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Abstract
We formulate a ctitious-time ow equation which drives an i nitial guess torus to a torus invariant
under given dynamics, provided such torus exists. The methd is general and applies in principle
to continuous time ows and discrete time maps in arbitrary dimension, and to both Hamiltonian

and dissipative systems.
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I. INTRODUCTION

Analysis of dynamical systems in terms of invariant phase ape structures provides im-
portant insights into the behavior of physical systems. Theimplest such invariants are
equilibria, points in phase space which are stationary sdlans or O-dimensional invariants
of the ow. They and their stable/unstable manifolds yield nformation about the topology
of the ow. The role played by the next class of ow invariants periodic orbits, in the topo-
logical organization of phase space and the computation @lg time dynamical averages is
well known (for an overview, see Refl]). A periodic orbit is topologically a circle or an
invariant 1-torus for a ow, and a set of discrete points or arinvariant O-torus for a map,
embedded in ad-dimensional phase space. Higher dimensional invariantri@lso frequently
play an important role in the dynamics; we refer the reader t&ef. [2] for further references
to the literature. Invariant tori of dimension lower than the dimension of the dynamical ow
can be normally hyperbolic and thus stays discrete3[ 4]. In Hamiltonian systems, KAM
theory implies that invariant tori occur in Cantor sets, andsuch tori play key role in the
phase-space transporty, 6]. For 2-degree of freedom Hamiltonian ows (i.e., 4-dimereal
phase space), 2-dimensional invariant tori act as barriets di usion across phase space, and
for higher dimensional ows similar structures are e ectiely hindering the orbit di usion
(Arnold di usion). The break-up of these structures leads ¢ qualitative changes in phase
space dynamics. In dissipative systems like Newtonian ugjl quasi-periodic motion on
two or higher dimensional tori is one of the fundamental ro@s to the eventual turbulent
motion [7, 8].

Many methods for determining periodic orbits exist in the terature [1, 9, 1(]. The
lack of comparably e ective methods for the determination bhigher dimensional invariant
structures including invariant tori has stymied the exploation of the phase spaces of high-
dimensional ows, a focus of much recent research, [11]. In this paper, we derive and
test a new algorithm for the numerical computation of invamnt tori, applicable to both
Hamiltonian and dissipative systems.

Signal processing methods like frequency analysis?[ 13], based on the analysis of tra-
jectories, can detect elliptic invariant tori since thesedri in uence the behavior of nearby
trajectories in a persistent way. Bailout methods 14, 15 e ectively locate the elliptic re-

gions in a non-integrable system, by embedding the dynamicsystem into a larger phase



space. Ref. 6] describes a variational technique designed to nd regularbits in a phase
space with mixed dynamics. However, these methods can onlgtelct trajectories with non-
positive Lyapunov exponents. They single out regular motits in a phase space but can not
detect a torus unless it is stable. Due to their relative easa identi cation, periodic orbits
are often used to study invariant tori and their breakups. Foexample, in Greene's criterion
approach [L7, 18 19 one studies a sequence of periodic orbits which convergesat given
invariant torus. Such approaches have been mainly applied the determination of tori of
Hamiltonian systems with 2 degrees of freedom.

Other techniques to determine invariant tori are speci c tothe phase space dynamics
of the system under consideration, most often a Hamiltoniasystem. Early attempts like
spectral balance method were based on the computation of igperiodic orbits PO, 21],
the closure of which constitutes the invariant torus. To oweome the small divisor problems
associated with the ow on a torus, recent research employeal geometric point of view
and focused on the invariant torus itself. E orts are devotd to nd the solution of the so-
called invariance condition which ensures the invariance a parametrized object in phase
space. Invariance conditions are functional equations fonaps P2, 23, 24, 25, 26, 27] and
rst-order partial di erential equations (PDESs) for ows [ 28, 29, 3(]. These equations can
be solved by Newton's method or Hadamard graph transform tenique []. In view of the
periodicity in the angle variables, Fourier transforms argidely used in the computation g1,
32, 33, 34, 35 36, 37]. For Hamiltonian systems, the action principle and the Haniton-
Jacobi equation are also frequently used in the calculatioof periodic and quasi-periodic
orbits [32, 38, 39, 40, 47).

In this paper, we derive from the invariance condition (dynaics maps every point in the
torus maps into the torus) together with the constant shift brus parametrization condition
a PDE which evolves a guess torus to an invariant one for owsnd maps embedded in
d-dimensional phase spaces. The method is a generalizatidrir@ di erential \Newton de-
scent” method to locate periodic orbits of ows introducedn Refs. }16, 47]. The method can
be viewed as a variant of multi-shooting method in boundaryalue problems {3, 44, 45].
When the representative points on the guess torus achieve aan-continuous distribution,
a PDE is derived which governs their evolution to a true invaant torus. In spirit, this is
similar to the approach used in Ref.§7] and thus high accuracy is expected. However, our

method is stable and thus applies to more general systemscliding the searches for par-



tially hyperbolic tori embedded in chaotic regions of a pha&sspace. In a general dynamical
system, the phase space structure can be extremely complard the global stability of our
algorithm is of key importance for the convergence of the sehing program. In our numer-
ical computation, an adaptive scheme is used which keeps ogang the step size according
to the smoothness of the evolution. In addition to the adaptie step size, we further speed
up our searches by utilizing the continuity of the evolutionPDE. These salient features will
be explained in detail in what follows.

