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Abstract.

Motivated by Gutzwiller’s semiclassical quantization, in which unstable periodic

orbits of low-dimensional deterministic dynamics serve as a WKB ‘skeleton’ for chaotic

quantum mechanics, we construct the corresponding deterministic skeleton for lattice-

discretized spatiotemporal field theories.

In the field-theoretical formulation, there is no evolution in time, there is only the

enumeration of lattice states that contribute to the theory’s partition sum, each a

global spatiotemporal solution of system’s deterministic Euler-Lagrange equations.

The reformulation aligns ‘chaos theory’ with the standard solid state theory, field

theory, and statistical mechanics. The form of the partition function of a given field

theory is determined by the group of its spatiotemporal symmetries, that is, by the

space group of its lattice discretization, best studied on its reciprocal lattice. In a

spatiotemporal, crystallographer formulation, the time-periodic orbits of dynamical

systems theory are replaced by periodic d-dimensional Bravais tilings of spacetime, each

weighted by the inverse of its instability, its Hill determinant. Hyperbolic shadowing

of large cells by smaller ones ensures that the predictions of the theory are dominated

by the smallest primitive cells.

Treating the temporal and spatial directions on equal footing, we abandon initial

state evolution, local in time, and enumerate instead global solutions compatible with

system’s defining equations. In such field theory any spatiotemporal state is labeled by

a unique d-dimensional lattice block of symbols from a finite alphabet, a state of the

system over a finite spatiotemporal region is specified uniquely and with exponential

precision by a finite blocks of such symbols, and the likelihood of such state occurring

is given by the Hill determinant of its spatiotemporal orbit Jacobian matrix.

PACS numbers: 02.20.-a, 05.45.-a, 05.45.Jn, 47.27.ed

Submitted to: Nonlinearity

A temporally chaotic system is exponentially unstable with time: double the time,

and exponentially more orbits are required to cover its strange attractor to the same

accuracy. For large spatial extents, the complexity of the spatial shapes also needs to

be taken into account; double the spatial extent, and exponentially as many distinct

spatial patterns will be required to describe the repertoire of system’s shapes to the
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same accuracy. The systems whose temporal and spatial correlations decay sufficiently

fast, and whose “physical” dimension [11, 21] grows with system size, are said to be

“spatiotemporally chaotic.”

Our goal here is to make this “spatiotemporal chaos” tangible and precise,

Spatiotemporally homogenous turbulent flows offer one physical motivation for

considering such models: a very rough approximation to such flows is discretizing them

into spatiotemporal cells, with each cell turbulent, and cells coupled to their nearest

neighbors.

Analysis of a temporally chaotic dynamical system typically starts [8] with

establishing that a flow is locally stretching, globally folding. The flow is then reduced

to a discrete time return map by appropriate Poincaré sections. Its state space

is partitioned, the partitions labeled by an alphabet, and the qualitatively distinct

solutions classified by their temporal symbol sequences.

In the companion paper I [32]

We start our introduction to chaotic field theory (section 1) by defining the

field theory partition sums. We explain why the semiclassical field theory, a WKB

approximation to quantum field theory path integral (section 1.1) has support on the

same set of solutions (periodic points) as the deterministic field theory (section 1.2) that

is the focus of this paper. The building blocks of chaotic field theory are spatiotemporally

periodic solutions of system’s defining equations. Their analysis proceeds in two steps.

On coordinate level, periodicity is imposed by a hierarchy of Bravais lattices (section 3),

and their symmetries (section 3.1).

Tile multiples section 3.2

Periodic lattice field configurations section 4

The key to solution counting problem is the enumeration of prime periodic orbits,

with the notion of ‘prime’ now subtler than what it was for 1-dimensional lattices,

different for the integer lattice coordinate system, section 3, from prime lattice field

configurations, i.e., the fields over these coordinates (section 4.1).

A partition function in terms of prime periodic points section 5

by

In the companion paper III [48] we apply the approach to the simplest nonlinear

field theories, the one-dimensional discretized scalar φ3 and φ4 theories, defined here in

section 2.

are the Hill determinants of the ‘orbit Jacobian matrices’ (section 6) that describe

the global stability of linearized deterministic equations.

How is this global, high-dimensional orbit stability related to the stability of the

conventional low-dimensional, forward-in-time evolution (section 7)?

The two notions of stability are related by Hill’s formulas (section 8), relations that

rely on higher-order derivative equations being rewritten as sets of first order ODEs,

relations equally applicable to mechanical, energy conserving systems, as to viscous,

dissipative systems.
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The lattice field theories that we use to illustrate the key concepts of theory of

spatiotemporal chaos are defined in section 2.

Herding cats all over spacetime, as a field theory similar to ones studied by statistical

mechanicians and field theorists, section 10.2.

In section 10.1 we review the traditional coupled map lattice model discretizations

of dissipative PDEs, as well as many-body Hamiltonian models, section ??.

Here we address this fundamental question by constructing a spatiotemporal cat,

a classical d-dimensional chaotic lattice field theory.

by offering the reader what we believe is its simplest explicit example, the

spatiotemporal cat [22, 23]

(�− µ2) Φ = −M ,

a classical field theory on a d-dimensional hyper-cubic lattice, with an “anti-harmonic”

rotor φz at each site z coupled to its nearest neighbors. In contrast to a field governed

by its close relative, Helmholtz equation, with oscillatory solutions, spatiotemporal

cat solutions are hyperbolic and ‘turbulent’, in the same sense that in contrast to

stable oscillations of a harmonic oscillator, Bernoulli coin flip solutions are unstable

and chaotic.

Spatiotemporal cat is arguably the simplest such model, no closer to physical

turbulence than the Lorenz model [34] is to weather, but still capturing the essential

qualitative features of spatiotemporal chaos.

the forward-in-time second order difference equation for a one-dimensional lattice

of coupled rotors (section 9)

the ‘temporal cat’ three-term discrete lattice recurrence relation.

