
Di�usion - Sawtooth MapPeter Andres�en
1 Deterministi
 Di�usionThe analysis of transport properties of 
hains of pie
ewise linear one-dimensional maps may yieldinteresting and unexpe
ted results. Espe
ially the deterministi
 di�usion 
oeÆ
ient exhibits un-usual behavior.The sawtooth-map is a one-dimensional pie
ewise linear map de�ned on the unit interval, andwhi
h has the following simple formf(x̂) = ( �x̂ for x̂ 2 [0; 12 ℄1� (1� x̂)� for x̂ 2 [ 12 ; 1℄ ; � > 2;where � is the slope of the individual parts of the map. The dynami
s may now be extended tothe entire real line by requiring the translation propertyf̂(x̂+ n̂) = f̂(x̂) + n̂; n̂ 2 Z;as is evident in Fig. 1.The dynami
s may be restri
ted to the elementary 
ell through the following operation wherebyit is 
hara
terized by the jumping number n̂p 2 Z of the elementary 
ell 
y
le p 2 fx1; x2; : : : ; xnpg.f(x) = f̂(x̂)� [f̂(x̂)℄; x = x̂� [x̂℄ 2 [0; 1℄;where [� � �℄ denotes the integer part of the argument (Fig. 2). The dynami
s is now 
hara
terizedby the jumping number n̂p 2 Z of the elementary 
ell 
y
le p 2 fx1; x2; : : : ; xnpg. In order to
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Deterministi
 Di�usion - Sawtooth Map 2
al
ulate the dynami
al �-fun
tion the 
y
le weights are given bytp = znp e�n̂pj�pj : (1)The di�usion 
onstants is then given byD = 12 hni�hx̂2i� ; (2)where the \mean 
y
le time"hni� = z ��z 1�(0; z) ����z=1 ; (3)and the mean 
y
le displa
ementhx̂2i� = �2��2 1�(�; 1) �����=0 : (4)2 Di�usion CoeÆ
ients through Periodi
 Orbit TheoryWe now 
al
ulate the di�usion 
oeÆ
ients for the simplest values of � 2 [4; 6℄ where the Markovpartitions are �nite. In order for the Markov partition to be �nite the 
riti
al point (x=1/2) mustbe mapped on to the border of one of the jumping number partitions.2.1 � = 4 (� even)In this 
ase the 
riti
al point is mapped into a full shift. In parti
ular we will solve the generalproblem when the slope � is an even integer thereby yielding a full shift� = 2a; a 2 Z: (5)For all � an even integer the symboli
 dynami
s is full unrestri
ted shift in 2a letters and thedynami
al �-fun
tion may thus be written1�(�; z) =  1�XA tp! ;wherep 2 A = f0+; 1+; : : : ; (a� 1)+; (a� 1)�; : : : ; 1�; 0�g:With weights given in eq. 1 we obtain the following1�(�; z) = 1� t0+ � t0� � � � � � t(a�1)+ � t(a�1)�= 1� 2z� 0�1 + a�1Xj=1 
osh(�j)1A :First we observe that there is material 
ow 
onservation1�(0; 1) = 1� 22aa = 0:Now we obtain for the mean 
y
le timehni� = z ��z 1�(0; z) ����z=1= � 22aa= �1;



Deterministi
 Di�usion - Sawtooth Map 3and hx̂2i� = �2��2 1�(�; 1) �����=0= � 2� a�1Xj=1 j2= � 26�a(a� 1)(2a� 1)= � 26� �2 �� 22 �� 1= � 112(�� 1)(�� 2):Thus the di�usion 
oeÆ
ient D is easily found from eq. (2)D = 124(�� 1)(�� 2): (6)In parti
ular for the 
ase � = 4D = 14 : (7)2.2 � = 2+p6We now wish to examine the 
ase when the 
riti
al point maps onto the right border of 0�+. Inorder for this to happen the following must be ful�lled12� = 2 + x and �x = 1 ) �2 � 4�� 2 = 0 ) � = 2 +p6: (8)In this 
ase there are some forbidden symboli
 subsequen
es,�2+1+�; �2+2+�; �2+2��; �2+1��; �2+0��;�2�1��; �2�2��; �2�2+�; �2�1+�; �2�0+�;and the dynami
al �-fun
tion may thus be written as1�(�; z) =  1�XA tp! ;with orbits in the unrestri
ted alphabetp 2 A = f0+; 1+; 2+0+; 2�0�; 1�; 0�g:This yields1�(�; z) = 1� t0+ � t0� � t1+ � t1� � t2+0+ � t2�0�= 1� 2z� (1 + 
osh(�)� 2z2�2 
osh(2�):Material 
ow is 
onserved a

