/24/17/001
http://dx.doi.org/10.1103/PhysRevLett.91.224502
http://dx.doi.org/10.1103/PhysRevLett.91.224502
http://dx.doi.org/10.1103/PhysRevLett.91.224502
http://ChaosBook.org/extras/mjf/LA-6816-PR.pdf

APPENDIX Al. A BRIEF HISTORY OF CHAOS 1052

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

(78]

[79]

M. J. Feigenbaum, “Quantitative universality for a class of nonlinear trans-
formations”, J. Stat. Phys. 19, 25-52 (1978).

M. J. Feigenbaum, ““The universal metric properties of nonlinear transfor-
mations”, J. Stat. Phys. 21, Reprinted in ref. [37], 669-706 (1979).

M. J. Feigenbaum, L. P. Kadanoff, and S. J. Shenker, “Quasiperiodicity
in dissipative systems: A renormalization group analysis”, Physica D §,
370-386 (1982).

M. J. Feigenbaum and R. D. Kenway, The onset of chaos, in Statistical and
Particle Physics: Common Problems and Techniques. Proc. 26th Scottish
Universities Summer School in Physics, edited by K. C. Bowler and A. J.
McKane (1984), pp. 1-100.

C. Foias, B. Nicolaenko, G. R. Sell, and R. Témam, “Inertial manifolds
for the Kuramoto-Sivashinsky equation and an estimate of their lowest
dimension”, J. Math. Pure Appl. 67, 197-226 (1988).

D. Fried, “Meromorphic zeta functions for analytic flows”, Commun. Math.
Phys. 174, 161-190 (1995).

P. Gaspard, Chaos, Scattering and Statistical Mechanics (Cambridge Univ.
Press, Cambridge, 1997).

P. Gaspard and S. A. Rice, “Exact quantization of the scattering from a
classically chaotic repellor”, J. Chem. Phys. 90, 2255-2262 (1989).

P. Gaspard and S. A. Rice, “Scattering from a classically chaotic repellor”,
J. Chem. Phys. 90, 2225-2241 (1989).

P. Gaspard and S. A. Rice, “Semiclassical quantization of the scattering
from a classically chaotic repellor”, J. Chem. Phys. 90, 2242-2254 (1989).

J. F. Gibson and P. Cvitanovié, Movies of plane Couette, tech. rep. (Geor-
gia Inst. of Technology, 2011).

F. Ginelli, P. Poggi, A. Turchi, H. Chaté, R. Livi, and A. Politi, “Charac-
terizing dynamics with covariant Lyapunov vectors”, Phys. Rev. Lett. 99,
130601 (2007).

A. 1. Gol’berg, Y. G. Sinai, and K. M. Khanin, “Universal properties for
sequences of bifurcations of period 3”, Russ. Math. Surv. 38, 187-188
(1983).

P. Grassberger, “On the Hausdorft dimension of fractal attractors”, J. Stat.
Phys. 26, 173-179 (1981).

P. Grassberger and 1. Procaccia, “Characterization of strange attractors”,
Phys. Rev. Lett. 50, 346-349 (1983).

C. Grebogi, E. Ott, and J. A. Yorke, “Unstable periodic orbits and the di-
mensions of multifractal chaotic attractors”, Phys. Rev. A 37, 1711-1724
(1988).

S. Grossmann and S. Thomae, “Invariant distributions and stationary cor-
relation functions of one-dimensional discrete processes”, Z. Naturf. A 32,
1353-1363 (1977).