Their spacetime generalization, the simplest of all chaotic field theories, is the

‘spatiotemporal cat’ [10, 22, 23], a discretization of the Klein-Gordon equation, a

deterministic field theory on a d-dimensional hypercubic lattice, with an unstable “anti-

harmonic” rotor φz at each lattice site z, a rotor that gives rather than pushes back,

coupled to its nearest neighbors.

In contrast to its elliptic sibling, the Helmholtz equation and its oscillatory

solutions, spatiotemporal cat’s periodic points are hyperbolic and ‘turbulent’, just as

in contrast to oscillations of a harmonic oscillator, Bernoulli coin flips are unstable and

chaotic.

In section 10.2 we generalize the temporal cat model to the d-dimensional

spatiotemporal cat,

and in section 10.2 show that the system admits a d-dimensional symbolic code

with a finite alphabet.

Section ?? illustrates our periodic orbit spatiotemporal cat solutions by several

explicit examples.

We then turn to study of admissible finite spatiotemporal symbol blocks.

In section ?? we use the spatiotemporal cat symbolic dynamics to show that

spatiotemporal periodic orbits that share finite spatiotemporal symbol blocks shadow
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(a) (b)

Figure 1. (Color online) Discretization of a field over two-dimensional spacetime.

(a) A periodic scalar field configuration φ(x) over a primitive cell [L×T]S , plotted as a

function of continuous coordinates x ∈ R2. (b) The corresponding discretized periodic

point Φ over primitive cell [10×7]0 with the field value φz at the lattice site z ∈ Z2,

indicated by a dot.

each other to exponential precision.

(the symbolic dynamics definitions used throughout the paper are collected in ??).

Section 11 tabulates our prime periodic orbits counts.

Hill’s formula for the 2-dimensional lattice spatiotemporal cat is derived in

section ??.

We evaluate and cross-check Hill determinants by two methods, either the

‘fundamental fact’ evaluation, Appendix A.3.3, or by the discrete Fourier transform

diagonalization, Appendix A.

Our results are summarized and open problems discussed in section 13.

Previous work that forms the basis of our formulation of chaotic field theory is

reviewed in Appendix A of paper I [32]. For additional material -online talks and

related papers- see ChaosBook.org/overheads/spatiotemporal. Icon on the margin

links the block of text to a supplementary online video.

1. Lattice field theory

In a d-dimensional hypercubic discretization of a Euclidean space, the d continuous

Euclidean coordinates x ∈ Rd are replaced by a hypercubic lattice [35, 36]

L =
{ d∑

j=1

zj êj | z ∈ Zd
}
, êj ∈ {ê1, ê2, · · · , êd} , (1)

spanned by a set of orthogonal vectors êj, with lattice spacing aj = ∆xj along the

direction of unit vector êj, |êj| = aj. We shall use ‘lattice units’, always setting aj = 1.

A field φ(x) over d continuous coordinates is represented by a discrete array of field

values

φz = φ(x) , xj = ajzj = lattice point , z ∈ Zd , (2)

https://ChaosBook.org/overheads/spatiotemporal/
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as shown in figure 1. A lattice field configuration is a d-dimensional array of field values

(in what follows, illustrative examples will be presented in one or two spatiotemporal

dimensions)

Φ =

· · · · · · · · · · · · · · · · · · · · ·
· · · φ−2,1 φ−1,1 φ0,1 φ1,1 φ2,1 · · ·
· · · φ−2,0 φ−1,0 φ0,0 φ1,0 φ2,0 · · ·
· · · φ−2,−1 φ−1,−1 φ0,−1 φ1,−1 φ2,−1 · · ·
· · · · · · · · · · · · · · · · · · · · ·

(3)

a point in system’s ∞-dimensional state space

ML =
{

Φ | φz ∈ R , z ∈ Zd
}
. (4)

While we refer here to such discretizations as ‘lattices field theories’, the lattice

might arise naturally from a many-body theory with the nearest neighbors interactions,

with a multiplet of fields at every site [23]. Examples are the ‘φ3’-field theory (36) of

paper II [48], which can be viewed as a lattice of coupled Hénon systems, and ‘many-

body quantum chaos’ models, such as those studied in [1, 2, 16, 41].

A periodic lattice field configuration is translation invariant

φz+R = φz (5)

for any discrete translation R = n1a1 + n2a2 in the Bravais lattice

L =
{
n1a1 + n2a2 | ni ∈ Z

}
, (6)

where the [2×2] matrix A = [a1, a2] formed from basis vectors a1, a2 defines a doubly-

periodic primitive cell (see figures 1 and 3). The hypercubic lattice (1) itself is the

simplest example. The volume (or determinant) of lattice L equals the number of

lattice sites within the primitive cell

NL = NA = | detA| . (7)

If a primitive cell A is folded into a d-dimensional discrete torus, the field configuration

lattice-site fields (3) take values in the NA-dimensional state space

MA = {Φ | φz ∈ R , z ∈ A} . (8)

For example, repeats of the NA = 15-dimensional [5×3] torus

Φ =

 φ−2,1 φ−1,1 φ0,1 φ1,1 φ2,1

φ−2,0 φ−1,0 φ0,0 φ1,0 φ2,0

φ−2,−1 φ−1,−1 φ0,−1 φ1,−1 φ2,−1

 (9)

tile periodically the doubly-infinite state space (3). While all our calculations refer to

the infinite lattice L, for periodic lattice configurations it often suffices to carry them

out on the finite-dimensional primitive cell A. In what follow we shall often use symbols

L and A interchangeably, L to indicate the infinite Bravais lattice, and the primitive

cell symbol A to indicate that the calculation is carried out over the finite number of

NA lattice-site fields (see section 3).
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A central goal of the theory is prediction of expectation values of observables. An

observable ‘a’ is a function or a set of functions a(φ), evaluated on each lattice site

az = a(φz). For a given field configuration Φ, the Birkhoff average 〈a〉A[Φ] over primitive

cell A is given by the Birkhoff sum AA[Φ],

〈a〉A[Φ] =
1

NA
AA[Φ] , AA[Φ] =

∑
z∈A

az . (10)

For example, if the observable is the field itself, az = φz, the Birkhoff average over the

lattice field configuration Φ is the average ‘height’ of the field in figure 1 (b).