ording to (8)1�(0; 1) = 1� 2�2� 2�2 = 0:We now obtain for the mean 
y
le timehni� = � 2�2� 4�2= �4�+ 4�2 ;



Deterministi
 Di�usion - Sawtooth Map 4and hx̂2i� = � 2� � 2�2 4= �2�+ 8�2 :The di�usion 
oeÆ
ient is thusD = 12 2�+ 84�+ 4= 1 +p64 + 2p6 : (9)2.3 � = 2+ 2p2We now wish to examine the 
ase when the 
riti
al point maps onto the right border of 1�+. Inorder for this to happen the following must be ful�lled12� = 2 + x and �x = 2 ) �2 � 4�� 4 = 0 ) � = 2 + 2p2: (10)The forbidden symboli
 subsequen
es are given by,�2+2+�; �2+2��; �2+1��; �2+0��;�2�2��; �2�2+�; �2�1+�; �2�0+�;and the dynami
al �-fun
tion may thus be written as1�(�; z) =  1�XA tp! ;with orbits in the unrestri
ted alphabetp 2 A = f0+; 1+; 2+0+; 2+1+; 2�1�; 2�0�; 1�; 0�g:This yields1�(�; z) = 1� t0+ � t0� � t1+ � t1� � t2+0+ � t2�0� � t2+1+ � t2�1�= 1� 2z� (1 + 
osh(�)� 2z2�2 (
osh(2�) + 
osh(3�)):Material 
ow is 
onserved a

ording to (10)1�(0; 1) = 1� 2�2� 2�2 2 = 0:We now obtain for the mean 
y
le timehni� = � 2�2� 4�2 2= �4�+ 8�2 ;and hx̂2i� = � 2� � 2�2 (4 + 9)= �2�+ 26�2 :The di�usion 
oeÆ
ient is thusD = 12 2�+ 264� + 8= 15 + 2p216 + 8p2 : (11)



Deterministi
 Di�usion - Sawtooth Map 52.4 � = 5 (� odd)In this 
ase the 
riti
al points is mapped onto the right border of the 2+ partition. In parti
ularwe will solve the general problem when the slope � is an odd integer� = 2a� 1; a 2 Z; (12)for whi
h the 
riti
al points is mapped onto the right border of (a� 1)+.The forbidden subsequen
es for this type of shift are�(a� 1)+(a� 1)��; �(a� 1)+(a� 2)��; � � � �(a� 1)+1��; �(a� 1)+0��;�(a� 1)�(a� 1)+�; �(a� 1)�(a� 2)+�; � � � �(a� 1)�1+�; �(a� 1)�0+ � :The above pruning rule does not expli
itly prune the two �xed points 2+ and 2� and they musttherefore be expli
itly in
luded in the unrestri
ted grammar. This yields the following dynami
al�-fun
tion as the 
urvature 
orre
tions vanish1�(�; z) =  1�XA tp! (1� t2+)(1� t2�);with the alphabetp 2 A = f2k+0+; 2k+1+; 2k�1�; 2k�1�g k = 0; 1; 2; : : : :Expli
itly the dynami
al �-fun
tion then yields1�(�; z) = 1� 0+ � 0� � 1+ � 1� � 2+ � 2� + 2+0� + 2�0+ + 2+1� + 2�1+ + 2+2�= 1� 2z� 0�1 + a�1Xj=1 
osh(�j)1A+ 2z2� 0�12 + a�1Xj=1 
osh(�j)1A :We noti
e that the material 
ow is 
onserved1�(0; 1) = 1� 2�a+ 2�2 �12 + a� 1� = 1� 2� � + 12 + 1� = 0:The mean 
y
le time may now be 
al
ulatedhni� = z ��z 1�(0; z) ����z=1= � 2�(1 + a� 1) + 4�2 �12 + �� 12 �= 1� �� :and the 
y
le displa
ementhx̂2i� = �2��2 1�(�; 1) �����=0= � 2� a�1Xj=1 j2 + 2�2 a�1Xj=1 j2= a(a� 1)(2a� 1)3� 1� ��= 112(�2 � 1)1� �� :



