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Reprodu tion

One a hievement of periodi orbit theory is the possibility to do non-equilibrium
statisti al me hani s in a new way, without the need for approximations, stozahlansatz or the like. It enables us in prin iple to relate the short term behaviour of a dynami al system to behaviour in the t ! 1 limit. The ookbook
re ipe is simple; en ode the dynami s in a suitable alphabet, al ulate the great
ora le: the dynami al zeta fun tion, query the ora le in the right way and you
will get the answers. However, the real world is a ruel pla e for theoreti al
physi ists. Finding a suitable alphabet for the dynami s of real world systems
is rarely easy and as with all great ora les you must approa h them with respe t
and know exa tly how to pose the questions.
Realising that the main obsta le for a young aspiring physi ist is nding
a suÆ iently well-behaved real world problem to whi h he an apply newly
a quired textbook knowledge, let us turn to a toy problem that an be useful
for gaining insight. Let us look at something one-dimensional, linear, evolving
in dis rete time | in short, a problem tra tible to pen and pen il al ulations!
What we want to look at is the following mapping of I = [0; 1℄ into R,

^x;
x^ 2 [0; 1=2[
def :
^
fI (^
x) =
(1)
(^x 1) + 1; x^ 2℄1=2; 1℄:
The fun tion f^I is onstru ted su h that 0 7! 0 and 1 7! 1. It is the di usion
properties of this map (and related ones to be de ned below) we will investigate
as fun tion of, or rather for various values of the parameter . In the following
we will take this parameter to be greater than 2. We do not have the right
mapping to study yet be ause f^I is only de ned on the unit interval whereas it
takes values in R. The ure is very natural and simple; extend f^I to all of R
by translating the fun tion ba k to the unit interval, evaluating it there, and
sending it ba k to where it ame from. In a less verbose and more mathemati al
formulation this translates into
f^(^
x) def
= : f^I (^x bx^ ) + bx^ ;
(2)
1

where b denotes the ` oor' fun tion whi h returns the nearest integer smaller
than or equal to its argument. Obviously, x^ bx^ 2 I holds and 1 is still mapped
to 1 with the extended de nition (2).
Until now we have been de orating our de nitions with plenty of little `hats'
just to make the reader urious as to whether any `bald' fun tions would show
up. Indeed they will! The onvention we will follow here is to denote entities
relating to the whole spa e (i.e. R) with hats and let `bald' symbols refer to
the elementary ell in asu the unit interval I . This notation is broadly that of
Cvitanovi & friends, se tion 14.1. If the notation is useful for no other purpose
it at least makes the formulas look ool, so we will use it here.
In our aspiring physi ist's re ipe for doing periodi orbit theory, we mentioned something about understanding and en oding the short term dynami s
in an alphabet and then using this to understand the t ! 1 behaviour. This
is exa tly what we are going to try now. We de ne a new fun tion f : I ! I
by translating f^ ba k to I by doing the al ulations modulo unity. Likewise we
get rid of the integer part of f^(^x). All we then have to do is to iterate f on
I and keep tra k of the `jumping' i.e. the dis arted integer part of f^(x). More
pre isely we de ne f as
f (x)

= f^(^x) bf^(^x) ;

def :

(3)

where x = x^ bx^ is in I . We are now going to write down a symboli dynami s
where the alphabet simply keeps tra k of the distan e of the `jump'.
Sin e this is periodi orbit theory, it seems reasonable that we introdu e
some notion of periodi ity. The notation is that of
where
p = fx1 ; : : : ; xnp g is alled an elementary ell y le (elementary ell = no hats)
if np iterations sends xj ba k to itself, f np (xj ) = xj . We are also to keep tra k
of the length of the jumps so we will brie y return to the whole spa e, R. We
de ne (with hats now) n^p 2 Z by n^ p = f^np (xj ) xj as the jumping number of
the y le. If n^ p = 0 the y le is said to be standing, otherwise it is said to be
running.
Now things are in pla e! The y le weight for a y le p is given in the proje t
des ription (H.2) as
e n^ p
(4)
tp ( ; z ) = z np
j j :
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Our ora le will be the dynami al zeta fun tion given by
1= ( ; z ) =

