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Abstract. One of the prevailing hindrancesto the dewlopmen of more
accurateclimate modelsis the currert inability to correctly model transport
and di usion of chemicaltracersin the atmosphere.Out tting the model with
accurate mixing parameterizationsbecomestoo computationally expensiw,
yet neglectingthesee ects yields physically unrealistic output. We analyze
transport and di usion onan annual scaleby calculating Lyapunov exponerts,
drift anddi usion in EuropeanCertre for Medium-RangeWeatherForecasting

(ECMWF) ERA-15 reanalysesof global 315K isertropic wind elds. We
presem a Lagrangian model of isertropic chaotic mixing for usein more

expansie future studies.

1. Intro duction

Chaotc mixing is widely recognizedas a major fac-
tor in determining the distribution of chemicaltracers
and aerosolsin the atmosphere, yet scierti ¢ under-
standing of the processesinvolved remains limited.
We have developed a model of isertropic chaotic mix-
ing in the atmospherefollowing the generalapproac
of Pierrehumlert and Yang (1993, herafter PY93). As
in PY93, we have performed our analysis on the 315
K isertropic surface,sinceit generally doesnot inter-
secteither the ground or the trop opause.On average,
this surfaceis located at approximately 300hPaat the
polesand dips to around 600hPa in the tropics. Since
trajectories are evaluated along isertropic surfaces,
ead parcel should be seenas adiabatically contract-
ing and expanding as necessaryalong its path. As in
PY93, we have neglecteddiabatic motions acrossthe
isertropic surface.

While PY93 has sered as the basisfor this work,
our analysisdi ers in signi cant ways. WhereasPY93
used once-daily wind elds from a global general cir-
culation model (GCM) to drive global Lyapunov ex-
ponerts, we will use 4-times-daily reanalysis wind-
elds from the European Centre for Medium-Range
Weather Forecasting(ECMWF) ERA-15 dataset, which
were unavailable when PY93 was published. In addi-
tion, while all integrations preseried in PY93 were
run for only 60 days beginning on January 1 of the

GCM model run, we provide results for the complete
annual solar cycle. Most signi cantly, however, we
have chosento evaluate Lyapunov exponerts using a
trajectory separation method rather than the matrix
formulation preseried in PY93. In future work, we
will comparethe two methods in terms of both prox-
imity of results and computational expense.

We have chosenhere to calculate Lyapunov expo-
nents and drift as measuresof predictability, along
with di usion asan indicator of the maximal rate of
spreadwe would likely obsene in passiwe tracer elds
that originate at a given location. In future studies,
we will examinehow variabilit y in these elds may re-
late to large-scaleatmospheric evernts, sud as uctu-
ations in the El Niro - Southern Oscillation (ENSO),
North Atlantic Oscillation (NAQO), and solar cycle,
and the eruption of Mount Pinatubo in 1991.

The model preseried hereis essetially functional,
although modi cations still needto be made on the
current methods and parameterizations. The results
should be viewed as preliminary, and have not been
extensiwely tested or independenly veried. This re-
mains a work in progress,but will serwe asthe basis
for more extensive future studies.

2. Data

ECMWF ERA-15 reanalysesof geopotential height
are used to determine the isertropic wind eld for



integration with the trajectory advection model de-
scribed below. ERA-15 wasthe initial product of the
ECMWF reanalysisproject, which intendsto improve
studiesof climate by providing consistert meteorolog-
ical data over long time scales.The data assimilation
scheme used by ERA-15 remains invariant through-
out the 15 year reanalysis period to be usedin this
study..

Spurious uctuations in tropical temperatureshave
beennoted in these reanalyseson seweral timescales
[Trenkerth et al., 2001]. These discrepanciesshould
not adverselya ect this study, but will be considered
in the future as we analyze the results in terms of
large-scaleatmospheric circulations.

We usethe method of Randel (1992)to derive tem-
peratures, potential temperatures, and horizontal ve-
locities from ERA-15 geopotential heights. Tempera-
ture T is evaluated via the hydrostatic relation, where
we have assumeddry air for simplicity:
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where Z is the ERA-15 geopotential height, Inp is
the logarithm of the assaiated pressurelevel, g is the

gravitational constart (9:81ms 2), and R is the gas
constart for dry air (287m?s 2K 1).