To be able to evaluate expectation values, we need to know the probability

amplitude (quantum theory, section 1.1), or the probability density (deterministic

theory, section 1.2) of a given lattice configuration Φ.

1.1. Semiclassical field theory

In the path integral formulation of quantum field theory, a field configuration Φ over

primitive cell A occurs with probability amplitude density

pA[Φ] =
1

ZA
e
i
~S[Φ] , ZA = ZA[0] , (11)

where S[Φ] is the action of the field configuration Φ. The path integral is the sum over

all field configurations over primitive cell A

ZA[J] =

∫
dΦA e

i
~ (S[Φ]+Φ·J) , dΦA =

∏
z∈A

dφz√
2π

. (12)

Here the ‘sources’ J = {jz} are added to the action to facilitate evaluation of expectation

values of field moments by applications of d/djz to the partition sum (12):

〈φi, φj, · · · , φk〉A =

∫
dΦA φi φj · · ·φk pA[Φ] , (13)

A semiclassical (or WKB) approximation to the path integral is obtained by the

method of stationary phase. We illustrate this by a 0-dimensional lattice theory.

1.1.1. Semiclassical field theory, a single lattice site. Consider a Laplace integral of

form

〈a〉0 =

∫
dφ√
2π

a(φ) e
i
~S(φ) , (14)

with a real-valued positive parameter ~, a real-valued function S(φ), and an observable

a(φ). Laplace estimate of this integral is obtained by determining its extremal point φc,

given by the stationary phase condition

d

dφ
S(φc) = 0 , (15)

and approximating the action to second order,

S(φ) = S(φc) +
1

2
S
′′
(φc)(φ− φc)2 + · · · .
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The contribution of the quadratic term is given by the Fresnel integral

1√
2π

∫ ∞
−∞
dφ e−

φ2

2i b =
√
ib = |b|1/2 ei

π
4
b
|b| , b = ~/S ′′(φc) , (16)

with phase depending on the sign of S
′′
(φc), so for a lattice with a single site the

semiclassical approximation to the path integral formula (14) for the expectation value

is

〈a〉0 =

∫
dφ√
2π

a(φ) e
i
~S(φ) ≈ a(φc)

e
i
~S(φc)±iπ4

|S ′′(φc)/~|1/2
, (17)

with ± for positive/negative sign of S ′′(φc).

1.1.2. Semiclassical lattice field theory. The semiclassical approximation to the lattice

field theory path integral (12) is a NA-dimensional generalization of the above Laplace-

Fresnel integral.

The stationary phase condition (15)

δS[Φc]

δφz
= 0 (18)

is system’s Euler–Lagrange equation, whose global deterministic solution or solutions

Φc satisfy this local extremal condition on every lattice site z; in system’s state space

M⊂ RNA , Φc is a stationary point (18) of the action S[Φ]. In the WKB approximation,

the action near the point Φc is expanded to quadratic order,

S[Φ] ≈ S[Φc] +
1

2
(Φ− Φc)

>Jc (Φ− Φc) , (19)

where we refer to the matrix of second derivatives

(Jc)z′z =
δ2S[Φ]

δφz′δφz

∣∣∣∣
Φ=Φc

(20)

as the orbit Jacobian matrix. The Fresnel integral (16) is now a multidimensional

integral over NA lattice sites’ state space neighborhood Mc of a deterministic solution

Φc approximted by a Gaussian∫
dΦA e

i
2~Φ>Jc Φ =

1

|Det (Jc/~)|1/2
eimc , (21)

where the Maslov index mc is a sum of phases (16), with signs determined by the signs

of eigenvalues of Jc.
Throughout this paper we make the ‘hyperbolicity assumption’: we consider only

the cases where there is only one solution φc in a sufficiently small open state space

neighborhood Mc, and its orbit Jacobian matrix Jc has no zero eigenvalues.

Our semiclassical d-dimensional spatiotemporal quantum field theory is a

generalization of Gutzwiller [24] semiclassical approximation to quantum mechanics

(a 1-dimensional temporal evolution quantum theory, no infinite spatial directions). It

assigns a quantum probability amplitude to a deterministic solution Φc

pc(Φ) ≈ 1

ZA

e
i
~S[Φc]+imc

|Det (Jc/~)|1/2
, ZA = ZA[0] , (22)
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with the path integral partition sum (12) having support on the set of deterministic

periodic solutions Φc over primitive cell A,

ZA[J] ≈
∑
c

e
i
~S[Φc]+imc+iΦc·J

|Det (Jc/~)|1/2
. (23)

To summarize: The backbone of semiclassical quantum theory is the set of

deterministic solutions of system’s Euler–Lagrange equations (18). For chaotic (or

‘turbulent’) systems they form a fractal set of saddles, sketched in figure 2.

1.2. Deterministic lattice field theory

In Euclidean field theory a field configuration Φ over primitive cell A occurs with

probability density

pA[Φ] =
1

ZA
e−S[Φ] , ZA = ZA[0] , (24)

with ZA is a normalization factor, given by the partition function

ZA[β] = eNAWA[β] =

∫
dΦA e

−S[Φ]+βNAaA[Φ] , dΦA =
∏
z∈A

dφz , (25)

where the action S[Φ] defines the system under consideration. Instead of perturbing the

field at each lattice site using the sources J in partition function (12) to evaluate field

correlations, here we multiply by a parameter (or a set of parameters) β the Birkhoff

average over the primitive cell (10) of an observable, in order to evaluate its expectation

value and cumulants by applying ∂/∂β derivatives to the partition function:

〈a〉A =
∂

∂β
WA[β]

∣∣∣∣
β=0

=

∫
dΦA aA[Φ] pA[Φ] . (26)

Thus, motivated both by the semiclassical quantum theory, and the deterministic

chaos / turbulence, in this paper we study the deterministic field theory, where a

field configuration Φc contributes only if the stationary point condition (18), i.e., the

Euler–Lagrange equation

F [Φc]z =
δS[Φc]

δφz
= 0

is satisfied on every lattice site. If the system considered does not have a Lagrangian

formulation, for example a Navier-Stokes system, we take

F [Φc]z = 0 (27)

as the defining equation of the system. A field configuration Φ is a point in NA-

dimensional state space (8), so we shall refer to the deterministic solutions Φc as periodic

points.