In Sec.Il we derive the Newton descent equation which governs the tibus time dy-
namics. The numerical implemention of this equation is disssed in Seclll. The method
is further illustrated in Sec. IV through its application to the determination of 1-tori of the
standard map, of 2-tori of a forced pendulum ow (3-dimensiwal phase space), of 1- and
2-tori of two coupled standard maps (a four dimensional synhgctic map), and of 2-tori
of the Kuramoto-Sivashinsky system (in nite dimensional pase space). In particular, we
provide evidence that the method converges up to the thresldoof existence of a given in-
variant torus and yields estimates of the critical threshals of the breakup of invariant tori
of 2-degree of freedom Hamiltonian systems.

II. NEWTON DESCENT METHOD FOR INVARIANT TORI

We start by deriving a ctitious time evolution equation for the determination of a 1-
dimensional invariant torus of ad-dimensional mapf : RY | RY The method can be
extended to the determination of invariantm-tori of d-dimensional maps and ows. Inwhat
follows, the maps or ows and the invariant tori are assumeda be su ciently smooth.

A xed point (O-dimensional invariant torus) x = f(x) is a point which is mapped into
itself under the action off. Likewise, a 1-dimensional invariant torus of is a loop in RY
which is mapped into itself under the action off. If points on the invariant 1-torus are
parametrized by a cyclic variables 2 [0; 2 ], with x(s) = x(s+2 ), a point x(s) is mapped

into another point on the invariant torus

f(x(s)) = x(s+ ! (s)); 1)

where! (s) is the local parametrization s-dependent shift. In other words, the full phase



space dynamicd induces a 1-dimensional circle map on the invariant 1-torus
s7!'s+1(s) mod 2 : (2)

We also parametrize ourguessfor the invariant 1-torus, the loop x(s; ), by s 2 [0;2 ],
with x(s; )= x(s+2; ). Together with the \ ctitious time" , to be de ned below, this
parametrizes a continuous family of guess loops, with theiiial one at the beginning ( = 0)
and the desired invariant one at the end (= 1 ). However, for an arbitrary loop there is
no unique de nition of the shift ! , as the loop is not mapped into itself under action of.
Intuitively, ! should be xed by requiring that the d-dimensional distance vector between
the circle map image of a point on the loop as, and the corresponding point on the iterate
of the loop

F(s; )= x(s+1(s; ); ) f(x(s;)); 3)
is minimized. For example, if the guess loop is su ciently ase to the desired invariant
1-torus, ! (s; ) can be xed by intersecting the loop with a hyperplane normhto the loop
and cutting through the image of loopf (x(s; )).

In this exploratory foray into the world of compact higher-dmensional invariant manifolds
we shall make the simplest choice at each turn. In particulamwe are free to choose any
parametrization s which preserves ordering of points along the invariant 1-tas, i.e. any
circle map @) that is strictly monotone, 1 + d!=ds > 0. For an irrational rotation number
a strictly monotone circle map can be conjugated to a constashift, so in what follows we
de ne the s parametrization dynamically, by requiring that the action of the dynamicsf on
both the guess loop and the target invariant 1-torus be a roten with constant (in s but
notin ) shift !,

s7!'s+! mod 2 : (4)

The invariance condition (1) with conjugate dynamics @) has been used previously in the
literature [33, 34]. We now design a stable scheme which yields a parametrizatix(s)
satisfying Eq. (1) together with Eq. (4).

Following the approach of Refs.46, 47] originally developed to locate periodic orbits of
ows, we now introduce the simplest cost functional that mesures the average distance

squared @) of the guess loop from its iterate
|
Fl= SOF(s ) ©
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Similar functional was used in the stochastic path extremation [48]. HereF?[ | = F?[x;!]
is a functional, as it depends on the in nity of the pointsx(s; ) that constitute the loop
for a given . If the loop is an invariant 1-torus conjugate to rotation by! , F? = 0,
otherwiseF? > 0. At ctitious time  we compute cost due to the two mappings: one is
the iterate f(x(s; )) of the loop, and the other the circle maps 7! s+ ! ( ) along the loop.
The ctitious time evolution should monotonically decreas the distance between a loop and
its iterate, as measured by the functionaF ?[ ], by moving both the totality of loop points
x(s; ) and modifying the shift! ( ).