appendHist - 22jul2019 ChaosBook.org edition16.4, Jul 7 2019


http://dx.doi.org/10.1007/BF01020332
http://dx.doi.org/10.1007/BF01020332
http://dx.doi.org/10.1007/BF01020332
http://dx.doi.org/10.1007/BF01107909
http://dx.doi.org/10.1007/BF01107909
http://dx.doi.org/10.1007/BF01107909
http://dx.doi.org/10.1016/0167-2789(82)90030-6
http://dx.doi.org/10.1016/0167-2789(82)90030-6
http://dx.doi.org/10.1016/0167-2789(82)90030-6
http://dx.doi.org/10.1016/0167-2789(82)90030-6
http://purl.umn.edu/4494
http://purl.umn.edu/4494
http://purl.umn.edu/4494
http://purl.umn.edu/4494
http://dx.doi.org/10.1007/bf02099469
http://dx.doi.org/10.1007/bf02099469
http://dx.doi.org/10.1007/bf02099469
http://books.google.com/books?vid=ISBN9780521018258
http://dx.doi.org/10.1063/1.456019
http://dx.doi.org/10.1063/1.456019
http://dx.doi.org/10.1063/1.456019
http://dx.doi.org/10.1063/1.456017
http://dx.doi.org/10.1063/1.456017
http://dx.doi.org/10.1063/1.456018
http://dx.doi.org/10.1063/1.456018
http://dx.doi.org/10.1063/1.456018
http://ChaosBook.org/tutorials
http://dx.doi.org/10.1103/PhysRevLett.99.130601
http://dx.doi.org/10.1103/PhysRevLett.99.130601
http://dx.doi.org/10.1103/PhysRevLett.99.130601
http://dx.doi.org/10.1103/PhysRevLett.99.130601
http://dx.doi.org/10.1070/RM1983v038n01ABEH003398
http://dx.doi.org/10.1070/RM1983v038n01ABEH003398
http://dx.doi.org/10.1070/RM1983v038n01ABEH003398
http://dx.doi.org/10.1070/RM1983v038n01ABEH003398
http://dx.doi.org/10.1007/bf01106792
http://dx.doi.org/10.1007/bf01106792
http://dx.doi.org/10.1007/bf01106792
http://dx.doi.org/10.1103/PhysRevLett.50.346
http://dx.doi.org/10.1103/PhysRevLett.50.346
http://dx.doi.org/10.1103/PhysRevA.37.1711
http://dx.doi.org/10.1103/PhysRevA.37.1711
http://dx.doi.org/10.1103/PhysRevA.37.1711
http://dx.doi.org/10.1103/PhysRevA.37.1711
http://dx.doi.org/10.1515/zna-1977-1204
http://dx.doi.org/10.1515/zna-1977-1204
http://dx.doi.org/10.1515/zna-1977-1204
http://dx.doi.org/10.1515/zna-1977-1204

APPENDIX Al. A BRIEF HISTORY OF CHAOS 1053

[80] R. Gurau, V. Rivasseau, and A. Sfondrini, Renormalization: An advanced
overview, 2014.

[81] M. C. Gutzwiller, “Phase-integral approximation in momentum space and
the bound states of an atom”, J. Math. Phys. 8, 1979-2000 (1967).

[82] M. C. Gutzwiller, “Phase-integral approximation in momentum space and
the bound states of an atom. II”°, J. Math. Phys. 10, 1004-1020 (1969).

[83] M. C. Gutzwiller, “Energy spectrum according to classical mechanics”, J.
Math. Phys. 11, 1791-1806 (1970).

[84] M. C. Gutzwiller, “Periodic orbits and classical quantization conditions”,
J. Math. Phys. 12, 343-358 (1971).

[85] M. C. Gutzwiller, “The quantization of a classically ergodic system”, Phys-
icaD 5, 183-207 (1982).

[86] M. C. Gutzwiller, Chaos in Classical and Quantum Mechanics (Springer,
New York, 1990).

[87] B.-L. Hao, Chaos Il (World Scientific, Singapore, 1990).

[88] B. Hof, C. W. H. van Doorne, J. Westerweel, F. T. M. Nieuwstadt, H.
Faisst, B. Eckhardt, H. Wedin, R. R. Kerswell, and F. Waleffe, “Experi-
mental observation of nonlinear traveling waves in turbulent pipe flow”,
Science 305, 1594-1598 (2004).

[89] P. Holmes, J. L. Lumley, and G. Berkooz, Turbulence, Coherent Struc-
tures, Dynamical Systems and Symmetry (Cambridge Univ. Press, Cam-
bridge, 1996).

[90] E. Hopf, “A mathematical example displaying features of turbulence”,
Commun. Pure Appl. Math. 1, 303-322 (1948).

[91] B. Hu, “Introduction to real-space renormalization-group methods in crit-
ical and chaotic phenomena”, Phys. Rep. 91, 233-295 (1982).

[92] B. Hu and J. M. Mao, “Period doubling: Universality and critical-point
order”, Phys. Rev. A 25, 3259-3261 (1982).

[93] M.Jammer, The Conceptual Development of Quantum Mechanics (McGraw-
Hill, New York, 1966).