For a deterministic field theory, the probability density is non-vanishing only

at the exact solutions of the Euler–Lagrange equations (that’s what we mean by

‘determinism’),

p(Φ) =
1

Z
δ(F [Φ]) , (28)
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TURBULENT FIELD THEORY

quantum chaos:

〈a〉 ≈
∑
c

a[Φc]
e
i
~S[Φc]+imc

|Det (Jc/~)|1/2

deterministic chaos:

〈a〉 =
∑
c

a[Φc]
1

|DetJc|

Figure 2. A bird’s eye view of the action landscape. The stationary points (27)

–the set of all deterministic solutions {Φc}– form the skeleton on which the partition

sums of both quantum chaos and deterministic chaos / turbulence are evaluated. They

share the set of deterministic solutions as their common backbone, but with different

weights. For a deterministic theory the probabilities that form the partition function

(29) are exact. For a quantum theory, the semiclassical partition function (23) is

an approximation, with quantum probability amplitudes phases given by deterministic

solutions’ actions, and stability weights given by square roots of the deterministic ones.

where δ(· · ·) is a NA-dimensional Dirac delta function, so the partition function (25) is

given by the sum over periodic points:

ZA[β] =
∑
c

∫
Mc

dΦA δ(F [Φ]) eβNAaA[Φ] =
A∑
c

1

|DetJc|
eβNA〈a〉c , (29)

where Mc is an infinitesimal neighborhood of periodic point Φc,

〈a〉c =
1

NA

∑
z∈A

a(φz) (30)

is the Birkhoff average (10) over periodic point Φc = {φz}, and we refer to the [NA×NA]

matrix

(Jc)z′z =
δF [Φc]z′

δφz
(31)

as the orbit Jacobian matrix, and to its determinant DetJc as the Hill determinant.

We discuss the evaluation of Hill determinants in section 6, and show in section 8 that

the orbit stability and the conventional forward-in-time stability are related by Hill’s

formulas.

In what follows, we shall deal only with deterministic field theory (27) and mostly

omit the subscript ‘c’ in Φc when referring to periodic points.

Support being on state space points means that we do not need to worry about

potentials being bounded or unbounded, or the system being energy conserving or

dissipative, as long as the non–wandering set of its periodic points Φc is bounded in

system’s state space (3).



Spatiotemporal cat 10

To summarize: The backbone of a deterministic chaotic system is the set of all

solutions of system’s Euler–Lagrange equations. For chaotic (or ‘turbulent’) systems

they form a fractal set of saddles sketched in figure 2. We shall enumerate all Bravais

lattices LA in section 3, and construct over them the mother of all partition functions

in section 5.

To get a feel how all this works, we apply the theory to several of the simplest

lattice field theories that we now introduce.

2. Examples of spatiotemporal lattice field theories

A field theory is defined by its action functional S[Φ], or, if lacking a variational

formulation, by its Euler–Lagrange equation F [Φ]z = 0, eq. (27). In a lattice theory

‘locality’ usually means that a field at site z interacts only with its neighbors. To keep

the exposition as simple as possible, we treat here the spatial and temporal directions

on equal footing, with the discrete Laplace operator

�φz =

||z′−z||=1∑
z′

(φz′ − φz) for all z, z′ ∈ Zd (32)

coupling the field on lattice site z to its nearest neighbors. For example, the two-

dimensional spacetime Laplace operator is given by

� = −r1 − r2 + 4 11− r−1
2 − r−1

1 , (33)

where r1, r2 are shift operators

(r1)nt,n′t′ = δn+1,n′ δtt′ , (r2)nt,n′t′ = δnn′ δt+1,t′ (34)

which translate the field by one lattice spacing in the spatial, temporal direction,

respectively.

Here, and in papers I and III [32, 48] we formulate spatiotemporally chaotic lattice

field theories using as illustrative examples the d-dimensional hypercubic lattice z ∈ Zd

discretized ‘spatiotemporal cat’, ‘spatiotemporal φ3 theory’, and ‘spatiotemporal φ4

theory’, defined by Euler–Lagrange equations (27)

−�φz + µ2φz −mz = 0 , φz ∈ [0, 1) , (35)

−�φz + µ2 (1/4− φ2
z) = 0 , (36)

−�φz + µ2(φz − φ3
z) = 0 . (37)

Spatiotemporal cat is derived in section 10.2, and used throughout the paper to illustrate

our field-theoretic formulation of spatiotemporal chaos. The ‘anti-integrable’ form of the

‘spatiotemporal φ3 theory’ (36), and the ‘spatiotemporal φ4 theory’ (37) Euler–Lagrange

equations is explained in the companion paper III [48].
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2.1. Spatiotemporal stability of periodic points

The ‘spatiotemporal cat’ (35), the ‘spatiotemporal φ3 theory’ (36), and the

‘spatiotemporal φ4 theory’ (37) orbit Jacobian matrices (31) are

Jzz′ = −�zz′ + µ2δzz′ , (38)

Jzz′ = −�zz′ − 2µ2φz δzz′ , (39)

Jzz′ = −�zz′ + µ2(1 − 3φ2
z) δzz′ . (40)

The stability of a solution Φc is itself an observable, intrinsic to each periodic point

c. As the Hill determinant of a finite-dimensional orbit Jacobian matrix Jc is a product

of its Nc expanding eigenvalues |Λc,j|, it can be writen as an exponential of the sum over

exponents λc,j = ln |Λc,j|/Nc. The probability (29) of periodic point c is now expressed

in terms of its (in)stability exponent 〈λ〉c, given by the Birkhoff average (10) over the

Nc stretching rates aj = ln |Λc,j|

1

|DetJc|
=

NA∏
j=1

1

|Λc,j|
= e−NA〈λ〉c , 〈λ〉c =

1

NA

NA∑
j=1

ln |Λc,j| , (41)

with the deterministic partition function (29) taking form

ZA[β] =
A∑
c

eNA(β〈a〉c−〈λ〉c) . (42)

We show in section 12 that the Birkhoff average 〈λ〉c is an average over the first Brilluoin

zone.