With constant shift circle map (4) the variation of F2[ ] under the (yet unspeci ed)

ctitious time variation d is
|

d Vs o dF
CI_|:2[]_2 > F(s,)d—(s,), (6)

where

di ()
d

SR ) = S(e () v+ )
IS NS )
v(s; ) = %és; ):

The adjustment in the loop tangent directionv is needed to redistribute points along the

loop in order to ensure the constant shift parametrizatiors, and the [d d] Jacobian matrix

of the mapJ = @=@ moves the loop pointx(s; ) in the \Newton descent" direction.
Again we design a ctitious time ow in the space of loops by t&ing the simplest choice,

in the spirit of the Newton method [ 7]:
— = F; (7)
for which F 2[x;! ] decreases exponentially with ctitious time :

F?[ 1= F?0l ? : (8)

Written out in detail, the Newton descent equation for a guesloop,

osr ) s )2 0) ©

I(x(s: ))%(s; )= fx(s ) x(5+1 )
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evolves pointsx(s;0) on the = 0 initial guess loop to the pointsx(s) = x(s;1 ),s7! s+ !,

I = 1(s;1), on the target 1-torus, provided that the ow does not get trapped in a local
minimum with F2[1 ]> 0. For a bad initial guess the Newton method for determiningaots
of a 1-dimensional function can fail by getting trapped by ardical point of the function. The
same applies to the Newton descent Eq7) where in our numerical searches we sometimes
observe trapping by points with critical directions. In sub cases, \ " in Eg. (8) cannot go to
in nity, and we restart the search with a new initial guess tous. A good initial guess for the
target torus should lie in its basin of attraction under the ctitious dynamics. As the search
takes place in a high-dimensional discretized-loop spacge have very limited intuition as
to the form of these basins of attraction. The \Newton descéh PDE ( 9) which governs
evolution of the loop points in ctitious time  and along loop directions is the main result
of this paper. This equation bears close similarity to the PB for the homotopy evolution
of pseudo-holomorphic curvesip, 50.

The choice of the minimization scheme7] is not arbitrary but can be derived in a more
physical way through the similar multi-shooting argument éscussed in Ref.4f7]. We present
here a derivation with calculus of variations46]. Note that Eq. (7) is not a gradient descent
equation for blindly minimizing functional F ? since the direction given by its right hand side
is not along the gradient ofF 2 or F2. A similar argument has been used in the derivation of a
globally convergent modi ed Newton's method in Ref.45]. Eqg. (9) is an in nitesimal variant
of Newton's method. The cost functional ) is used to show the monotonous decrease of
the discrepancy between the guess and the true torus.

Generalization to searches for invariantm-tori is immediate: the guessm-torus is

parametrized bys = (s1;S;;:::;Sm) 2 [0;2 ]™, periodic in each cyclic coordinate
X(s+2 k)= x(s) forallk22z™; (10)
with m incommensurate shiftd = (! ;! 5;:::;1 ) [51]. Now the ctitious time ow ( 9) has

an [d m] velocity tensorv which spans them-dimensional tangent space of the guess torus
embedded in ad-dimensional phase space. Furthermore, the ctitious timeow searches
(9) for invariant tori can also be adopted to smooth continuousime ows, by reducing the
ow to a Poincae return map on any local Poincae section which intersects transversally
the trajectories in the neighborhood of the guessi(+1)-torus. We will provide examples in

what follows.



In general, each independent tangent vector of an invarianin-torus transformation
along given cyclic parametersy has a unit eigenvalue, leaving arbitrary the phase of the
parametrization. We need to impose further constraints toej rid of this arbitrariness. For
example, for the Jacobian matrix of a continuous time periad orbit (a 1-torus) the velocity
vector is an eigenvector with a unit eigenvalue, and Newtonedcent equations need to be
supplemented with a constraint (a Poincake section) in ordr to determine the orbit together
with its period. On the other hand, if the ow is Hamiltonian, and the invariant m-torus
is located on a xed energy surfacéd (p;q) = E, the constraint dH=d = 0 is needed to
ensure the conservation of the energy by the ctitious time yhamics.

In case at hand, there are two alternative ways to impose theugstraint: WWe may or may
not x ! a priori.

(a) If we are searching for an invariant 1-torus of a xed shif! , the ctitious time ow

should not change the shift along the loop,

di=d =0: (11)

(b) If we are searching for an invariant 1-torus of a given toglogy or on a specic
energy surface, the shift = ! () varies with the ctitious time , and is to be determined
simultaneously with the 1-torus itself. In this case we impse thephase condition[30]

!
asvis) @) =0 12)
@
which ensures that during the ctitious time evolution the arerage motion of the points along
the loop equals zero. Empirically, for this global loop cotraint the ctitious time dynamics
is more stable than for a single-point constraint such asx<(0; ) = 0. For m-torus, v(s; )
isal[d m]tensor and Eq. (L2 yields m constraints. For energy conserving Hamiltonian

systems, one phase condition has to be replaced by the enecgyservation condition

1! L @(s ) 1! N
5 GSHX(Gs ) =g = 5-ds Hx(s: ); (13)

where a xed E xes the energy shell under consideration.