[94] M. H. Jensen, P. Bak, and T. Bohr, “Complete devil’s staircase fractal
dimension and universality of mode-locking structure in the circle map”,
Phys. Rev. Lett. 50, 1637-1639 (1983).

[95] M. H. Jensen, P. Bak, and T. Bohr, “Transition to chaos by interaction of
resonances in dissipative systems. . Circle maps”, Phys. Rev. A 30, 1960-
1969 (1984).

[96] L.P. Kadanoff, “Fractals: where’s the physics?”, Phys. Today 39, 6 (1986).

[97] L. Kadanoff and C. Tang, “Escape rate from strange repellers”, Proc. Natl.
Acad. Sci. USA 81, 1276-1279 (1984).

[98] E. Kazantsev, “Unstable periodic orbits and attractor of the barotropic
ocean model”, Nonlin. Proc. Geophys. 5, 193 (1998).

appendHist - 22jul2019 ChaosBook.org edition16.4, Jul 7 2019


https://arxiv.org/abs/1401.5003
https://arxiv.org/abs/1401.5003
http://dx.doi.org/10.1063/1.1705112
http://dx.doi.org/10.1063/1.1705112
http://dx.doi.org/10.1063/1.1705112
http://dx.doi.org/10.1063/1.1664927
http://dx.doi.org/10.1063/1.1664927
http://dx.doi.org/10.1063/1.1664927
http://dx.doi.org/10.1063/1.1665328
http://dx.doi.org/10.1063/1.1665328
http://dx.doi.org/10.1063/1.1665328
http://dx.doi.org/10.1063/1.1665596
http://dx.doi.org/10.1063/1.1665596
http://dx.doi.org/10.1016/0167-2789(82)90017-3
http://dx.doi.org/10.1016/0167-2789(82)90017-3
http://dx.doi.org/10.1016/0167-2789(82)90017-3
http://dx.doi.org/10.1007/978-1-4612-0983-6
http://dx.doi.org/10.1142/1001
http://dx.doi.org/10.1126/science.1100393
http://dx.doi.org/10.1126/science.1100393
http://dx.doi.org/10.1126/science.1100393
http://dx.doi.org/10.1017/cbo9780511622700
http://dx.doi.org/10.1017/cbo9780511622700
http://dx.doi.org/10.1002/cpa.3160010401
http://dx.doi.org/10.1002/cpa.3160010401
http://dx.doi.org/10.1016/0370-1573(82)90057-6
http://dx.doi.org/10.1016/0370-1573(82)90057-6
http://dx.doi.org/10.1016/0370-1573(82)90057-6
http://dx.doi.org/10.1103/physreva.25.3259
http://dx.doi.org/10.1103/physreva.25.3259
http://dx.doi.org/10.1103/physreva.25.3259
http://books.google.com/books?vid=ISBN9780883186176
http://dx.doi.org/10.1103/PhysRevLett.50.1637
http://dx.doi.org/10.1103/PhysRevLett.50.1637
http://dx.doi.org/10.1103/PhysRevLett.50.1637
http://dx.doi.org/10.1103/PhysRevA.30.1960
http://dx.doi.org/10.1103/PhysRevA.30.1960
http://dx.doi.org/10.1103/PhysRevA.30.1960
http://dx.doi.org/10.1103/PhysRevA.30.1960
http://dx.doi.org/10.1063/1.2814878
http://dx.doi.org/10.1063/1.2814878
http://dx.doi.org/10.1073/pnas.81.4.1276
http://dx.doi.org/10.1073/pnas.81.4.1276
http://dx.doi.org/10.1073/pnas.81.4.1276
http://dx.doi.org/10.5194/npg-5-193-1998
http://dx.doi.org/10.5194/npg-5-193-1998
http://dx.doi.org/10.5194/npg-5-193-1998

APPENDIX Al. A BRIEF HISTORY OF CHAOS 1054

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

appendHist -

J. P. Keating, “Resummation and the turning points of zeta functions”, in
Classical, Semiclassical and Quantum Dynamics in Atoms, edited by B.

Eckhardt and H. Friedrich (Springer, Berlin, 1997), pp. 83-93.

J. B. Keller, “Corrected Bohr—Sommerfeld quantum conditions for non-
separable systems”, Ann. Phys. (N. Y.) 4, 180-188 (1958).