Potential temperature is then calculated as:
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where 1013 mb represens averagesealevel pressure
and = 2=7.
Zonal mean winds outside the tropics are deter-
mined using the gradient wind expression:
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while valuesin the tropical band from 10 latitude
are linearly interpolated from the valuesat 125 .
Zonal Fourier componerts of the horizontal winds are
derived from the zonal and meridional momertum
equations linearized about the zonal mean wind:
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ERA—-15 315 K Winds :

Figure 1. An example of the wind eld produced
using the data import and interpolation procedure
described in Section 3.

In equations (3a-c), denoteslongitude, latitude,
a the radius of the earth (6:37 106 m), the ro-
tation rate of the earth (7:3 106 m), and u and
v the zonal and meridional velocity componerts, re-
spectively. Zonal meansare represenied by overbars,
deviations by primes, and
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f'= 2 sin s @(ucos) : (4a)
fF= 2 sin + 2gutan : (4b)

Equations 3b-c are solved for ead zonal wave num-
ber to determine the spectral coe cien ts of u® and
vl Since these equations become singular in zonal
wavenumber k as
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we substitute the geostrophicwinds
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if > 0:5.

Pressure,temperature, and wind are then linearly
interpolated onto surfacesof constart  to allow for
an analysis of quasi-horizortal mixing on isertropic



surfaces.The wind eld for March 1, 19790n the 315
K isertropic surfacedetermined using this method is
shown in Figure 1. A qualitative comparison with
the composite mean vector wind for this same day
using NCEP/NCAR reanalysesnhot shawn) indicates
a very good measureof agreemet.

3. Governing Equations and Mo del
Form ulation

This project certers around the determination of
attributes of quasi-horizortal motion along an isen-
tropic surface in the atmosphere. We initialize the
quasi-horizortal wind eld [u(x; y;t); v(Xx;y;t)] using
the ECMWF ERA-15 reanalyseof geopotential height
to project the velocity eld onto the 315K potential
temperature surfaceasdescribed above. For purposes
of this discussion,we will considerthis surfaceto be
a horizontal Cartesian plane with coordinates [X; y].

Given the velocity eld, the trajectory ewolution
of a speci ed grid point is evaluated using a Runge-
Kutta fourth order numerical integration with one
hour time stepson the following ordinary di eren tial
equations:

dx _ . Ay
G = Uty = veayin) )
subject to initial conditions [x(0);y(0)] = (Xo;Yo).
We evaluate an ensenble of sud tra jectories, where
ead correspondsto aninitial condition de ned by the
25 25 grid.

While the velocity data is archived using a grid-
ded cylindrical equidistant projection of the globe, we
normalize distance along the surfaceof the earth ellip-
soid by iterating Vincenty's direct and inverseformu-
lae, outlined in the Appendix [Vincenty, 1975]. This
method allows for a considerablemeasureof exibil-
ity in accuracy and computational speed. While we
have opted here for speedat the expenseof accuracy,
the code can be easily adapted for usein future work.
Accuracy in our implementation remainswithin a few
hundredths of a degree.

We have chosento present this analysisin terms
of three aspects of the annual circulation: Lyapunov
exponerts, drift, and diusion. Lyapunov exponerns
provide a lower bound on the predictabilit y of tra jec-
tories originating at a givengridpoint, drift providesa
more accurate measureof mixing characteristics and
predictability, and di usion represens a measure of
the rate of spread for a passiw tracer releasedat a
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given gridpoint. All three quartities are computed
using a trajectory spreadingalgorithm.

Each gridpoint is initialized with a neighbor, in
this casethe immediately neighboring gridpoint to the
south. The two trajectories are integrated until the
separationgrowsto a pre-determinedfactor of the ini-
tial separation(We presert the results of integrations
using factors of 5 and 10 in Section 4). When this
distanceis exceededthe focus point remainswhere it
is, and the neighbor is resetto a unit distance away
on the grid in the samedirection asit nished. The
processis iterated until the parcel has undergonea
complete annual cycle.