The two cases are analogous to continuous time Hamiltoniarow periodic orbit con-
straints: case (a) corresponds to xing the period and varyig the energy shell, and case (b)

to xing the energy and computing the period of a periodic orlh of a given topology. In
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case (b) one has to worry about varying frequency, as betweany two robust irrationals
there is a dense set of rationals. In numerical computatiortd SecslVA and IVD we have
not encountered any problem due to the variation of the fregncy with the ctitious time.
Likewise, in the numerical implementation Eq. {5), the d!=d term does not seem to cause
trouble. Similar scheme of determining unknown frequenaas used in Ref. 0.

The examples of SecsV A, IVB and |V C illustrate the constant shift! constraint (11);
the examples of Fig4 and Sec.lV D illustrate the phase condition (L2).

1. NUMERICAL IMPLEMENTATION

Due to the periodic boundary condition §) it is convenient to expand the loop pointx,

the Jacobian matrix J, the map f, and the loop tangentv as a discrete Fourier series

X .
X(s; ) = a( )

J(x(s; ) = ()
f(x(s; ) = be()e
v(s; ) = i ka( ) (14)

k
(a, = a g due to the reality of x(s; ), and similar relations hold forJy and by), and rewrite

the Newton descent PDE 9) as an in nite ladder of ordinary di erential equations:

da . _dl 4 X da .
d—k+ |kakd— e"" | Jk |d—|: bk ake"" : (15)

Finally, the unit stability eigenvalue along the loop tanget direction v(s; ) needs to be
eliminated by adding to (15) either the constant shift! constraint (11), or the phase condi-
tion (12). In the Fourier representation the phase condition is giveby

ka, @u=@ =0: (16)

k

If the target torus is smooth and has a well-behaved Fourieepresentation, the monotone
decrease with of the functional F 2, given by (6), guarantees that the solution of {5
approaches a xed point which, provided thatF? = 0, is the Fourier representation of
the target invariant torus. For tori with less regularity, the correct convergence is not

assured $7].



In our numerical calculations, we represent the loop by a disete set of points
fx(s1); ;X(san)g. The search is initialized by a Rl -point guess torus. The Fourier trans-
forms ofx, v and J are computed numerically, yieldingM complex Fourier coe cients ay,
by, and Ji, respectively. To maintain numerical accuracy, we chood¢ N and seta, = 0,
by =0, and Jx =0 for jkj M. We terminate the numerical integration of the ctitious
time dynamics (19) when the distance 8) falls bellow a specied cuto. In the Fourier

representation, we stop when distance reaches tteyrmination value de ned as
maxkFk = max jhg  a i< (17)
i)

wherea,; andh; denote thejth component ofa, and by.

While the algorithm is more e cient with a good initial guess, in practice it often works for
rather inaccurate initial guesses. If the initial guess isdal, or the target invariant torus does
not exist, the evolution diverges. Then another search isitrated, with a new guess. This
guess torus can either be derived from the integrable limitike the examples of SecdV A,
IVB and IV C, or from numerical exploration, like the example of Se¢V D . If the invariant
torus is isolated or partially hyperbolic, far away from theintegrable limit, initializing the
search can be a challenging problem. However, once provideith a reasonable guess, our
method is able to reliably locate the torus with a relativelyhigh accuracy.

Since an invariant torus corresponds to a stationary set ofcg (9) explored ergodically by
the long-time dynamics, the accuracy of the ctitious time &ps is not important as long as
the successive tori remain in the domain of attraction of theéesired invariant torus. Simple
Euler step integration method su ces for our purposes. If wery to nd a high order torus
(large m) in a high dimensional phase space (largd) with M complex Fourier modes, we

have to solve a (&1)™d+ m dimensional linear system,
0 1 0 1

M BT BTG it Fo= by ad
d'=d 0

derived from Eq. (15 with the constraint Eqg. (11) or Eg. (16), for (2M)™d dax=d 's and m

d!'=d 's in each time step. This involves inverting the large [(®@ )"d+ m) ((2M)™d+

m)] matrix M repeatedly during the integration which may constitute a mgor bottleneck

in such calculations. In our numerical implementation, thematrix inversion by the LU

decomposition {{5] consumes most of the computational time. We employ a speag-scheme,
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based on the continuity of the evolution of Eq. {5). Once we have the LU decomposition
of M at one step, we use it to approximately invert the newM matrix in the next step,
with accurate inversion achieved by iterative approximatanversion [15). In practice, we
nd that one LU decomposition can be used for many evolution steps. The more steps
in which we used the same LU decomposition, the more iteratis at each step are needed
to get the accurate inversion. After the number of such iteteons exceeds some xed given
maximum number, another LU decomposition is performed. Theumber of integration
steps following one decomposition is an indication of the smthness of the evolution, and
we further accelerate our program by adjusting accordinglthe step size : the greater
the number, the bigger the step size. Near the nal stage of neergence, the evolution
becomes so smooth that the step size can be brought all the way to = 1, recovering

the quadratic convergence of the full undamped Newton-Rapban step.