Deterministi
 Di�usion - Sawtooth Map 6Thus the di�usion 
oeÆ
ient D isD = 12 hx̂2i�hni�= 124(�2 � 1): (13)In parti
ular for the 
ase � = 5D = 1: (14)2.5 � = 3+p5We now wish to examine the 
ase when the 
riti
al point maps onto the right border of 2�. Inorder for this to happen the following must be ful�lled12� = 2 + x and �x+ 1� � = �1 ) �2 � 6� + 4 = 0 ) � = 3 +p5: (15)The forbidden symboli
 subsequen
es are given by,�2+1��; �2+0��;�2�1+�; �2�0+�;and again we need to spe
i�
ally in
lude the �x points 2+ and 2� in the unrestri
ted alphabet.This yields the following dynami
al �-fun
tion1�(�; z) =  1�XA tp! (1� t2+)(1� t2�);with the alphabetp 2 A = f2k+0+; 2k+1+; 2k+1+ 2k+1� ; 2k�1�; 2k�1�g k = 0; 1; 2; : : : :Expli
itly the dynami
al �-fun
tion then yields1�(�; z) = 1� 0+ � 0� � 1+ � 1� � 2+ � 2� + 2+0� + 2�0+ + 2+1� + 2�1+= 1� 2z� (1 + 
osh(�) + 
osh(2�)) + 2z2� (
osh(�) + 
osh(2�)):Again we noti
e that material 
ow is 
onserved from (15)1�(0; 1) = 1� 2�3 + 2�2 2 = 0:The mean 
y
le time is nowhni� = � 2�3 + 4�2 2= 8� 6��2 ;and the 
y
le displa
ement is given byhx̂2i� = � 2�(1 + 4) + 2�2 (1 + 4)= 10� 10��2 :Finally the di�usion 
oeÆ
ient is given byD = 12 10� 10�8� 6�= 5 + 2p56 + 2p5 : (16)



Deterministi
 Di�usion - Sawtooth Map 72.6 � = 3+p7We now wish to examine the 
ase when the 
riti
al point maps onto the right border of 1�. Inorder for this to happen the following must be ful�lled12� = 2 + x and �x+ 1� � = 0 ) �2 � 6�+ 2 = 0 ) � = 3 +p5: (17)The forbidden symboli
 subsequen
es are given by,�2+0��; �2�0+�;and again we need to spe
i�
ally in
lude the �x points 2+ and 2� in the unrestri
ted alphabet.This yields the following dynami
al �-fun
tion1�(�; z) =  1�XA tp! (1� t2+)(1� t2�):with the alphabetp 2 A = f2k+0+; 2k+1+; 2k+1�; 2k+1+ 2k+1� ; 2k�1+; 2k�1�; 2k�1�g k = 0; 1; 2; : : : :Expli
itly the dynami
al �-fun
tion then yields1�(�; z) = 1� 0+ � 0� � 1+ � 1� � 2+ � 2� + 2+0� + 2�0+= 1� 2z� (1 + 
osh(�) + 
osh(2�)) + 2z2� 
osh(2�):Again we noti
e that material 
ow is 
onserved from (17)1�(0; 1) = 1� 2�3 + 2�2 = 0:The mean 
y
le time is nowhni� = � 2�3 + 4�2= 4� 6��2 ;and the 
y
le displa
ement is given byhx̂2i� = � 2�(1 + 4) + 2�2= 8� 10��2 :Finally the di�usion 
oeÆ
ient is given byD = 12 8� 10�4� 6�= 12 11 + 5p77 + 3p7 : (18)2.7 � = 6From eq. 6 for the 
ase of a full shift with an even integer slope � we easily obtainD = 56 : (19)