Average annual Lyapunov exponerts are calcu-
lated using the formula:
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wherei represerts eath segmen in which the separa-
tion betweenthe gridpoint in question and its neigh-
bor grows to exceedthe chosenfactor, t; is the time
required for that separationto berealized,and x(0)
and x(tj) are the initial and nal separations, re-
spectively. T denotesthe number of segmets i that
take place over the course of the year. It should be
noted that x(0) may vary from segmen to segmen
due to position on the globe or direction between
neighboring points.

Drift is determined similarly:

_1 X1 x(h)
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(9)

This formulation should provide a more accuratemea-
sure of predictability in the system than the Lya-
punov exponert, since the calculation retains direc-
tional considerations during the summation, rather
than relying solely on distance. Note that the Lya-
punov exponert provides an upper bound on this
quantit y.

We alsocalculate di usion asa measureof the rate
of spread using the time-averagedsquare of the dif-
ferencebetween nal distance and initial distance:

D= < (x(ti) x(0)*> (10)
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x
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where <> denotesthe time average, and all other
notation remains asin equation 8.



Figure 2. Lyapunov exponerts for the trajectory

starting at 325 N and 275 E and running for 60

days from January 1, 1979. 5 is shown in blue and
10 In red.

4. Results

We have calculated the evolution of all three quan-
tities for the trajectory starting at 325 N and 275
E, near Atlanta, Georgia, United States. This inte-
gration beginson January 1, 1979 and cortin ues for
60 days. Initial results indicate that the valuesof the
Lyapunov exponerts calculated are somewhatdepen-
dert upon the choice of separation factor, although
the trends appear similar [Figure 2].

In this case,we have used a separation threshold
factor of 5 and comparedit to a factor of 10. At 4.5
days into the integration, lambdas = :403d !, while
lambdayp = :169d . By day 40, however, the di er-
encebetweenlambda; and lambdayg is only .019d *.
At the end of 60days, lambdas hasspikedto :432d 1,
while lambdayo hasplateauedat around :361d . For
purposesof comparison, afterthe full year of integra-
tion, lambdas = :394 d !, while lambda, = :295
d 1. Both values are within the range of Lyapunov
exponerts reported by PY93.

We retain a measureof uncertainty about the va-
lidit y of our results for drift and di usion (Figure 3a,
b), but are con dent that this can be resolved in the
near future. Initial results indicate that the value for
v for trajectories originating at 325 N and 275 E
and running for 365 days is approximately 0.04d I,
while D appearsto be between5.5 and 6.5 10* m
d 1. Drift decreasesnonotonically with length of in-
tegration, which may require usto reviseour formula,
and we have not yet deviseda way to independertly

Figure 3. Asin Figure 2 but for drift [d 1].

Figure 4. Asin Figure 2 but for diusion [md 1].

verify diusion. We will use extensive model runs
that cover the 15 year period to help evaluate these
results, in addition to consulting additional sources
and possibly re ning our methods.

Figure 4 shaws the global distribution for all three
guantities after the yearlong run of wind data from
1979. The distributions are more homogeneoughan
we expected based on PY93. It should be remem-
bered, however, that PY93 ran the model for only 60
days. Since the transport timescale between hemi-
spheresis usually around 6 months and within the
hemispheress much shorter, the length of integration
may allow the majority of tra jectoriesto corvergeto
a few large-scalecornvergencezonesthat then domi-
nate the results. In the future, we will generateglobal
maps every 30 days into the integration to better de-
scribe the ewolution of the Lyapunov exponent, drift,
and di usion elds.



1979 Lyapunov Exponent Distribution
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Figure 5. (a) Lyapunov exponert, (b) drift, and (c) di usion distributions for the full 365day integration of 1979.
The distributions appear to be relatively homogeneouswhich may be causedby the majorit y of tra jectories being
attracted by areasof corvergencethat dominate the results. We will generateoutput for shorter timescalesas well
in an e ort to determine when this homogeneiy setsin.