IV. EXAMPLES

We now test the Newton descent method for determining invaant tori on a series of
systems of increasing dimensionality: a two-dimensionatea-preserving standard map, a
Hamiltonian ow with one and half degrees of freedom (a fordependulum), a 4-dimensional
symplectic map (two coupled standard maps), and a dissipag@ PDE (the Kuramoto-
Sivashinsky system). In the following, the representativ@oints are uniformly distributed

on the initial guess torus.

A. Critical tori of the standard map

As our rst example we search for invariant 1-tori of a two-dinensional area-preserving

map, the standard map

Gh+1 = Ch + Pn+1 mod 2
Pr+r = Pn+ KSiNG, ; (18)

whereK is the nonlinearity parameter. ForK = 0 the map is a constant rotation in g, and
for K > 0 its phase space is a mixture of KAM tori and chaotic regionsin the Fourier

space the initial guess loox = (g; p and its imagef(x) =(qg+ p+ K sing; p+ K sing) are
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expanded as

X .
x(s; ) = s+ a()e¢;  s=(s;0)

X .
s+ b( )
k

f(x(s; )

The linear term s in EqQ.(15) is needed to compensate the modulus 2operation onq in
EQ.(18). Substitution into ( 9) yields

da, . d = ., d! X da
d—k+ lkakd— e+ ok g e | Jk |d—|
= by e ok! €1; (19)

wheree; = (1;0). If we denote byFy the distance ) on the right hand side of (L9), the
invariant torus condition for constant shift (11) is F, = 0 for all k, i.e b, = a,e¥ fork 6 0
andbg=ag+ ! e;.

As the rst test of our searching method, we apply it to the deérmination of the golden-
mean invariant torus, with shift xed to ! 4 =2 (p 5 1)=2, and the xed shift constraint
(11). We use as the initial guess for the ctitious time dynamicghe invariant torus of the
linear standard map with K = 0 and the golden-mean shiftx(s;0) = (s;!,) , represented
by the straight line in Fig.1. In order to test that the method works for a smooth invariant
torus we setK = 0:5 and integrate the ctitious time dynamics (19) with 2N = 256 point
discretization of the torus,M = 64 complex Fourier mode truncation, and =2 10 °

termination value (17). The resulting invariant torus is shown by the dotted line n Fig. 1.

4.2

4

Y:

3.6
0 2 4 6

FIG.1: The! =14=3:883 golden mean invariant torus of the standard map (L8) for K = 0:5;

the straight line represents the initial condition.

Next, we apply the method to a sequence of golden-mean inti tori with increasing

K. Numerics indicates that there exists a critical valueK; such that whenK < K, the
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ctitious time dynamics converges exponentially, as ing), but for K > K, it diverges. The
critical value K. depends sensitively on the torus discretizationN2 and the termination

value . K¢(N) computed for =2 10 ® and several values oN is

2N \ 64 128 256 512 1024
K‘C(N)‘ 0.34 0.80 0093 0.9656 0.9762

The golden-mean critical invariant torus is depicted in Fig2(a) for 2N = 1024 points
discretization of the torus. Small oscillating structuresn the critical torus whose resolution
would require higher frequency Fourier components are ad@y visible. The uneven distri-
bution of representative points § parametrization's embedding into the ¢; p plane) along
the torus indicates the drastically varying stretching rae on the invariant torus close to the
breakup [3, 54]. Our numerical estimate of the criticalK ; parameter is in agreement with
the Greene's estimate /] that the golden-mean invariant torus breaks up at the criital
value K. 0:9716. Moreover, we nd that for large values of I8 points discretization of

the torus, K¢(N) approachesK . approximately asN 1.

1.5

35 \\_/ * / \

4.2;
, 4 4(.16 48 0.5-" N
0 2 4 6 0 2 4 6
(a) 9 (b) q
FIG. 2: Invariant tori for the standard map ( 18) for: (a) ! = ! gat K = K¢(512) = 0:9762 close to

the golden-mean torus critical valueK ¢, termination value =2 10 6. The inset enlargement of
the curve aroundq = 4:6 illustrates the ne structure of the nearly critical torus . (b) irrational shift
=2 ( 3) at the estimated critical value K¢(512) = 0:4313, termination value =4 10 6.

2N = 1024 torus points discretization.