B. O. Koopman, “Hamiltonian systems and transformations in Hilbert
space”, Proc. Natl. Acad. Sci. USA 17, 315 (1931).

T. Kreilos and B. Eckhardt, “Periodic orbits near onset of chaos in plane
Couette flow”, Chaos 22, 047505 (2012).

Y. Kuramoto and S. Koga, “Anomalous period-doubling bifurcations lead-
ing to chemical turbulence”, Phys. Lett. A 92, 1-4 (1982).

Y. Kuramoto and T. Tsuzuki, “Persistent propagation of concentration
waves in dissipative media far from thermal equilibrium”, Progr. Theor.
Phys. 55, 365-369 (1976).

A. Y. Kuznetsova, C. K. A. P. Kuznetsov, and E. Mosekilde, “Catastrophe
theoretic classification of nonlinear oscillators”, Int. J. Bifur. Chaos 12,
1241-1266 (2004).

Y. Lan, Dynamical Systems Approach to 1 — d Spatiotemporal Chaos — A
Cyclist’s View, PhD thesis (School of Physics, Georgia Inst. of Technol-
ogy, Atlanta, 2004).

Y. Lan and P. Cvitanovié, “Variational method for finding periodic orbits
in a general flow”, Phys. Rev. E 69, 016217 (2004).

O. E. Lanford, “A computer-assisted proof of the Feigenbaum conjec-
tures”, Bull. Amer. Math. Soc. 6, 427-434 (1982).

J. G. Leopold and I. Percival, “The semiclassical two-electron atom and
the old quantum theory”, J. Phys. B 13, 1037 (1980).

T.-Y.Liand J. A. Yorke, “Period three implies chaos”, Amer. Math. Monthly
82, 985-992 (1975).

V. Lépez, P. Boyland, M. T. Heath, and R. D. Moser, “Relative periodic so-
lutions of the Complex Ginzburg-Landau equation”, SIAM J. Appl. Dyn.
Syst. 4, 1042 (2006).

E. N. Lorenz, “Deterministic nonperiodic flow”, J. Atmos. Sci. 20, 130-
141 (1963).

E. N. Lorenz, “Noisy periodicity and reverse bifurcation”, Annals of the
NY Acad. Sci. 357, 282-291 (1980).

A. Lyapunov, “Probléme général de la stabilité du mouvement”, Ann.
Math. Studies 17, Russian original Kharkow, 1892, 531-534 (1977).

M. Lyubich, “Renormalization ideas in conformal dynamics”, Current De-
velopments in Mathematics 1995, 155-190 (1995).

M. Lyubich, “Feigenbaum-Coullet-Tresser universality and Milnor’s hairi-
ness conjecture”, Ann. Math. 149, 319-420 (1999).

J. Maurer and A. Libchaber, “Effect of the Prandtl number on the onset of
turbulence in liquid 4He”, J. Physique Lett. 41, 515-518 (1980).