As the first application of the formalism, take as the observable a(φ) the stability

exponent λj = ln |Λj|/Nc. Its expectation value (26) is

〈λ〉A =
1

ZA

A∑
c

〈λ〉c e−NA〈λ〉c . (43)

In the special, 1-dimensional temporal lattice systems case, large time period limit,

this is the chaotic field theory formula for system’s Lyapunov exponent. Here it is

our quantification of the mean instability of any spatiotemporally unstable hyperbolic

system, in any spacetime dimension, over a finite lattice of volume NA (7). In section 12

we shall use this result to give a formula for mean stability exponent over d-dimensional

spatiotemporally infinite Bravais lattices.

3. Bravais lattices

Periodic orbit theory for a time-evolving dynamical system on a 1-dimensional temporal

lattice is organized by grouping orbits of the same period together [9, 19, 24, 32,

44]. For higher dimensional systems, characterized by several translational symmetries,

one has to take care of multiple periodicities, or, in the language of crystallography,

corresponding Bravais lattices.
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(a)

a1

a2

(b)

a1

a2

Figure 3. (Color online) The intersection points z of the light grey lines form the

integer square lattice (2) over which the discrete field φz is defined. (a) The basis

vectors a1 = (3, 0) and a2 = (1, 2) form the Hermite normal form [L×T]S = [3×2]1
primitive cell (47). (b) The basis vectors a1 = (2,−2) and a2 = (−1, 4) form a primitive

cell equivalent to (a) by a unimodular transformation. The intersections (red points)

of either set of dashed lines form the same Bravais lattice L. The volume (7) of either

primitive cell is NL = 6, the number of integer lattice sites within the cell, with the

tips of basis vectors and tile’s outer boundaries belonging to the neighboring tiles.

Continued in figure 5.

Consider a [2×2] integer matrix

A = [a1, a2] =

[
a1,1 a2,1

a1,2 a2,2

]
, aj =

[
aj,1
aj,2

]
, (44)

formed from two 2-dimensional integer lattice column vectors a1, a2, as in figure 3. A

2-dimensional Bravais lattice L

L =
{
An |n ∈ Z2

}
(45)

is a sublattice of the integer lattice, consisting of lattice points generated by all discrete

translations R = An = n1a1 + n2a2 . The discretized lattice fields we study in this

paper are defined on the integer lattice, so it is sufficient to consider only the discrete

translations from a sublattice of the integer lattice.

In condensed matter physics [3], a Bravais lattice primitive cell P is any shape in the

underlying continuous coordinates space that, translated in all possible ways, tiles all of

the space without a gap or an overlap. An example is the fundamental parallelepiped

generated by the action of matrix A on the unit square,

PA =
{
Ax |x ∈ [0, 1)2

}
. (46)

As here the fields are defined only on the hypercubic integer lattice, not on a continuum,

we define the primitive cell to consist of the set of lattice sites within the parallelepiped

(44) formed by the basis vectors A. Note that, as illustrated by figure 3, the tips of basis

vectors and parallelepiped’s outer boundaries belong, by translation, to the neighboring

tiles; this yields the correct volume (7), NL = the number of lattice sites within A.
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A primitive cell is not unique [45]: the Bravais lattice L defined by basis B is

the same as the Bravais lattice defined by basis A = BU if the two are related by a

[2×2] unimodular, volume preserving detU = ±1 matrix U, see figure 3 (b). Each such

infinite family of equivalent primitive cells contains a single, unique Hermite normal

form primitive cell, with upper-triangular basis [6],

A =

[
L S

0 T

]
, NA = LT , (47)

where L, T are the spatial, temporal lattice periods, respectively. The ‘tilt’ [37]

0 ≤ S < L imposes ‘relative-periodic shift’ bc’s [9]. In the literature these are also

referred to as ‘helical’ [33], ‘toroidal’ [26], ‘screw’ [13], ‘twisted’ or ‘twisting factor’ [33],

etc.. Here we shall refer to a given lattice as L = [L×T]S , by its (unique) Hermite

normal form (47), and refer to the corresponding parallelepiped (46) as its ‘primitive

cell’. An example is the [3×2]1 primitive cell shown in figure 3 (a).

In what follows, we denote by A both the basis vectors matrix (44), and the

corresponding primitive cell.

3.1. Symmetries of the square lattice

The unit cell of the integer lattice (1) tiles a hypercubic lattice under action of d

commuting translations (34), called ‘shifts’ for infinite lattices, ‘rotations’ for finite

periodic lattices. They form the abelian translation group T = {rkj | j = 1, 2, · · · , d , k ∈
Z} , where r0

j = 11j denotes the identity, and rj, r2
j , · · ·, rkj , · · ·, denote translations by

1, 2, · · · , k, · · · lattice sites in the jth spatiotemporal direction. For a square lattice,

the translation group consists of the product of two commuting infinite cyclic groups

T = C∞,1 ⊗ C∞,2, with

C∞,j = {· · · , r−2
j , r−1

j , 11, r1
j , r

2
j , r

3
j , · · ·} (48)

in the jth direction.

For space groups, the cosets by translation subgroup T form the factor (also known

as quotient) group G/T , isomorphic to the point group g.

The Euler–Lagrange equations that define the spatiotemporal lattice field theories

of section 2 are invariant under the discrete spacetime translations; the space σ1 and

time σ3 reflections n → −n, t → −t; as well as under σ and σ2 exchanges n ←→ t

of space and time. They thus have the point-group symmetries of the square lattice:

rotation C by π/2, reflections σ1 across space-axis, σ3 across time-axis, and σ0, σ2 across

the two spacetime diagonals,

D4 = {e, C, C2, C4, σ1, σ3, σ0, σ2} , (49)

see figure 4. In the international crystallographic notation, this square lattice space

group of symmetries is referred to as p4mm [13].