Y

p

(1 tp ( ; z )):

(5)

The quantity we want to ompute is the di usion onstant D whi h periodi
orbit theory tells us is given by
D=

1 hn^ 2p i :
2 hni

(6)

The triangular bra kets, hi , denotes mean y le quantities, so for example
hn^ 2p i is the y le mean of the square of the jumping number. We are dealing
with a problem in dis rete time so the r^ole of time is taken over by the mean
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Figure 1: Illustration of the mapping f for  = 5 (left) and  = 6 (right). The
jumping numbers for the intervals are indi ated.
y le length hnp i . The mean square jumping number and the mean y le length
are given by (querying the ora le)
2
and
(7)
hn^ 2p i =  2  ( 1; z )
=0; z =1
1

:
(8)
hnp i = z z
 ( ; z ) =0; z=1
Let's get some real world numbers in! Out there natural numbers are very
popular and it will turn out that the dynami s will be parti ularly simple if we
hoose  to take values in the natural numbers. We will have to onsider two
ases:  odd and  even. Let us start out by onsidering the ase where  is odd.
Sawteeth for  odd

We will now have to understand the short term dynami s of the system,
hoose our alphabet, and then we an al ulate the big D. The dynami s is
illustrated on gure 1 for the ase of  = 5. The interval I is partitioned into
six subintervals fM0+ ; M1+; M2+ ; M2 ; M1 ; M0 g orresponding to the six
di erent possible jumping numbers. In general for  odd we have fMi j i =
m ; : : : ; m+g where m is given by ( 1)=2.
We now need to hoose our alphabet A. From the gure we see that
M0+ ; M1+ ; M1 and M0 are mapped onto the entire unit interval I . This
is easily generalised to arbitrary odd , where M0 ; : : : ; M(m 1) are mapped
onto the entire interval. The subintervals M2+ and M2 (Mm+ and Mm
in the general ase of  odd) are only mapped onto M0+ [ M1+ [ M2+ and
M0 [ M1 S[ M2 respe tively. In the general ase we get that Mm+ is
mapped onto i Mi+ and similarly for m .
We an write the general ase out in the in nite alphabet
A = f(m+)k 0+; (m+)k 1+; (m )k 0 ; (m )k 1 j k = 0; 1; 2; : : :g (9)
in whi h the dynami s is unrestri ted, i.e. all ombinations of letters are possible
itineraries for points. Two possibilities are not a ounted for, however. The
3

dynami s has not taken into a ount that it is possible for a point to be mapped
from Mm+ to Mm+ (and similarly for Mm ) ad in nitum. This an be taken
are of rather simply by introdu ing fa tors of (1 tm+ ) and (1 tm ) in the
dynami al zetafun tion as we will see below.
The dynami al zeta fun tion, 1= , an now be al ulated,
1= =

Y

p

(1 tp )

(10)

= (1 tm+ )(1 tm )(1

m
1
X1 X
a=0 k=0

(tm+ )k ta+

m
1
X1 X
a=0 k=0

(tm )k ta ):

We have here used relations of the type t(m+)k a+ = (tm+ )k ta+ whi h makes
the ` urvature orre tions' of eq. (9.5) in
vanish. The inner
summations are easily taken are of with the aid of,
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(tm+ )k ta+ = 1 tat+
m+
k=0
X

(11)

and similar expressions for tm and ta .
We an now plug into (10)
1= = (1 tm+ )(1 tm ) (1 tm )
= 1 tm+ tm

m
X1
a=0

ta+

m
X1
a=0

m
X1

ta

a=0

ta+

+ tm

(1 tm+ )
m
X1
a=0

m
X1

ta
a=0
m
X1

ta+ + tm+

a=0

ta

+ tm+ tm

and obtain 2the ora le we want to query. We do this by applying the operations
 and  to 1= ( ; z ) and evaluating at ( ; z ) = (0; 1). The al ulations
z z
 2
are simpli ed if we note that tp is an eigenfun tion of the two operators with
eigenvalues np and n^ 2p respe tively. Furthermore, we will need that tp (0; 1) =
1=p.
Straightforward (albeit tedious) al ulations and the formulas (7) and (8)
give
+ 1)(1 )
(12)
hn^ 2 i = ( 1)(12
hni = (1  ) ;
(13)
where we have used the de ning relation m = ( 1)=2 to simplify the result.
The di usion onstant D now follows readily,
D=

1 hn^ 2 i = ( + 1)( 1) :
2 hni
24

Voila!