5. Discussion and Future Work

We have preserted a method for calculating Lya-
punov exponerts, drift, and di usion from isertropic
wind elds that can serwe as the basis for intensive
studies of atmospheric mixing and climate variabil-
ity. While much remains to be done, initial results
appear to be within reasonableranges.

We will extend the preliminary ndings preseried
here to encompassthe ertire 15-year climatology,
and we will proceedas planned with our analysis of
relationships between changesin the Lyapunov ex-
ponerts, drift, and diusion, and large-scaleatmo-
spheric variability. We will also attempt to imple-
ment the matrix formulation method for determing
Lyapunov exponerts detailed in PY93 and compare
the results to those obtained using the trajectory sep-
aration method describedin Section3. We will likely
supplemert thesestudies by tracking the ewolution of
various initial distributions of passiwe tracer within
the model and investigating sensitivity in the model
by performing the calculations with di erent levels of
accuracy

While this project has beenlimited by time con-
straints, now that the basemodel is complete, we will
considerthe utilit y of additional datasets(such asthe
40-year ECMWF reanalysisproduct or the NCEP re-
analyses), as well as the potential of examining re-
gional variability at smaller time and spatial scales
using satellite retrievals.

The potential applications of the methods described
here are not limited to the questions discussed. In
particular, this method could be used to explore
whether the atmospheric circulation is recurrent on
long timescalesor not. This investigation could even-
tually lead to attempts to detect and classify recur-
rent motions in the atmosphere,which could in turn
have strong implications for climate change predic-
tion.

App endix A: App endix: Vincen ty's
Form ulae

The notation in the following description of Vin-
certy's formulaefollowsthat givenin Vincenty [1975].
A more completeexplanation of the equationsand the
assaiated error can be found in that reference.

Al. Direct Formula

The point on a sphere a certain distance s and
azimuthal direction ; away from a given point Py is

calculated by rst computing

tan 1 = tan(Up=cos 1); (Ala)
sin = cosU; sin ; (Alb)
u? 2 2
=1+ —[64+ + :
A=1 256[64 uc( 12+ 5u9); (Alc)
and
u? 2 2
= — + + :
B 5 12[128 uc( 64+ 37u9)] (Ald)

where U; is given by

tanU; = (1 f)tan q; (A2)

f isthe attening factor givenby (a b)=a, ; isthe
angular distance on the spherefrom the equator to
P1, isthe directional azimuth at the equator, and

u?=cod (a2 K)=1 (A3)

where a and b are the major and minor semiaxesof
the earth, 6378km and 6357 km, respectively. Then
the following set of equations are iterated until the
change in angular distance betweenP; and P, is
negligible:

2m=2 1+ (Ada)

. 1
= Bsin [cos2 n + 2B cos ( 1+ 2c08°2 )]
(Adb)

= —+ (A4c)

where |, is the angular distance on the spherefrom
the equatorto the midpoint of the line betweenP; and
P,. The computation is then nished by calculating

q
= sin

2 cosU; cos cos 1)2

(A5a)

+ (sinUg sin



sinU; cos + cosU; sin cos 1

tan 5= D) (ASh)
N sin sin 1
tan = cosU; cos sinU; sin cos ; (ASc)
f
c:iémg [4+ f(4 3cod ) (A5d)

= sin [c0S2 m+ Ccos ( 1+ 2cog2 )] (A5e)
L= (@ C)fsin[ +C] (A5f)

where is the di erence in longitude on an auxiliary
sphere, ; isthe latitude of P,, and L is the di erence
in longitude betweenP; and Ps.

A2. Inverse Metho d

The distance between two points on a sphereis
determined using a rst approximation of = L and
then iterating until the changein is negligible.

sin> = (cosU,sin )2+ (A6a)
(cosU; sinU,  sinU; cosU, cos )?

cos = sinUjp sinU, + cosU; cosU, cos (A6b)
tan = sin =cos (A6¢c)

sin = cosU; cosU, sin = sin (A6d)

cos2 m = cos  2sinU; sinUp,=cog (A6e)

where U, is calculated asin equation 2. The calcula-
tion is then nished with

s = bA( ) (A7)
where is calculated from equations (Alc), (Ald),
and (A3b).
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