Classifying periodic points by their factor group G/T is already not a simple

undertaking in one temporal dimension (the subject of paper I), where it amounts
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σ
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1
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2

φ0

φ1
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0

1

3

2

φ1

φ2
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C3 σ1

σ2
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0

1

3
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φ0

φ2

φ3

φ1

σ

Figure 4. (Color online) Dihedral group D4, the group of all symmetries (49)

that overlie a square onto itself, consists of 3 rotations Ck that permute the sites

cyclically, and 4 rotate-reflect elements σk that reflect the square across reflection

axes, exchanging the red and the blue sites. An even reflection (long diagonal, dashed

line reflection axis), here σ, leaves a pair of opposite sites fixed (marked yellow), while

an odd reflection axis (short diagonal, full line), here σ1, bisects the opposite edges,

and flips all sites.

to a purely group-theoretic reduction of the time reversal symmetry. While D4 is the

point group (49) of the unit square, each Bravais lattice (45) has its own factor group

G/T , and -for purposes of this exposition- classifying them would lead us far from our

main thrust. Here we shall construct the partition function and its reciprocal lattice

representation in terms of prime periodic points, assuming only the T = C∞,1 ⊗ C∞,2
space and time translational invariance of system’s Euler–Lagrange equations. The cost

of ignoring the point-group symmetries is overcounting reflection-symmetric periodic

points.
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(a) (b)

Figure 5. (Color online) (a) Bravais lattice LA = [3×2]1 of figure 3, red dots, is a

sublattice of Bravais lattice LB = [3×1]2, blue and red dots, even though the primitive

cell A (green parallelogram spanned by basis vectors (3,0) and (1,2)) does not appear to

be tiled by repeats of the primitive cell B (blue parallelogram spanned by basis vectors

(3,0) and (2,1)). (b) If we shift the top edge of A by 3 lattice units, to primitive cell

for [3×2]4 = [3×2]1 (green parallelogram spanned by basis vectors (3,0) and (4,2)),

the tiling is clear. Continued in figure 6.

3.2. Tile multiples

The key to the periodic orbit theory of 1-dimensional temporal lattice, time-evolving

dynamical systems is the notion of prime periodic orbits [9, 42, 43]. As we shall now

show, for higher-dimensional lattices the notion of ‘prime’ is subtler than for the 1-

dimensional temporal lattices. We develop it in two stages, first for the integer lattice

coordinate system, and then for the field configurations over these coordinates, section 4.

Consider a primitive cell A rectangular tile (46) defined by Hermite normal form

matrix A. The primitive cell PAR obtained by repeating this tile r1 times horizontally

and r2 times along the ‘slanted’ basis vector a2 = (S, T),

AR =

[
r1L sL + r2S

0 r2T

]
, A =

[
L S

0 T

]
, R =

[
r1 s

0 r2

]
, (50)

0 ≤ s < r1, results in a larger rectangular tile / primitive cell that defines a sublattice

LAR. By the Hermite normal form condition (47), the upper right ‘slant’ component

s12L + r2S is taken mod r1L, and the repeat numbers are positive integers, rj ≥ 1.

An example is given in Figure 5 (b).

4. Periodic lattice field configurations

If a discrete field configuration Φ is invariant under Bravais lattice translations (45),

φz+R = φz for all R ∈ L , (51)

we say that the field configuration is Bravais lattice L-periodic.

An example of a L-periodic field configuration is the two-dimensional spatiotem-

poral array of NL = 70 field values over a rectangular primitive cell of spatial period

L = 10, temporal period T = 7, sketched in figure 1. ‘Unrolled’ over the two–dimensional

infinite lattice, a periodic field configuration (5) field values are

φl′t′ = φlt , l′ = l (mod L) , t′ = t (mod T) . (52)
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It is conventional to visualise a Bravais lattice L by tiling it with repeats of a par-

allelepiped -shaped tilted primitive cell [L×T]S , as in figure 3. In calculations, however,

we often find it convenient to use a rectangular [L×T] primitive cell, and impose the

relative-periodic shift as a boundary condition, translating the successive layers of field

configuration ‘bricks’ by shift S, as in figure 6. A few examples of periodic lattice field

configurations:

[1×1]0-periodic field configuration, or the constant lattice field

Φ =
[
φ00

]
is the unit cell of a square Z2 integer lattice.

[2×1]0-periodic field configuration

Φ =
[
φ00 φ10

]
,

[1×2]0-periodic field configuration

Φ =

[
φ01

φ00

]
have ‘bricks’ stacked atop each other.

[2×1]1-periodic field configuration

Φ =
[
φ00 φ10

]
has layers of ‘bricks’ stacked atop each other, but with a relative-periodic boundary

condition, with layers shifted by S = 1, as in figure 6 (a).

The boundary conditions for the above three kinds of primitive cells can illustrated

by repeats of the three ‘bricks’, on top, sideways, and on top and shifted:

[2×1]0 '

[
a b

a b

]
, [1×2]0 '

[
b b

a a

]
, [2×1]1 '

[
a b

a b

]
.

[3×2]1-periodic field configuration can be presented as a field over the parallelepiped -

shaped tilted primitive cell of figure 3 (a),

[3×2]1 =

[
φ11 φ21 φ01

φ00 φ10 φ20

]
,

or as an [3×2] rectangular array an [3×2] rectangular array

Φ =

[
φ01 φ11 φ21

φ00 φ10 φ20

]
, (53)

with the Bravais lattice relative-periodicity imposed by a shift boundary condition, as

in figure 6 (b).
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(b)
ϕ20

ϕ21

ϕ10

ϕ11

ϕ20

ϕ21

ϕ00

ϕ01

ϕ10
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Figure 6. Examples of [L×T]S periodic field configurations, together with their

spatiotemporal Bravais lattice tilings (45). (a) [2×1]1, basis vectors a1 = {2, 0} and

a2 = {1, 1}; (b) [3×2]1 of figure 3 (a), basis vectors a1 = (3, 0) and a2 = (1, 2).

