A study of the Rossler system

Radford Mitchell, Jr.
School of Physics
Jawja Institute of Technology,
Atlanta, GA 30332-0430, U.S.A
(Dated: August 25, 2007)

Abstract
In order to become familiar with the tools provided by the periodic orbit theory, we investigate
the dynamics of the Rossler ODEs. Using symbolic dynamics and kneading theory the allowed
periodic orbits are determined. Next, the inverse topological zeta function is constructed and from
this the topological entropy is found. Finally, the leading Lyapunov exponent is calculated, which

serves to quantify the chaotic behaviour of the system.
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I. INTRODUCTION

The periodic orbit theory of classical chaos is an invaluable tool for examining aspects of
the behavior of chaotic dynamical systems. The theory expresses all long time averages over
chaotic dynamics in terms of cycle expansions [1]. Sums over periodic orbits (cycles) are
ordered hierarchically according to the orbit length. If the symbolic dynamics is known and
the ow is hyperbolic longer cycles are shadowed by the shorter ones, and cycle expansions
converge exponentially or even super-exponentially with the cycle length [6].

In sect. Il I derive my di erential equation which governs the evolution of the ow in time.
The details of my numerical implementation of the method are discussed in sect. 11 A. In
sect. 111 B, I test the method on the Rossler ow. My results are summarized discuss possible
improvements of the method in sect. V. Why | failed to complete the project is explained

in Appendix A.

1. MY PROBLEM DEFINED

A periodic orbit is a solution (x; T), x 2 RY, T 2 R of the periodic orbit condition
fT(x) =x; T>0 €))

for a given ow or discrete time mapping x A ft(x). Our goal is to determine periodic

orbits of ows de ned by rst order ODEs

C;_)t(:v(x); x2M RY;  (xv)2TM (2)

in d dimensions. Here M is the phase space (or state space) in which evolution takes place,

and the vector eld v(x) is smooth (su ciently di erentiable) almost everywhere.

A. My Equations

For the Rossler ow, x 2 R® and is determined by the vector eld v(x) given by
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X= Yy z
y = xX+ay 3
z =b+z(x ©)

In this particular version of the Rossler ow, we choose a =h = 0:2 and ¢ = 5:7. The
divergence of the ow is given by r v(x) = %ﬁ + % + %ﬁ- =a+Xx c. Clearly the ow is
not conservative, and, furthermore, the contraction/expansion of volumes is not uniform in
the phase space.

There are two xed points of the system

P

c cZ 4ab

p =T(a; 1;1) 4)

For our particular choice of parameters the two equilibrium points are p™ =
(5:692973; 28:464869;28:464869) and p = (0:007026; 0:035131;0:035131): The linearized
stability exponents of these xed points are ( 7; ) = (0:1929; 4:596 10 ® i5:428) and
(15 ) =( 5:686;0:0970 10:9951)[1]. This means that trajectories which start near the

xed point located far from the origin rotate and are slowly attracted to the stable eigen-
plane, while at the same time move away along the direction of the unstable eigenvector.
Trajectories originating near p also rotate and move away along the unstable direction but
the attraction to the stable manifold in this case is quite extreme ( , 10 ) [1].

It proves convenient to reduce the three dimensional ow to a one dimensional map using
a return map. First, one creates a Poincare section of the ow at a particular value of o,

which are the set of points
=f(r; ;2)jr>0;, = o0 (%)
The ow is then reduced to a map via the function £ given by:
M+ =T (rn) (rn); i+ 2 (6)

Here denotes the Poincare map and the return time, which varies for each iteration of
the map. In practice these return maps were obtained by recording 3000 traversals of the
section by an arbitrary trajectory and discarding the rst 500 or so data points in order

to allow the ow su cient time to settle onto the attractor.
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FIG. 2: Return map: R(n+1) versus R(n) for a section taken at ¢ = 50

Denote by , the deviation of a point x, on the periodic orbit p from the nearby point
yn1
Xn=Yn+ n:
Let x(t) = fY(x) be the state of the system at time t obtained by integrating (2), and
J(x;t) = dx(t)=dx(0) be the corresponding Jacobian matrix obtained by integrating

dJ Qvi :
ﬁ:AJ; Aijz@—x;; with J(x;0) = 1: @)
For the Rossler ow, o 1
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FIG. 4: Return map: R(n+1) versus R(n) for a section taken at ¢ = 140
B. Symbolic Dynamics

Once the generic behavior of the ow has been determined, one may partition the phase

space into various regions, labeling each one with its own unique symbol. So, in general, one

state set. Two distinct sequence spaces can be formed from this set. The one-sided space is
f1;2;:::;ngN whose sequences are of the form (s¢s:S, :::). The two-sided sequence space is
f1;2;:::;ng? and these sequences are of the form (:::s ,S 1S¢S1S2:::). In both cases each
si 2 T1;2;:::;ng [3].

For the Rossler ow, the return maps of interest are unimodal on some interval, I, of the

radial coordinate. Thus, the most logical partitioning of the phase space is whether a given