4

(14)

Sawteeth for  even

Likewise and a bit simpler, we an deal with the ase of even values of . The
+
interval an be partitioned into  equal intervals fMgm
i=m where m = =2 1.
We en ode the symboli dynami s in the alphabet A = f0+; : : : ; m+; m ; : : : ; 0 g.
Sin e f is an onto mapping of the Mi onto the unit interval, f (Mi ) = I , the
symboli dynami s is unrestri ted in the alphabet A.
The zeta fun tion now follows from the de nition as
m+
X

1= = 1

i=m

(15)

ti ;

where we have used the fa t that all higher terms in the sum vanish exa tly:
in the lingo of periodi orbit theory all urvature orre tion vanish be ause the
shadowing is exa t.
We now just have to rank the wheel and grind out the big D. The mean
y le length is al ulated as
m+
X

hni =

i=m

1
2(m + 1) = 1:
=


(16)

Likewise for the mean y le squared jumping number,

hn^ i =
2

=

(^n0+ )2    (^nm+ )2 (^nm )2    (^n0 )2
(17)




m
m(m + 1)(2m + 1)
( 1)( 2) : (18)
2X
i2 =
=
 i=0
3
12

Plugging into the formula for the di usion onstant is trivial and gives
D=

1 hn^ 2 i = ( 1)( 2)
2 hni
24

(19)

Voila!
2

Sawtooth map,

ut in (Markov) pie es

The pre eding dis ussion was made simple be ause f^ mapped the Mi subintervals onto the entire unit interval I . This made the symboli dynami s easy sin e
we did not have to keep tra k of what had happened in the pre eding steps. We
ould use the jumping numbers as alphabet and the dynami s was unrestri ted.
However, we will now go a step further and onsider situations where the
unit interval an be partitioned into a nite number of subintervals Mi whi h
only has the weaker property that; loosely speaking, subintervals are mapped
onto unions of subintervals. This is more te hni ally orre t written as
f (Mi ) \ Mj

= ; or Mj  f (Mi )

Su h a partition is alled nite Markov.
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Figure 2: Illustration of the mapping f^ for  = 2 + 2 2 (left) and  = 3 + 5
(right). The jumping numbers for the intervals are indi ated.
We will now onsider something on rete, a map allowing a nite Markov
partition fM0+; M1+ ; M2+ ; M2 ; M1 ; M0 g where the ( riti al) point 1=2
is mapped onto the right end-point of the interval M1+ . The map is illustrated
on gure 2.
First of all, we will determine the value of  that orresponds to this situation. What we know is that the riti al point 1=2 is mapped onto the right
end-point of M1+ , x0 . However, we know that being the right end-point of
M1+ x0 solves the equation f^(x0 ) = 2, so that we have the following equations
to solve for ,
f (1=2) = x0 , or f^(1=2) = x0 + 2 together with f^(x0 ) = 2:
(21)
First solving the last equation
p for x0 gives =2 and substituting into the rst
equation gives  = 2(1  2). The negative solution is obviously not the one
we are seeking and we have already limited our s ope to maps with  > 2 so it
is dis arted.
By inspe ting gure 2 it is lear that f (Mi ) = I for i 2 f0+; 1+; 1 ; 0 g,
f (M2+ ) = M0+ [ M1+ and f (M2 ) = M0 [ M1 , so we an hoose an
alphabet A in whi h the symboli dynami s is unrestri ted, A = f0+; 1+; 2 +
0+; 2 + 1+; 2 1 ; 2 0 ; 1 ; 0 g.
And the zeta fun tion is
1= = 1 t0+ t1+ t2+0+ t2+1+ t2 1 t2 0 t1 t0
(22)
We an now grind out the numbers,
hni = 4 1 + 4 22 = 4+2 8
(23)
and
2
2
2
2
(24)
hn^ 2 i = 2 0 + 2 1 + 2 2 2 + 2 3 2 = 2+2 26 ;
and the di usion onstant is
p
p
1
h
n^ 2 i  + 13 15 + 2 2 26 11 2
p
D=
(25)
2 hni = 4 + 8 = 16 + 8 2 =
16 :
6