Rectangles enclose the primitive cell and its Bravais lattice translations.

4.1. Prime lattice field configurations

The definition of a prime higer-dimensional lattice field configuration is subtler than is

the case for the one-dimensional temporal lattice case [7]. It is possible that a periodic

field configuration with periodicity [L×T]S is invariant under the translation of another

lattice [Lp×Tp]Sp , if [L×T]S is a sublattice of [Lp×Tp]Sp . For example consider a field

configuration with periodicity [L×T]S = [2×2]0 in the primitive cell:

Φ =

[
b a

a b

]
.

This is a repeat of the field configuration:

Φp =
[
a b

]
with periodicity [L×T]S = [2×1]1 in its primitive cell. As shown in (??), Bravais lattice

[2×2]0 is a sublattice of [2×1]1. And from figure 6 (a) it is clear that over the infinite

spacetime Φ and Φp are the same field configuration.

5. A partition function in terms of prime periodic points

A single prime periodic point Φp over primitive cell A has the same Hill determinant

and Birkhoff sum AA[Φp] for the NA periodic points in its group orbit, so its contribution

to the partition function (29) is

eNpWA[β]p =
Np

|DetAJp|
eβNpap , Np = NA = LATA , (54)

The wonderful thing about Bravais lattice Hill determinant (??) it is multiplicative for

the prime periodic point Φp over a repeated primitive cell tile AR (50), the contribution

to the partition function is

Np

|DetARJp|
eβNARap = Npt

r1r2
p , tp =

1

|DetAJp|
eβNAap . (55)
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Summing over all prime orbit p repeats (all AR primitive cells), we have the p

contribution to the partition sum (‘deterministic trace formula’ in ChaosBook):

Z[β]p = eNpW [β]p = Np

∞∑
r1=1

∞∑
r2=1

tr1r2p = Np
tp

(1− tp)2
, (56)

THE REST TO BE WRITTEN. Can you complete it?

and to the expectation value of observable az = a(φz)

〈a〉p =
1

Np

∂

∂β
W [β]p

∣∣∣∣
β=0

= apw
′
p , w′p =

1

Zp

∞∑
r1=1

∞∑
r2=1

r1r2

|DetAJp|r1r2
. (57)

Finally, summing over all prime orbits we have the mother of spatiotemporal partition

functions and expectation values

Z[β] = eW [β] =
∑
p

eNpW [β]p , 〈a〉 =
∑
p

apwp . (58)

Prime orbits p are themselves searched for and ordered by the hierarchy of primitive

cells ∑
p

· · · =
∞∑
r1=1

∞∑
r2=1

r1−1∑
r3=0

· · · , (59)

Now, all this is what ChaosBook calls a ‘trace formula’, everything contributes to

orbit weights wp with positive signs, there are no shadowing cancellations. For that one

needs a cumulant expansion of the Helmholtz ‘free energy’ W [β] = lnZ[β].

And all stability calculations have to be done in the first Brilloiuin zone.

I’ll be grateful if you do it, but if not, I’ll try.

6. Orbit stability

Global methods find periodic orbits of deterministic dynamical systems by solving the

Euler–Lagrange equations F [Φc] = 0 on the spatiotemporal lattices. The instabilities

of periodic orbits are given by the Jacobian matrices of the Euler–Lagrange equations

with respect to the field values on the lattices:

Jzz′ =
δF [Φc]z
δφz′

, z ∈ Zd . (60)

We refer to this Jacobian matrix as the orbit Jacobian matrix of a periodic point Φc.

For a d-dimensional deterministic field theory, the orbit Jacobian matrices are order

2d tensors. Reshaping the d-dimensional periodic points as vectors the tensors J can

be rewritten as block matrices. For example consider a [L×T]0 periodic periodic point

Φc of a two-dimensional spatiotemporal φ4 theory (37). Reshape the spatiotemporal

periodic point as a temporal lattice state with the spatial dependence treated as a

multicomponent field at each temporal lattice site. Then the orbit Jacobian matrix is a



Spatiotemporal cat 19

block matrix:

J =


s0 − 111 − 111

− 111 s1 − 111

. . . . . . . . .

− 111 sT−2 − 111

− 111 − 111 sT−1

 , (61)

where [L×L] matrix block st is:

st =


s0,t −1 −1

−1 s1,t −1
. . . . . . . . .

−1 sL−2,t −1

−1 −1 sL−1,t

 , sl,t = µ2(1− 3φ2
l,t) , (62)

and 111 is a [L×L] identity matrix.

Every spatiotemporal lattice field theory which couples adjacent field values by

discrete Laplace operator has orbit Jacobian matrices with tri-diagonal form similar to

(61). For example, a [L×T]0 periodic periodic point of a uniform stretching systems

such as the two-dimensional spatiotemporal cat (35) has orbit Jacobian matrix (61–62)

but sl,t is a constant 2s that does not depend on the field values at each lattice site.

The spatiotemporal-translation invariance allows one to compute the eigenvalues of the

orbit Jacobian matrix using the discrete Fourier transform.

For a spatiotemporal lattice field theory, using the orbit Jacobian matrix to describe

the stability of a periodic point is more natural than computing the stability using the

dynamics forward in time. But to show that the global stability is equivalent to the

forward-in-time stability, we will next introduce the forward-in-time stability computed

by the Floquet matrix.

7. Forward-in-time stability

A 2-dimensional spatiotemporal lattice field theory can be considered as a temporal

lattice theory with a L-component field on each lattice site t, which can be described

by a time-evolution map. Let the L-component field at time t be:

φt = (φ0,t, φ1,t, φ2,t, . . . φL−1,t) . (63)

The time-evolution map is written using the defining equation of the lattice field theory.

For example, the defining equation of the 2-dimensional spatiotemporal cat (35) can be

rewritten as a 3-term recurrence relation:

φt+1 = (−r1 + 2s 11− r−1
1 )φt − φt−1 (mod 1)

= (−r1 + 2s 11− r−1
1 )φt − φt−1 −mt ,

mt = (m0,t,m1,t,m2,t, . . . ,mL−1,t) , (64)
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where the operator r1 is a [L×L] shift matrix which performs a cyclic shift on the

L-dimensional vector φt.