As Newton descent method does not depend on the speci ¢ anitietical properties of the
invariant torus shift, it should work for arbitrary irratio nal shifts. As an example, we study
the family of invariant tori with shift | =2 ( 3). We found that the critical value of
convergence iK. 0:4313 for N =1024 and =4 10 . The critical torus, depicted

13



on Fig. 2(b) exhibits non-uniform s-parametrization and oscillating structure, though much
less so than the golden-mean critical torus.
In order to assess the sensitivity of the method to the choioaf the termination value
, we have studied its in uence on the estimation of the critical K.. For the golden-mean
example, a decrease in the termination value to =10°for! = !4 and 2N = 1024 points
discretization of the torus, yieldsK'. = 0:6188 much smaller than the value o, = 0:9762
obtained for =2 10 6. The corresponding invariant torus for = 10 © is depicted
in Fig. 3(a). We notice that this torus looks much smoother than the oa obtained for
=2 10 © (see Fig.2(a)). Similarly, for ! =2 ( 3) a decrease of the termination
valueto =2 10 ¢, yields also a smaller critical valuek, = 0:3004. The corresponding
invariant torus for =2 10 8 is shown in Fig.3(b). The points are distributed more
evenly than in Fig. 2(b), indicating that the invariant torus obtained using this termination

value is far from criticality.

(@) (b)

FIG. 3: The invariant tori for the standard map ( 18) with smaller termination values than in
Fig. 2, the same number of torus points N = 1024: (a) ! = ! 4 with K =0:6188 and =10 6,
and (b)! =2 ( 3)with K;=0:3004 and =2 10 6.

In summary: For xed 2N points discretization of the torus, if is too small, then
K.(N) <K, while if is too large, then K (N) > K .. At the threshold of criticality the
invariant torus is fractal and thus cannot be resolved by a sooth nite Fourier truncation.
The discrepancy between the invariant torus and its numerat discretization has a compli-
cated in uence on the ctitious time dynamics, not elucidaed in this investigation. If is
too small, high oscillating modes in the critical torus prdade the numerical representation,
which leads to an estimate oK lower than the true K. and renders the torus smoother. If

is too large, the discretization will average out the small oscillating features, converging
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to a grid beyond the critical value. With increasingly re ned 2N point-discretization of the

torus, the value of needs to be chosen carefully in order tomprove the K, estimate.

5
4.8
o
4.6
o
4% 2 4 6
q

FIG. 4. An invariant torus of the standard map ( 18) for K = 0:352 obtained by the ctitious time
dynamics with the phase condition (12). The method yields shift ! 4:67857. N = 256 points

discretization of the torus, termination value =2 10 S.

So far we have determined invariant tori of the standard mapybimposing a constant shift
condition (11). An alternative is the phase condition (2) which requires that the motion of
representative points along the torus during the ctitioustime dynamics averages to zero. In
this case the shift! is not xed, but is determined by the ctitious time dynamics. We test
this condition by starting with an initial torus x(s) = ('s;9! 4=10) discretized on A = 256
points, with termination value = 2 10 6. For K = 0:352 the Newton descent method
yields the invariant torus of the standard map shown in Fig4, with shift !  4:67857. In
general, the technique which varies the frequency of the tmg might be useful. Very often
in dissipative systems there are strong indications that arsolated invariant torus exists in
some region of the phase space, with unknown shift. Our metth@an be used to determine

both the torus and the shift simultaneously. One such an exgpte is given in SeclVD.

B. A periodically forced Hamiltonian system

As our second test case, we consider the forced pendulum
H(p;x;t) = p’=2 "(cosx +cos(x t)); (20)

a time-dependent Hamiltonian ow with 1.5 degrees of freedo. H (p; x; t) is a periodic func-

tion of the angle variablex and the time variablet, with dynamics onR  T2. The Poincae
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return map for the stroboscopic sectiot =0 mod 2 is a reversible area-preserving map.

The JacobianJ required for the ctitious time dynamics (9) is evaluated by integrating
0 1

1=a3:A=5"° lii;\1(0)=1: (21)
(cosx +cos(x t)) O
We apply the xed shift condition (11) Newton descent to the determination of the invariant
torus with the golden-mean shift! = !4 = (IO 5 1)=2. For the initial guess torus we take
the golden-mean torus of Hamiltonian Z0) with " =0, i.e. x(s) = (s;!¢). We de ne *¢(N)
to be the minimum value of the parameter of the model at whichhte algorithm de ning
the ctitious time dynamics with 2N sampling points fails to converge at xed . The
critical values "x(N) computed for di erent numbers of sampling points (terminaion value
=2 10 5 are

2N ‘ 64 128 256 512 1024
* | 0.01688 0.02312 0.02594 0.02750 0.02781

For 2N =512 and 2N = 1024 the x(N) values that we nd are are close to the threshold
"o 0:02759 estimated in Ref.5q5]. The invariant torus with " = 0:02781, N = 1024 and
=2 10 © shown in Fig. 5(a) exhibits non-smoothness and an uneven distribution of
discretization points characteristic of criticality. Seting = 10 © leads to the invariant
torus with the critical value estimate "z = 0:01844, displayed in Fig5(b). It looks smooth,

indicating that it is far from criticality and thus that the t ermination value is too small.