Voila!
The basi observation that made the previous al ulation work was that we
ould nd a partition whi h was Markov. The point 1=2 was mapped to the end
of an interval and allowed a Markov partition to be found. We will now work
out a few more examples of this sort for values of  between 4 and 6. There
are 7 easy-to- nd su h p
examples, 1=2 mapped
p to the left end-points of M0+
( = 4), M1+ ( = 2 + p6), M2+ ( = 2 + 2 p2), the right end-points of M2+
( = 5), M2 ( = 3 + 5), M1 ( = (5 + 41)=2) and M0 ( = 6).
Some of the numbers we already have worked out. The integers are overed
by the results from the previous se tion. We nd from the formulas that Dp= 1=4
for  = 4, D = 1 for  = 5 and D = 5=6 for  = 6. Thep ase  = 2 + 2 2 was
al ulated above andpwe quote the result D = (26 11 2)=16.
p
The ase  = 2+ 6 an be dealt with along lines similar to the  = 2+2 2
ase. The dynami s is unrestri ted in the alphabet A = f0+; 1+; 2 + 0+; 2
0 ; 1 ; 0 g, so we an write
1= = 1 t0+ t1+ t2+0+ t2
to al ulate

t1

0

t0

hn^ i = 2 8 = 2+ 8

(27)

hni = 4 4 = 4+ 4 :

(28)

2

2

and

(26)

2

2

2

This gives us immediately the di usion onstant

p

1 hn^ 2 i =  + 4 = 6 + p6 = 1
D=
2 hni 4 + 4 12 + 4 6

p

6
4

(29)

The Duke of Cambridge

The two remaining ases are a little harder but with a little persisten
p e we
will be able to deal with them. Let us rst look at the ase of  = 3 + 5.
The unit interval is naturally partitioned into 6 subintervals as in the preeding examples. The intervals with labels 0+, 1+, 1 and 0 are mapped onto
the entire unit interval. What gives a little trouble is the two middle intervals,
M2+ and M2 . The rst of these two is mapped onto the intervals M0+ , M1+ ,
M2+ and M2 , and the se ond is mapped onto M0 , M1 , M2 and M2+ .
Writing down the alphabet orresponding to the dynami s is a bit tri ky. It
will have to ontain sequen es of arbitrarily long ombinations of 2+ and 2
terminating with one of the four symbols whi h gives no restri tion on the next
letter, 0+, 1+, 1 and 0 . We will, however, have to make sure that the label
before the terminating label in the letter has the right sign, e.g. before 1 we
will have to have 2 and not 2+. On top of this it will have to have provisions
for itineraries whi h let the point boun e ba k and forth between M2+ and
M2 inde nitely.
However, we an avoid the problems of formulating the alphabet dire tly
and make use of the fa t that the slope of the map is the onstant . The latter
gives rise to identities of the form t(2+)k1 (2 )k2 (2+)k3 0+ = (t2+ )k1 +k3 (t2 )k2 t0+
7

et . as an be seen dire tly from the de nition of tp . These identities make
shadowing work and they will make life mu h easier in the following.
The sequen es of labels whi h are supposed to make out the alphabet an
be of three forms. It an be one of 0+, 1+, 1 and 1 in whi h ase there
are no problems what so ever. There an be a sequen e | possibly empty |
of 2+s and 2 s pre eding a 2 + 0+, 2 + 1+, 2 1 or 2 0 as des ribed
above. It is important to note that the order of the symbols matter when the
alphabet is written out but when the zeta fun tion is al ulated we an use
the identities noted above. The problem of ordering is thus redu ed to one of
ounting. Postponing the third ase for a moment, we write
(1

t0+

t1+

t1

t0

(t2+ t0+ + t2+ t1 + t2 t1 + t2 t0 )

n 
1 X
X
n=0 i=0

n
i



(30)
(t2+ )i (t2 )n i ):