22jul2019 ChaosBook.org edition16.4, Jul 7 2019


http://dx.doi.org/10.1007/BFb0105970
http://dx.doi.org/10.1007/BFb0105970
http://dx.doi.org/10.1016/0003-4916(58)90032-0
http://dx.doi.org/10.1016/0003-4916(58)90032-0
http://dx.doi.org/10.1016/0003-4916(58)90032-0
http://dx.doi.org/10.1073/pnas.17.5.315
http://dx.doi.org/10.1073/pnas.17.5.315
http://dx.doi.org/10.1073/pnas.17.5.315
http://dx.doi.org/10.1063/1.4757227
http://dx.doi.org/10.1063/1.4757227
http://dx.doi.org/10.1063/1.4757227
http://dx.doi.org/10.1016/0375-9601(82)90725-3
http://dx.doi.org/10.1016/0375-9601(82)90725-3
http://dx.doi.org/10.1016/0375-9601(82)90725-3
http://dx.doi.org/10.1143/PTP.55.356
http://dx.doi.org/10.1143/PTP.55.356
http://dx.doi.org/10.1143/PTP.55.356
http://dx.doi.org/10.1143/PTP.55.356
http://dx.doi.org/10.1142/S0218127404009995
http://dx.doi.org/10.1142/S0218127404009995
http://dx.doi.org/10.1142/S0218127404009995
http://dx.doi.org/10.1142/S0218127404009995
http://ChaosBook.org/projects/theses.html
http://ChaosBook.org/projects/theses.html
http://dx.doi.org/10.1103/PhysRevE.69.016217
http://dx.doi.org/10.1103/PhysRevE.69.016217
http://dx.doi.org/10.1103/PhysRevE.69.016217
http://dx.doi.org/10.1090/S0273-0979-1982-15008-X
http://dx.doi.org/10.1090/S0273-0979-1982-15008-X
http://dx.doi.org/10.1090/S0273-0979-1982-15008-X
http://dx.doi.org/10.1088/0022-3700/13/6/012
http://dx.doi.org/10.1088/0022-3700/13/6/012
http://dx.doi.org/10.1088/0022-3700/13/6/012
http://dx.doi.org/10.1080/00029890.1975.11994008
http://dx.doi.org/10.1080/00029890.1975.11994008
http://dx.doi.org/10.1080/00029890.1975.11994008
http://dx.doi.org/10.1137/040618977
http://dx.doi.org/10.1137/040618977
http://dx.doi.org/10.1137/040618977
http://dx.doi.org/10.1137/040618977
http://dx.doi.org/10.1175/1520-0469(1963)020<0130:DNF>2.0.CO;2
http://dx.doi.org/10.1175/1520-0469(1963)020<0130:DNF>2.0.CO;2
http://dx.doi.org/10.1175/1520-0469(1963)020<0130:DNF>2.0.CO;2
http://dx.doi.org/10.1111/j.1749-6632.1980.tb29693.x
http://dx.doi.org/10.1111/j.1749-6632.1980.tb29693.x
http://dx.doi.org/10.1111/j.1749-6632.1980.tb29693.x
http://dx.doi.org/10.4310/cdm.1995.v1995.n1.a2
http://dx.doi.org/10.4310/cdm.1995.v1995.n1.a2
http://dx.doi.org/10.4310/cdm.1995.v1995.n1.a2
http://dx.doi.org/10.2307/120968
http://dx.doi.org/10.2307/120968
http://dx.doi.org/10.2307/120968
http://dx.doi.org/10.1051/jphyslet:019800041021051500
http://dx.doi.org/10.1051/jphyslet:019800041021051500
http://dx.doi.org/10.1051/jphyslet:019800041021051500

APPENDIX Al. A BRIEF HISTORY OF CHAOS 1055

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

appendHist -

R. M. May, “Simple mathematical models with very complicated dynam-
ics”, Nature 261, 459-467 (1976).

H. P. McKean, “Selberg’s trace formula as applied to a compact Riemann
surface”, Commun. Pure Appl. Math. 25, 225-246 (1972).

N. Metropolis, M. L. Stein, and P. R. Stein, “On finite limit sets for trans-
formations on the unit interval”, J. Combin. Theory 15, 25-44 (1973).

J. Milnor and W. Thurston, “Iterated maps of the interval”, in Dynam-
ical Systems (Maryland 1956-87), edited by A. Dold and B. Eckmann
(Springer, New York, 1988), pp. 465-563.

F. C. Moon, Chaotic Vibrations: An Introduction for Applied Scientists
and Engineers (Wiley, New York, 1987).

D. W. Moore and E. A. Spiegel, “A thermally excited nonlinear oscillator”,
Astrophys. J. 143, 871-887 (1966).

J. von Neumann, “Zusitze zur Arbeit “Zur Operatorenmethode in der klas-
sischen Mechanik”. (German) [Additions to the work “On operator meth-
ods in classical mechanics”]”, Ann. Math. 33, 789-791 (1932).

J. von Neumann and E. P. Wigner, “Uber merkwiirdige diskrete Eigen-
werte. Uber das Verhalten von Eigenwerten bei adiabatischen Prozessen”,
Phys. Zeit. 30, 467—470 (1929).

S. Ostlund, D. Rand, J. Sethna, and E. Siggia, “Universal properties of the
transition from quasi-periodicity to chaos in dissipative systems”, Physica
D 8, 303-342 (1983).