0.66 M
a osa
0.64 - [
o ; 1 o /'J \
0.62 / \ 0.62
/ \
/\/ \\/\
0.6 ]
0 2 4 6 0'60 2 4 6
(a) X (b) X
FIG. 5: Invariant tori of Hamiltonian ( 20) with ! = ! 4 obtained by the ctitious time dynamics
with 2N = 1024 and two di erent termination values: (a) = 2 10 © yields a critical value

*. =0:02781, and (b) =10 ° yields an underestimate"s = 0:01844.
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C. Two coupled standard maps

In principle, the Newton descent method is applicable to detmination of invariant tori
of arbitrary dimension for ows or maps of arbitrary dimenson. In practice, one is severely
limited by computational constraints.

In order to test the feasibility of the method in higher dimesions, here we consider two

coupled standard maps{3],

|n+1 = |n + 1S|n n + SSIn( n + n)
nt1 = nt lna (22)
\]n+1 = Jn + 2$|n n + SSIn( n + n)

nt1 = ot Jnet;

with 4-dimensional phase space, and demonstrate that the thed can determine 1- and 2-
dimensional invariant tori. The ctitious time dynamics (15) acts onthex = ( n;ln; n;Jdn)
phase space, with dynamic§(x) de ned by (22).

First, we apply the xed shift (19 ctitious time dynamics to determination of the 1-
dimensional golden mean invariant torus with shift = ! 4. For the initial guess torus we

take the integrable case torus; = ,= 3=0:
X(s)=(s;!g:s;!y): (23)

In the numerical calculation we search for a typical - invariant torus, with (arbitrarily
chosen) small coupling values; =0:1, ,=0:15, 3 =0:005.

The invariant torus obtained by the ctitious time dynamics in this case is shown in
Fig. 6. Numerically = , indicating that for this 1-dimensional torus the two phase are
entrained. The torus appears very smooth, indicating thatdr the parameter values chosen
it is far from a critical value.

Next, we apply the Newton descent to the determination of -dimensionaltorus with
non-resonant frequencies; and ! ,. In this case, we need two cyclic parameters( s,) 2

[0;2 ]? to locate a point on the torus. The ctitious time evolution equation is similar to
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— 3.9 -~ 3.9
38 2 4 6 38 2 4 6
(@) q (b) q

FIG. 6: A 1-dimensional invariant torus with shift !4 of (22) with , = 0:1, > = 0:15 and
3=0:005: (a)l projection; (b) J projection. 2N =512 points discretization of the torus,

termination value =10 6.

Eq. (19 but now we take

0 1 0 1
0o 1 0o 1 51 10
k ! 0 00
kz%)lg;!:%)lgi;s= , €1 =
Kz o Sz 01
0 00
The initial guess is chosen as in the integrable = 0 case
X(S1;82) = (S1;! 1;82; ! 2): (24)

In the numerical experiment we then search for (arbitrarilychosen) ; = 0:07, , =0:1 and
3 = 0:004 2-dimensional invariant torus with (also arbitrarily tosen) frequencie$; = ! 4
and!, = (p 3 1). In order to reduce the computational time, we take a rathecoarse

2N = 32 grid, with (2 N)? = 1024 points representing the torus.

Two projections of the resulting invariant torus for = 10 “termination value are shown
in Fig. 7. While the (s;;s2) and J(s;;s,) dependence ors; ;s, shown in Fig. 7 follows
in shape the integrable case2¢) dependence, the small coupling terms induce signi cant
oscillations. The smoothness of the invariant torus indid¢as that the parameters are not
close to the critical values. For (&)? = 1024 points discretization of the torus, can be as
low as 51 10 °, and for (2N)? = 4096, as low as 6 10 °. However, the computation
takes at least 100 times longer, and in this exploratory stydthe larger (2N )? resolutions

were out of reach.
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(b)

FIG. 7: The 2-dimensional invariant torus of the coupled standard maps (22) with incommensurate
frequencies! 1 = ! gand !, = (IO 3 1)for 1 =0:07, » =0:1and 3 =0:004. (N)? = 1024

points discretization of the torus, termination value =10 4.

D. Kuramoto-Sivashinsky system

In our last example, we apply the Newton descent to determitian of an invariant 2-
torus embedded in a high-dimensional strongly contractingpw. Special tori that can be
converted to periodic orbits in a rotating or moving frame hee previously been computed
for the complex Ginzburg-Landau equationdl], and for the 2-d Poiseulle ow [€f. Here
we shale determine a generic 2-torus of the Kuramoto-Sivasbky equation 7, 58, 59

parametrized by the system sizé.,
Ut = (Uz)x Uxx  Uxxxx s x 2 [0;L]: (25)

The Kuramoto-Sivashinsky equation describes the interfad instabilities in a variety of
contexts, like the ame front propagation p€], the two uid model [60] and the liquid Im
on an inclined plane §1].