We have here introdu ed the binominal oeÆ ient ( ni ) to ount the number of
ways i plus-signs an be distributed over n symbols. The fa tor in front of the
sum takes are of the fa t that the symbol sequen es has to end with the orre t
ombinations of 2 and 0  =1. Shadowing a ounts for the fa t that we don't
get an in nite produ t to work out but only a sum.
We will now return to the third ase we left out before. It is the ase where
the sequen es onsists only of 2. This is analogous to the ase of  odd where
we had to in lude the two xed points. We deal with it in rather mu h the same
way by introdu ing them into to the in nite produ t by hand. However, here
there are in nitely may possible sequen es whereas the two xed points just
gave two additional fa tors. Fear not, dear reader, yet again one an hear the
avalary approa hing | shadowing sets in and an les the urvature orre tions
exa tly, leaving only the term
(1 t2+ t2 ):

(31)

We an now write out the full dynami al zeta fun tion, however, it pays of
to give it a bit of massage. The sums in (30) an easily be al ulated by noting
that
1
1 X
n  
X
X
n
(
t2+ )i (t2 )n i =
(t2+ + t2 )n = (1 t 1 t ) : (32)
i
2+
2
n=0
n=0 i=0
The ora le an now be al ulated,
(t2+ t0+ + t2+ t1+ + t2 t1 + t2 t0 ) ):
(1 t2+ t2 )
(33)
Multiplying everything out and olle ting terms gives us

1= = (1 t2+ t2 )(1 t0+ t1+ t1
1= = 1 t0+ t1+ t2+ t2

t1

t0+

t0

+t2+ t0 +t2+ t1 +t2 t0+ +t2 t1+ : (34)

Cal ulating the mean y le square jumping number and mean y le length is
now trivial,

hn^ i =
2

t1+

4t2+ 4t2

t1

+ 4t2+ t0 + t2+ t1 + t2 t1+ + 4t2 t0+
8

= 10 2 1
hni = t0+ t1+ t2+ t2 t1
= 62 8 :
The di usion onstant D follows,

(35)
t0

+2t2+t0 +2t2+t1 +2t2 t1+ +2t2 t0+
(36)

p

1 hn^ 2 i = 5 5 = 5 + 5 :
D=
2 hni 6 8
8

(37)

p

The ase  = (5 + 41)=2 an be dealt with along similar lines. The main
di eren e is that now the intervals M2+ and M2 are mapped onto M0+ [
M1+ [M2+ [M2 [M1 and M0 [M1 [M2 [M2+ [M1+ , respe tively.
This makes only a small di eren e in the al ulations sin e we only need to take
into a ount the fa t that ombinations of 2+ and 2 now also an terminate
with 2 + 1 and 2 1+. This is done by introdu ing t2+ t1 and t2 t1+ in the
fa tor in front the sums in eq. (30). Doing the maths analogous to what we did
before gives
1= = 1 t0+ t1+ t2+ t2

t1

t0

+ t2+ t0 + t2 t0+ :

(38)

It is interesting to noti e the way terms with two tp -s an el when we make the
image of M2+ overlap all but the last interval, M0 . It is fairly obvious what
will happen when we let the interval overlap all the subinterval, i.e. we onsider
the ase of  = 6; we get exa tly the simple form of the zeta fun tion orresponding to unrestri ted dynami s in the alphabet f0+; 1+; 2+; 2 ; 1 ; 0 g. It
is reassuring to know that our methods2 are at least onsistent!
Applying the operators z z and  2 and evaluating at ( ; z ) = (0; 1) gives

hn^ i = 10 8 and hni = 6 4 :
2

2

2

The di usion onstant now follows readily,

(39)

p

1 hn^ 2 i = 5 4 = 107 41 :
(40)
D=
2 hni 6 4
124
If we ompare with table H.2 in the proje t des ription we see that the
results al ulated here are di erent from those in the table for (a), (b) and (e).
The two rst are readily explained as typos in the table(?) but it seem very
possible that a small error found its way into my al ulations of the se ond last
entry in the table.
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Numeri s and some

