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Expressions like 1� z3
� �1=2

give us more food for thought. Here the

function has three branch points, at z ¼ 1, z ¼ o, and z ¼ o2 (where

o ¼ e2pi=3; see §5.4, §7.4), so 1� z3 ¼ 0, and there is another ‘branch

point at inWnity’. As we circle by one complete turn, around each individ-

ual branch point, staying in its immediate neighbourhood (and for ‘inW-

nity’ this just means going around a very large circle), we Wnd that the

function changes sign, and, circling it again, the function goes back to its

original value. Thus, we see that the branch points all have order 2. We

have two sheets to the Riemann surface, patched together in the way that I

have tried to indicate in Fig. 8.2a. In Fig. 8.2b, I have attempted to show,

using some topological contortions, that the Riemann surface actually has

the topology of a torus, which is topologically the surface of a bagel (or of

an American donut), but with four tiny holes in it corresponding to the

branch points themselves. In fact, the holes can be Wlled in unambiguously
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Fig. 8.2 (a) Constructing the Riemann surface for (1� z3)1=2 from two sheets, with

branch points of order 2 at 1, o, o2 (and also 1). (b) To see that the Riemann

surface for (1� z3)1=2 is topologically a torus, imagine the planes of (a) as two

Riemann spheres with slits cut from o to o2 and from 1 to 1, identiWed along

matching arrows. These are topological cylinders glued correspondingly, giving a

torus. (c) To construct a Riemann surface (or a manifold generally) we can glue

together patches of coordinate space—here open portions of the complex plane.

There must be (open-set) overlaps between patches (and when joined there must be

no ‘non-HausdorV branching’, as in the Wnal case above; see Fig. 12.5b, §12.2).
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