In the study of ame uttering on a gas ring as the system sizd_ increases, the \ ame
front” becomes increasingly unstable and turbulent. As shen in Refs. B, 67], in dissipative
systems 2-dimensional tori often result from a Hopf bifurd¢eon of a periodic orbit while
3- (or higher-) dimensional tori are a rare occurrence. In thfollowing we restrict our
search to the antisymmetric solution space of26) with periodic boundary conditions, i.e.
u( x;t) = u(x;t) and u(x + L;t) = u(x;t), with u(x;t) Fourier-expanded as

u(x;t) = * EVCARLE (26)
k=1

whereq=2 =L is the basic wavenumber an@d = ax 2 R. Accordingly, (25 becomes a
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set of ordinary di erential equations :

p &

a = ((ka)* (kg)Y)a kg Amd m (27)

=1
In the asymptotic regime of @7) for k large as's decay faster than exponentially, so a
nite number of a's yields an accurate representation of the long-time dynaos. In our
calculation, a truncation at d = 16 su ces for a quantitatively accurate calculation.

In the current example, 2 = 128 points are used to represent the torus on the Poincae
sectiona; = 0:06. Numerical experimentation indicates that forL = 40:95 trajectories
spend signi cant fraction of time in a toroidal neighborhoal, suggesting that a (partially
hyperbolic?) invariant 2-torus exists at this system sizePoincae section returns of a typical
orbit fall close to a closed curve. The initial guess for the &wton descent is constructed by
choosing 128 more or less evenly distributed points to regent a guess loop on the Poincae
section and keeping the lower wavenumber modes of their Faerrtransform. In this case the

shift I is xed by dynamics, and in order to compute it we impose the pise condition (2).

0.02 , 003l R
0 i
© ~ -0.035
© _0.02 ©
T -0.04
-0.04; .
7 0.08 0.1 0.12 -0.1 -0.09 -0.08
a a
(@ 3 (b) 4

FIG. 8: The projections of the 2-dimensional invariant torus of (27) on the Poincae section
a; = 0:06 with shift | = 0:5968 for L = 40:95 : Projection on (a) (ap;as) and (b) (as;ag).
The Poincae section return times are in the range T = 24:18 0:3. 2N = 128 torus points

parametrization, =10 “ termination value.

Fig. 8 shows two Poincae section projections, in the Fourier sg®, of the invariant 2-
torus of the Kuramoto-Sivashinsky ow determined by the Newon descent method. The
method yields the shift! = 0:5968. Even though the invariant torus is very smooth and
discretization points are evenly distributed, surprisinty many sampling points are required
to resolve the torus. For attempts with fewer discretizatia points, for example, 2 = 64,

the search did not converge even with =10 2.
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V. SUMMARY

We have generalized the \Newton descent” method to determation of invariant m-tori in
generald-dimensional dynamical systems, and provided numericaligence that the method
converges in a large domain of existence of invariant toriputo their breakups. In case of
maps and ows with invariant tori such as standard maps, the pproach o ers an alternative
method for determining critical thresholds. While in prindple the method is applicable to
ows or maps in arbitrary dimension, computation can be expsive for invariant objects
larger than 1- and 2-tori. We have utilized the smoothness dlie ctitious time evolution
to introduce acceleration schemes which improve the e ciary of the method.

In our numerical work, we have implemented the method in theonstant shift (4)
parametrization, Fourier representation of anm-torus (m = 1;2). Other discretizations
could be better suited to speci ¢ applications. For instane, if an invariant torus is close to
its critical threshold, representation of small fractal stuctures requires inclusion of slowly
decaying high wavenumber Fourier modes, and so a large numbs Fourier modes are
needed to obtain an accurate representation. Furthermorghe discretization points dis-
tribute very non-uniformly when close to criticality, consderably lowering the accuracy of a
representation. In this case, other non-constant shift pametrizations of the torus dynamics
might be more appropriate. For example, our method is of modeaccuracy compared to
some of current studies of critical tori, in particular Haroand de la Llave [L1] computation
of critical tori to 100 digits precision.

In periodic orbit searches we have found the Newton descemipaoach robust, and very
useful for nding periodic orbits in high-dimensional phas-spaces where good guesses for
multi-shooting Newton routines are hard to nd [46, 47]. Examples worked out here suggest
that the method is also a robust starting point form-dimensional invariant tori searches.
Once an approximate invariant torus is found by the Newton dscent method, it can be used
as a starting guess for a high precision method, such as sorméhe currently used Newton's
methods in Fourier space representations of invariant tari Implementing and testing our
method was a su ciently labor intensive enterprise that we lave not attempted to code
other methods available in the literature, and we are in no pEition to make claims as to
relative merits of di erent approaches. Our goal was not to @mpare methods, but o er a

new method, in hope that having several methods available Waid our colleagues in their
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searches for, and computations of dynamical invariants du@s the invariant tori.
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