
Georgia Tech PHYS 6124 Fall 2011

Mathematical Methods of Physics I
Instructor: Predrag Cvitanović

Homework #8 due Tuesday October 25 2011, in class

== show all your work for maximum credit,
== put labels, title, legends on any graphs
== acknowledge study group member, if collective effort

[All problems in this set are from Goldbart]

Problem 2) Complex arithmetic – exercises, Ahlfors, pp. 2-4,6,8,9,11)
(a) Find the values of(

1 + 2i
)3,

5
−3 + 4i

,
(

2 + i
3− 2i

)
,(

1 + i
)N

+
(
1− i

)N for N = 1, 2, 3, . . . .
(b) If z = x + iy (with x and y real), find the real and imaginary parts of

z4,
1
z

,
z− 1
z + 1

,
1
z2 .

(c) Show that, for all combinations of signs,(
−1± i

√
3

2

)3

= 1,

(
±1± i

√
3

2

)6

= 1.

(d) By using their Cartesian representations, compute
√

i,
√
−i,
√

1 + i and√
1−i
√

3
2 .

(e) By using the Cartesian representation, find the four values of 4
√
−1.

(f) By using their Cartesian representations, compute 4
√

i and 4
√
−i.

(g) Solve the following quadratic equation (with real A, B, C and D) for com-
plex z:

z2 + (A + iB)z + C + iD = 0.

(h) Show that the system of all matrices of the special form
(

A B
−B A

)
(with

real A and B), when combined by matrix addition and matrix multiplica-
tion, is isomorphic to the field of complex numbers.

(i) Verify by calculation that the values of z/
(
z2 + 1

)
for z = x + iy and

z = x− iy are conjugate.
(j) Find the absolute values of

−2i
(
3 + i

)(
2 + 4i

)(
1 + i

)
,

(
3 + 4i

)(
− 1 + 2i

)(
− 1− i

)(
3− i

) .
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(k) Prove that, for complex a and b, if either |a| = 1 or |b| = 1 then∣∣∣∣ a− b
1− āb

∣∣∣∣ = 1.

What exception must be made if |a| = |b| = 1?
(l) Show that there are complex numbers z satisfying |z− a|+ |z + a| = 2|c|

if and only if |a| ≤ |c|. If this condition is fulfilled, what are the smallest
and largest values of |z|?

(m) (optional) Prove the complex form of Lagrange’s identity, viz., for com-
plex {aj, bj}∣∣∣ n

∑
j=1

aj bj

∣∣∣2 =
n

∑
j=1

∣∣aj
∣∣2 n

∑
j=1

∣∣bj
∣∣2 − ∑

1≤j<k≤n

∣∣aj b̄k − ak b̄j
∣∣2 .

Problem 5) Circles and lines with complex numbers, Needham, p. 46
(a) If c is a fixed complex number and R is a fixed real number, explain with

a picture why |z− c| = R is the equation of a circle. Given that z satisfies
the equation |z + 3− 4i| = 2, find the minimum and maximum values of
|z| and the corresponding positions of z.

(b) Consider the two straight lines in the complex plane that make an angle
(π/2) + φ with the real axis and lie a distance D from the origin. Show
that points z on the lines satisfy one or other of Re

(
cos φ − i sin φ

)
z =

±D.
(c) Consider the circle of points obeying

∣∣z− (D + R)
(

cos φ + i sin φ
)∣∣ = R.

Give the centre of this circle and its radius. Determine what happens
to this circle in the R → ∞ limit. (Note: In the extended complex plane
the properties of circles and lines are unified. For this reason they are
sometimes referred to as circlines.)

.

Optional problems

Problem 1) Complex arithmetic – principles, Ahlfors, pp. 1-3,6-8
(a) (optional) Show that A+iB

C+iD is a complex number provided that C2 + D2 6=
0. Show that an efficient way to compute a quotient is to multiply numer-
ator and denominator by the conjugate of the denominator. Apply this
scheme to compute the quotient A+iB

C+iD .
(b) (optional) By considering the equation (x + iy)2 = (A + iB) for real x, y,

A and B, compute the square root of A + iB explicitly for the case B 6= 0.
Repeat for the case B = 0. (To avoid confusion it is useful to adopt he
convention that square roots of positive numbers have real signs.) Ob-
serve that the square root of any complex number exists and has two (in
general complex) opposite values.

(c) (optional) Show that z1 + z2 = z̄1 + z̄2 and that z1 z2 = z̄1 z̄2. Hence
show that z1/z2 = z̄1/z̄2. Note the more general result that for any ra-
tional operation R applied to the set of complex numbers z1, z2, . . . we
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have R(z1, z2, . . .) = R(z̄1, z̄2, . . .). Hence, show that if ζ solves anzn +
an−1zn−1 + · · ·+ a0 = 0 then ζ̄ solves ānzn + ān−1zn−1 + · · ·+ ā0 = 0.