E. Ott, “Strange attractors and chaotic motions of dynamical systems”,
Rev. Mod. Phys. 53, 655-671 (1981).

E. Ott, Chaos and Dynamical Systems (Cambridge Univ. Press, Cam-
bridge, 2002).

A. Pais, Inward Bound: of Matter and Forces in the Physical World (Ox-
ford Univ. Press, Oxford, 1986).

A. Pais, Niels Bohr’s Times, in Physics, Philosophy and Polity (Oxford
Univ. Press, Oxford, 1991).

W. Parry and M. Pollicott, “An analogue of the prime number theorem for
closed orbits of Axiom A flows”, Ann. Math. 118, 573-591 (1983).

H. Poincaré, Les Méthodes Nouvelles de la Méchanique Céleste (Guthier-
Villars, Paris, 1899).

M. Pollicott, “On the rate of mixing of Axiom A flows”, Inv. Math. 81,
413-426 (1985).

M. Pollicott, “A note on the Artuso-Aurell-Cvitanovi¢ approach to the
Feigenbaum tangent operator”, J. Stat. Phys. 62, 257-267 (1991).

D. Rand, S. Ostlund, J. Sethna, and E. D. Siggia, “Universal transition
from quasiperiodicity to chaos in dissipative systems”, Phys. Rev. Lett.
49, 132-135 (1982).

22jul2019 ChaosBook.org edition16.4, Jul 7 2019


http://dx.doi.org/10.1038/261459a0
http://dx.doi.org/10.1038/261459a0
http://dx.doi.org/10.1038/261459a0
http://dx.doi.org/10.1002/cpa.3160250302
http://dx.doi.org/10.1002/cpa.3160250302
http://dx.doi.org/10.1002/cpa.3160250302
http://dx.doi.org/10.1016/0097-3165(73)90033-2
http://dx.doi.org/10.1016/0097-3165(73)90033-2
http://dx.doi.org/10.1016/0097-3165(73)90033-2
http://dx.doi.org/10.1007/BFb0082847
http://dx.doi.org/10.1007/BFb0082847
http://dx.doi.org/10.1007/BFb0082847
http://dx.doi.org/10.1002/3527602844
http://dx.doi.org/10.1002/3527602844
http://dx.doi.org/10.1086/148562
http://dx.doi.org/10.1086/148562
http://dx.doi.org/10.2307/1968225
http://dx.doi.org/10.2307/1968225
http://dx.doi.org/10.2307/1968225
http://dx.doi.org/10.2307/1968225
http://dx.doi.org/10.1016/0167-2789(83)90229-4
http://dx.doi.org/10.1016/0167-2789(83)90229-4
http://dx.doi.org/10.1016/0167-2789(83)90229-4
http://dx.doi.org/10.1016/0167-2789(83)90229-4
http://dx.doi.org/10.1007/978-0-387-21830-4_9
http://dx.doi.org/10.1007/978-0-387-21830-4_9
http://dx.doi.org/10.1017/cbo9780511803260
http://dx.doi.org/10.1063/1.2815127
http://dx.doi.org/10.1063/1.2809577
http://www.jstor.org/stable/2006982
http://www.jstor.org/stable/2006982
http://www.jstor.org/stable/2006982
http://dx.doi.org/10.1007/BF01388579
http://dx.doi.org/10.1007/BF01388579
http://dx.doi.org/10.1007/BF01388579
http://dx.doi.org/10.1007/BF01020869
http://dx.doi.org/10.1007/BF01020869
http://dx.doi.org/10.1007/BF01020869
http://dx.doi.org/10.1103/physrevlett.49.132
http://dx.doi.org/10.1103/physrevlett.49.132
http://dx.doi.org/10.1103/physrevlett.49.132
http://dx.doi.org/10.1103/physrevlett.49.132

APPENDIX Al. A BRIEF HISTORY OF CHAOS 1056

[136]

[137]

[138]

[139]

[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

[154]

appendHist -

E. Rosengvist, Periodic Orbit Theory Beyond Semiclassics: Convergence,
Diffraction and 7 Corrections, PhD thesis (Copenhagen Univ., Copen-
hagen, 1995).