Deterministi
 Di�usion - Sawtooth Map 83 Numeri
ally determined Di�usion CoeÆ
ientsA numeri
al investigation of the di�usion 
oeÆ
ientD = 12 limn!1 1nhx̂2ni; (20)has been undertaken with the use of the C program diffusion.
 (appendix A). A strategy ofaveraging many points (106) over short time (100 iterations) was adopted as the loss of bits inthe �nite representation of real numbers on a 
omputer for some values of � is quite severe (inparti
ular �=4= 22). Furthermore an ensemble average was performed in order to average overthe random number generator. The results for � 2 [2; 8℄ is shown below
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Deterministi
 Di�usion - Sawtooth Map 9We may now �nally 
ompare our exa
t results with the results obtained from the numeri
al
al
ulation ((p) - exa
t from periodi
 orbit theory, (n) - numeri
ally)� D4.000 0.2500 (p)0.2154 (n)4.448 0.3894 (n)2 +p6 � 4.4495 1+p64+2p6 � 0.3876 (p)4.450 0.3891 (n)4.828 0.6529 (n)2 + 2p2 � 4.8284 15+2p216+8p2 � 0.6527 (p)4.830 0.6560 (n)0.500 1.0000 (p)0.9947 (n)5.236 0.9021 (n)3 +p5 � 5.2361 5+2p56+2p5 � 0.9045 (p)5.238 0.9008 (n)5.644 0.8137 (n)3 +p7 � 5.6458 11+5p714+6p7 � 0.8110 (p)6.646 0.8119 (n)6.000 0.8333 (p)0.8356 (n)Note the relatively large divergen
e of the numeri
ally obtained value for � = 4. This is dueto the aforementioned loss of information and a mu
h better value for � = 4 is obtained if theaveraging is done over very short time (�5).



Deterministi
 Di�usion - Sawtooth Map 10A Program diffusion.
#in
lude <stdlib.h>#in
lude <stdio.h>#in
lude <math.h>#in
lude "ran1.
"#define ENSEMBLES 4#define POINTS 1000000#define TIME 100double **alo
_mem(int nx, int ny){int i;double **name;name = (double **)
allo
(nx,sizeof(double *));for(i=0;i<nx;i++)name[i℄ = (double *)
allo
(ny,sizeof(double *));return name;}double map(double x,double lambda){if(x<0.5)return lambda*x;elsereturn lambda*x+1-lambda;}int main(){int i,j,k;long seed=-92;double **x,xn,d,td,ad,tad,lambda;FILE *res;x = alo
_mem(POINTS,2);res=fopen("dif
of.dat","w");lambda=4.0;while(lambda<5.99){tad=0.0;lambda+=0.0025;for(k=0;k<ENSEMBLES;k++){d=td=ad=0.0;



Deterministi
 Di�usion - Sawtooth Map 11seed=-(long)floor(100*ran1(&seed));for(j=0;j<POINTS;j++){x[j℄[0℄=x[j℄[1℄=0.0;x[j℄[0℄=ran1(&seed);}for(i=0;i<TIME;i++)for(j=0;j<POINTS;j++){xn=map(x[j℄[0℄,lambda);x[j℄[1℄+=floor(xn);x[j℄[0℄=xn-floor(xn);} for(j=0;j<POINTS;j++){d=0.5*(x[j℄[0℄+x[j℄[1℄)*(x[j℄[0℄+x[j℄[1℄)/(double)TIME;td+=d;}ad=td/(double)POINTS;tad+=ad;}fprintf(res,"%lf %lf\n",lambda,tad/(double)ENSEMBLES);}f
lose(res);free(x);return 0;}