(d) (optional) Show that |z1 z2| = |z1| |z2|. Note that this extends to arbi-
trary finite products |z1 z2 . . .| = |z1| |z2| . . .. Hence show that |z1/z2| =
|z1|/|z2|. Show that |z1 + z2|2 = |z1|2 + |z2|2 + 2Re z1 z̄2 and that |z1 − z2|2 =
|z1|2 + |z2|2 − 2Re z1 z̄2.

Problem 3) Complex inequalities – principles, Ahlfors, pp. 9-11
(a) (optional) Show that −|z| ≤ Re z ≤ |z| and that −|z| ≤ Im z ≤ |z|. When

do the equalities Re z = |z| or Im z = |z| hold?
(b) (optional) Derive the so-called triangle inequality |z1 + z2| ≤ |z1|+ |z2|.

Note that it extends to arbitrary sums: |z1 + z2 + · · ·| ≤ |z1|+ |z2|+ · · ·.
Under what circumstances does the equality hold? Show that |z1 − z2| ≥∣∣|z1| − |z2|

∣∣.
(c) (optional) Derive Cauchy’s inequality, i.e., show that∣∣∣ n

∑
j=1

wj zj

∣∣∣2 ≤ ∣∣∣ n

∑
j=1

∣∣wj
∣∣2 ∣∣∣ n

∑
j=1

∣∣zj
∣∣2.

Problem 4) Complex inequalities – exercises, Ahlfors, p. 11

(a) (optional) Prove that, for complex a and b such that |a| < 1 and |b| < 1,
we have
|(a− b)/(1− āb)| < 1.

(b) (optional) Let {aj}n
j=1 be a set of n complex variables and let {λj}n

j=1 be
a set of n real variables. If |aj| < 1, λj ≥ 0 and ∑n

j=1 λj = 1, show that∣∣∑n
j=1 λj aj

∣∣ < 1.

Problem 6) Plane geometry with complex numbers, Ahlfors, p. 15
(a) Prove that if the points a1, a2 and a3 are the vertices of an equilateral

triangle then
a1 a1 + a2 a2 + a3 a3 = a1 a2 + a2 a3 + a3 a1.

(b) Suppose that a and b are two vertices of a square in the complex plane.
Find the two other vertices in all possible cases.

(c) (optional) Find the center and the radius of the circle that circumscribes
the triangle having vertices a1, a2 and a3. Express the result in symmetric
form.

(d) (optional) Find the symmetric points of the complex number z with re-
spect to each of the lines that bisect the coordinate axes.

Problem 7) More plane geometry with complex numbers, Needham, p. 16
Consider the quadrilateral having sides given by the complex numbers 2a1, 2a2,
2a3 and 2a4, and construct the squares on these sides. Now consider the two
line-segments joining the centres of squares on opposite sides of the quadrilat-
eral. Show that these line-segments are perpendicular and of equal length.

Problem 8) More plane geometry with complex numbers, Ahlfors, p. 9, 17
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(a) Find the conditions under which the equation az + bz̄ + c = 0 (with com-
plex a, b and c) in one complex unknown z has exactly one solution, and
compute that solution. When does the equation represent a line?

(b) (optional) Write the equation of an ellipse, hyperbola and parabola in
complex form.

(c) (optional) Show, using complex numbers, that the diagonals of a paral-
lelogram bisect each other.

(d) (optional) Show, using complex numbers, that the diagonals of a rhom-
bus are orthogonal.

(e) (optional) Show that the midpoints of parallel chords to a circle lie on a
diameter perpendicular to the chords.

(f) (optional) Show that all circles that pass through a and 1/a intersect the
circle |z| = 1 at right angles.

Problem 9) Number theory with complex numbers, Needham, p. 45
(optional) Here is a basic fact that has many uses in number theory: If two
integers can be expressed as the sum of two squares then so can their product. Prove
this result by considering

∣∣(A + iB)(C + iD)
∣∣2 for integers A, B, C and D.

Problem 10) Trigonometry with complex numbers, Ahlfors, pp. 16-17
(a) Express cos 3φ, cos 4φ and sin 5φ in terms of cos φ and sin φ.
(b) Simplify 1 + cos φ + cos 2φ + · · ·+ cos Nφ and sin φ + sin 2φ + sin 3φ +
· · ·+ sin Nφ.

(c) Express the fifth and tenth roots of unity in algebraic form.
(d) (optional) If ω is given by ω = cos

(
2π/N

)
+ i sin

(
2π/N

)
(for N =

0, 1, 2, . . .), show that, for any integer H that is not a multiple of N, 1 +

ωH + ω2H + · · ·+ ω(N−1)H = 0. What is the value of 1− ωH + ω2H −
· · ·+ (−1)N−1ω(N−1)H?
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