on luding remarks

When one has no other ideas one an always try to do some numeri al al ulations. . . We have now al ulated a few di usion onstants, trusting that we have
derived the underlying theory orre tly. If we an trust periodi orbit theory
then our al ulations of di usion onstants have been exa t. However, it is not
intuitively obvious that the numbers found so far are orre t so we might want
9
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Figure 3: Di usion onstant al ulated numeri ally for  = 5 with in reasing
numbers of iterations. The value D = 1 found from periodi orbit theory is
indi ated with a dashed line.
to use the dumb approa h of brute for e numeri s. It is a quite obvious approa h
sin e iterated mapping lend themselves to easy omputer implementation.
However, ontrary to popular belief, numeri al al ulations is a quite subtle
subje t and the pitfalls are legio. We will here look at data for the ase of
 = 5 al ulated for in reasing numbers of iterations. Be ause we do not have
in nitely mu h omputer-time, we will balan e the number of iterations with
the number of start-points we look at. Figure 3 shows the di usion onstants
as a fun tion of the number of iterations in a simulation where the number of
iterations times the number of input points has been kept at 108 . (This takes
about 70 s per data-point on a fast omputer with an extremely inelegant Cprogram using double pre ision arithmeti s.) The result, D = 1, from periodi
orbit theory is also indi ated on the gure. It is obvious that the result from
periodi orbit theory is of the right order of magnitude but something is learly
going wrong.
From the gure we see that up to a few thousand iterations the points look
as if they are onverging but the they seem to be tossed around more or less at
random for more iterations. What seems to be happening is that the sequen e
of points gets aught by an attra tor for the dynami al system onsisting of
both the iterated mapping and non-linearities aused by round-o errors. This
gives rise to apparently extreme di usion onstants.
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di usion
1
4p
4p
2 + p6 1 p46
2 + 2 2 26 1611 2
5p
1p
5+ 5
3 +p 5
8p
5+

2

6

41

41
107
124
5
6

onstant

0:25
 0:388
 0:653
1
 0:905
 0:811
 0:833

Where did we end up, and where do we go from here?

But what about the exa t results, then? Can we interpret them? We an see
that the largest value of D is found for  = 5. Comparing gure 1 this might
be possible to understand. First of all, we would expe t as a general trend that
higher values of  would lead to faster di usion. It is true that di usion gets
faster with higher values of . The expressions for  even and odd also shows
that: for large values D goes as 2 . This is, however, not the only e e t so an
we understand why  = 5 gives the highest value of D.
Every time the sequen e enters the M2+ interval it will not only be sent
far in one dire tion, it will also be sent in the same dire tion in the next time
step as an be seen from
p the gure (by symmetry this is also true for 2 ). If
we in rease  to 3 + 5 we get the possibility that the `fast running' points of
M2+ get mapped to the M2 interval and thus ki ked in the other dire tion.
If we then in rease  one step more we get a further possibilities to get sent in
the opposite dire tion when we make a long jump and thus a lower value of the
di usion onstant even though  goes up. If we go to  = 6, points in M2+ an
now be mapped to M0 also but that just means standing still for one iteration
so we would expe t this to a e t the di usion onstant in a less negative way
and indeed it even does go up a bit.
These are of ourse just hand-waving arguments but they seem to explain
the behaviour seen in the al ulated values of the di usion onstant. What one
should be able to work out is whether there is a general trend of D growing
roughly as 2 and then eliminate that e e t and somehow study the `bare'
e e t of letting the `fastest running' intervals, Mm, overlap more or less with
the other intervals. It also seems possible that the e e ts of the overlaps of
the Mm intervals and the other intervals will diminish as we go to higher
values of . It might happen that there exists a point from whi h the di usion
onstant grows `monotoni ally' with  in reasing in steps that mat h Markov
partitions of the simple form we have studied here (e.g. nite Markov partitions
labeled by jumping numbers). If this a tually happens one an study whether
something similar will happen if we make even ner partitions (a possibility not
even mentioned here), and one an maybe investigate whether from some nite
value onwards D be omes a monotoni fun tion of  (my guess is that no su h
value exists). All these are possibilities whi h an be investigated, possibly with
te hniques used in this term paper.
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