D. Ruelle, “Generalized zeta-functions for Axiom A basic sets”, Bull.
Amer. Math. Soc. 82, 153-156 (1976).

D. Ruelle, “Zeta-functions for expanding maps and Anosov flows”, Inv.
Math. 34, 231-242 (1976).

D. Ruelle, “Locating resonances for Axiom A dynamical systems”, J. Stat.
Phys. 44, 281-292 (1986).

D. Ruelle, “One-dimensional Gibbs states and Axiom A diffeomorphisms”,
J. Diff. Geom. 25, 117-137 (1987).

D. Ruelle, “Resonances for Axiom A flows”, J. Diff. Geom. 25, 99-116
(1987).

D. Ruelle, “The Deterministic chaos: the science and the fiction”, Proc. R.
Soc. Lond. A 427, 241-248 (1990).

D. Ruelle, Thermodynamic Formalism: The Mathematical Structure of
Equilibrium Statistical Mechanics, 2nd ed. (Cambridge Univ. Press, Cam-
bridge, 2004).

H. H. Rugh, “The correlation spectrum for hyperbolic analytic maps”,
Nonlinearity 5, 1237 (1992).

E. Sander and J. A. Yorke, “A period-doubling cascade precedes chaos for
planar maps”, Chaos 23, 033113 (2013).

M. du Sautoy, Finding Moonshine: A Mathematician’s Journey Through
Symmetry (Harper Collins, 2012).

I. Segal, “Book review: Alain Connes, Noncommutative geometry”, Bull.
Amer. Math. Soc. 33, 459465 (1996).

A. Selberg, “Harmonic analysis and discontinuous groups in weakly sym-
metric Riemannian spaces with applications to Dirichlet series”, J. Indian
Math. Soc. (N.S.) 20, 47-87 (1956).

S. J. Shenker, “Scaling behavior in a map of a circle onto itself:Empirical
results”, Physica D §, 405411 (1982).

Y. G. Sinai, “Gibbs measures in ergodic theory”, Russ. Math. Surv. 27,
21-69 (1972).

G. L. Sivashinsky, “Nonlinear analysis of hydrodynamical instability in
laminar flames - 1. Derivation of basic equations”, Acta Astronaut. 4,
1177-1206 (1977).

S. Smale, “Differentiable dynamical systems”, Bull. Amer. Math. Soc. 73,
747-817 (1967).

E. A. Spiegel, “Chaos: A mixed metaphor for turbulence”, Proc. R. Soc.
Lond. A A413, 87 (1987).

D. Stone, “Einstein’s unknown insight and the problem of quantizing chaos”,
Phys. Today 58, 37—43 (2005).

22jul2019 ChaosBook.org edition16.4, Jul 7 2019


ChaosBook.org/projects/theses.html
ChaosBook.org/projects/theses.html
http://dx.doi.org/10.1090/S0002-9904-1976-14003-7
http://dx.doi.org/10.1090/S0002-9904-1976-14003-7
http://dx.doi.org/10.1090/S0002-9904-1976-14003-7
http://dx.doi.org/10.1007/bf01403069
http://dx.doi.org/10.1007/bf01403069
http://dx.doi.org/10.1007/bf01403069
http://dx.doi.org/10.1007/BF01011300
http://dx.doi.org/10.1007/BF01011300
http://dx.doi.org/10.1007/BF01011300
http://projecteuclid.org/euclid.jdg/1214440727
http://projecteuclid.org/euclid.jdg/1214440727
http://projecteuclid.org/euclid.jdg/1214440726
http://projecteuclid.org/euclid.jdg/1214440726
http://projecteuclid.org/euclid.jdg/1214440726
http://dx.doi.org/10.1098/rspa.1990.0010
http://dx.doi.org/10.1098/rspa.1990.0010
http://dx.doi.org/10.1098/rspa.1990.0010
http://dx.doi.org/10.1017/cbo9780511617546
http://dx.doi.org/10.1017/cbo9780511617546
http://dx.doi.org/10.1088/0951-7715/5/6/003
http://dx.doi.org/10.1088/0951-7715/5/6/003
http://dx.doi.org/10.1063/1.4813600
http://dx.doi.org/10.1063/1.4813600
http://dx.doi.org/10.1063/1.4813600
http://books.google.com/books?vid=ISBN9780007380879
http://books.google.com/books?vid=ISBN9780007380879
http://dx.doi.org/10.1090/S0273-0979-96-00687-8
http://dx.doi.org/10.1090/S0273-0979-96-00687-8
http://dx.doi.org/10.1090/S0273-0979-96-00687-8
http://dx.doi.org/10.1016/0167-2789(82)90033-1
http://dx.doi.org/10.1016/0167-2789(82)90033-1
http://dx.doi.org/10.1016/0167-2789(82)90033-1
http://dx.doi.org/10.1070/RM1972v027n04ABEH001383
http://dx.doi.org/10.1070/RM1972v027n04ABEH001383
http://dx.doi.org/10.1070/RM1972v027n04ABEH001383
http://dx.doi.org/10.1016/0094-5765(77)90096-0
http://dx.doi.org/10.1016/0094-5765(77)90096-0
http://dx.doi.org/10.1016/0094-5765(77)90096-0
http://dx.doi.org/10.1016/0094-5765(77)90096-0
http://dx.doi.org/10.1090/S0002-9904-1967-11798-1
http://dx.doi.org/10.1090/S0002-9904-1967-11798-1
http://dx.doi.org/10.1090/S0002-9904-1967-11798-1
http://dx.doi.org/10.1515/9781400860197.87
http://dx.doi.org/10.1515/9781400860197.87
http://dx.doi.org/10.1515/9781400860197.87
http://dx.doi.org/10.1063/1.2062917
http://dx.doi.org/10.1063/1.2062917

APPENDIX Al. A BRIEF HISTORY OF CHAOS 1057

[155]

[156]

[157]

[158]

[159]
[160]

[161]

[162]

R. Vilela Mendes, “Critical-point dependence of universality in maps of
the interval”, Phys. Lett. A 84, 1-3 (1981).

E. B. Vul and K. M. Khanin, “The unstable separatrix of Feigenbaum’s
fixed-point”, Russ. Math. Surv. 37, 200-201 (1982).

E. B. Vul, Y. G. Sinai, and K. M. Khanin, “Feigenbaum universality and
the thermodynamic formalism”, Russ. Math. Surv. 39, 1-40S (1984).

H. Wedin and R. R. Kerswell, “Exact coherent structures in pipe flow”, J.
Fluid Mech. 508, 333-371 (2004).

E. W. Weisstein, Feigenbaum constant, 2012.

E. P. Wigner, Group Theory and Its Application to the Quantum Mechan-
ics of Atomic Spectra (Academic, New York, 1931).

D. Wintgen, K. Richter, and G. Tanner, “The semiclassical helium atom”,
Chaos 2, 19-33 (1992).

S. M. Zoldi and H. S. Greenside, “Spatially localized unstable periodic
orbits of a high-dimensional chaotic system”, Phys. Rev. E 57, R2511—
R2514 (1998).

appendHist - 22jul2019 ChaosBook.org edition16.4, Jul 7 2019


http://dx.doi.org/10.1016/0375-9601(81)90002-5
http://dx.doi.org/10.1016/0375-9601(81)90002-5
http://dx.doi.org/10.1016/0375-9601(81)90002-5
http://dx.doi.org/10.1070/RM1982v037n05ABEH004046
http://dx.doi.org/10.1070/RM1982v037n05ABEH004046
http://dx.doi.org/10.1070/RM1982v037n05ABEH004046
http://dx.doi.org/10.1070/RM1984v039n03ABEH003162
http://dx.doi.org/10.1070/RM1984v039n03ABEH003162
http://dx.doi.org/10.1070/RM1984v039n03ABEH003162
http://dx.doi.org/10.1017/S0022112004009346
http://dx.doi.org/10.1017/S0022112004009346
http://dx.doi.org/10.1017/S0022112004009346
http://mathworld.wolfram.com/FeigenbaumConstant.html
http://books.google.com/books?vid=ISBN9780323152785
http://books.google.com/books?vid=ISBN9780323152785
http://dx.doi.org/10.1063/1.165920
http://dx.doi.org/10.1063/1.165920
http://dx.doi.org/10.1103/PhysRevE.57.R2511
http://dx.doi.org/10.1103/PhysRevE.57.R2511
http://dx.doi.org/10.1103/PhysRevE.57.R2511
http://dx.doi.org/10.1103/PhysRevE.57.R2511

	I Geometry of chaos
	II Chaos rules
	III Chaos: what to do about it?
	IV The rest is noise
	V Quantum chaos
	VI Web appendices
	A brief history of chaos
	Chaos is born
	Chaos grows up
	Chaos with us
	Periodic orbit theory
	Dynamicist's vision of turbulence
	Gruppenpest
	Death of the Old Quantum Theory
	References