Using the 3-term recurrence relation φt+1 = g(φt−1, φt), every spatiotemporal

lattice field theory (35–37) can be rewritten as a map using the ‘two-configuration

representation’ φ̂t = (ϕt, φt):

φ̂t+1 = f̂(φ̂t) =

(
φt

g(ϕt, φt)

)
. (65)

Small deviations ∆φ̂t and ∆φ̂t+1 from φ̂t and φ̂t+1 are related by the linearized equation:

∆φ̂t+1 = Jt ∆φ̂t , (66)

where Jt is the Jacobian matrix of the map f̂ at φ̂t:

Jt =
∂f̂(φ̂t)

∂φ̂t
=

(
0 11

∂g(ϕt,φt)
∂ϕt

∂g(ϕt,φt)
∂φt

)
, (67)

which is a [2L×2L] block matrix. For a period-T temporal periodic point Φc, the Jacobian

matrix of the Tth iterate of the map, which is called the Floquet (or monodromy) matrix,

follows the chain rule:

Jc = JT−1JT−2 · · · J1J0 . (68)

The stability of the periodic periodic point Φc is evaluated using the Jacobian matrix:

∂
(
φ̂0 − f̂T(φ̂0)

)
∂φ̂0

= 11− Jc . (69)

In the next section we will show that this forward-in-time stability computed from (69)

is equivalent to the the global stability computed from (60).

As an example, the 1-time step Jacobian matrix (67) of the spatiotemporal cat map

(64) is a [2L×2L] block matrix:

Jt =

(
0 11

− 11 s

)
, (70)

where the matrix block s is (??), computed from the map (64):

s = −r1 + 2s 11− r−1
1 .

8. Hill determinant: stability of an orbit vs. its time-evolution stability

8.1. Hill’s formula for the trace of an evolution operator

The Perron-Frobenius operator of a d-dimensional deterministic map

L ρ(φt+1) =

∫
M
ddφt L(φt+1, φt) ρ(φt) (71)

maps a state space density distribution ρ(φt) one step forward-in-time. Applied

repeatedly, its kernel, the d-dimensional Dirac delta function

L(φt+1, φt) = δ(φt+1 − f(φt)) , (72)
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satisfies the semigroup property

L2(φt+2, φt) =

∫
M
ddφt+1 L(φt+2, φt+1)L(φt+1, φt) = δ(φt+2 − f 2(φt)) . (73)

The time-evolution periodic orbit theory [9] relates the long time chaotic averages to

the traces of Perron-Frobenius operators

trLT =

∫
M
ddφLT(φ, φ) =

∫
M
ddφ δ(φ− fT(φ)) , (74)

and their weighted evolution operator generalizations, with support on all deterministic

period-T temporal periodic points φc = fT(φc).

Consider the 2-dimensional spatiotemporal cat as an example. The defining

equation of the system (64) can be written as a 3-term recurrence relation of form

φt+1 = g(φt−1, φt), where φt is a L-dimensional vector field (63). This recurrence

relation can be replaced by 2L 1st order difference equations for the 2L-component

field φ̂t = (ϕt, φt) at the temporal lattice site t (65).

The trace of the T-th iterate of the forward-in-time Perron-Frobenius operator can

be evaluated in two ways. First, using the Dirac delta kernel of LT ,

trLT =

∫
M
d2Lφ̂0 δ(φ̂0 − f̂T(φ̂0)) . (75)

Restricting the 2L-dimensional integral over M to an infinitesimal neighborhood c

around a lattice site field φ̂c,0 = (ϕc,0, φc,0) at temporal lattice site 0, the period-T

periodic point Φc contribution to the trace is:

trc LT =

∫
c

d2Lφ̂0 δ(φ̂0 − fT(φ̂0)) =
1

|det( 11− Jc)|
, (76)

where Jc is the forward-in-time [2L×2L] Floquet matrix (68) evaluated at the period-

T temporal site field φ̂c,0, a product of the 1-time step Jacobian matrices (67) where

(ϕt, φt) = f̂ t(ϕc,0, φc,0).

Alternatively, the trace can be evaluated as (2LT)-dimensional integral over a

product of one-time-step Perron-Frobenius operators using the semigroup property (73),

trLT =

∫ T−1∏
t=0

[
d2Lφ̂t δ(φ̂t+1 − f̂(φ̂t))

]
=

∫ T−1∏
t=0

[
dLϕtd

Lφt δ(ϕt+1 − φt) δ(φt+1 − g(ϕt, φt))
]
. (77)

With the periodic bc’s φ̂t+T = φ̂t, the dLϕt integration eliminates the ϕt components,

resulting in the (LT)-dimensional scalar field integral

trLT =

∫
dΦ

T−1∏
t=0

δ(φt+1 − g(φt−1, φt)) ,

dΦ =
T−1∏
t=0

dLφt =
T−1∏
t=0

L−1∏
n=0

φn,t , (78)



Spatiotemporal cat 22

or, in the periodic point notation,

trLT =

∫
dΦδ(F [Φ]) , (79)

where F [Φ] is a [L×T]-dimensional array. The (n, t)th component of F [Φ] is the nth

component of the L-dimensional vector (φt+1− g(φt−1, φt)). The saddle-point condition

F [Φc] = 0 is the Euler–Lagrange equation (100) of the system. For the 2-dimensional

spatiotemporal cat,

F [Φ]n,t = φn,t+1 + φn+1,t − 2sφn,t + φn−1,t + φn,t−1 +mn,t . (80)

Evaluate the trace by integrating over the (LT)-dimensional infinitesimal open

neighborhood Mc around lattice state Φc:

trc LT =

∫
Mc

dΦ δ(F [Φ]) =
1

|DetJc|
, (81)

where Jc is the [LT×LT] orbit Jacobian matrix (60) of a [L × T] periodic point Φc.

Compare the trace (76) and (81), we have proved the Hill’s formula (??).

9. Temporal cat

Cat maps (
qt+1

pt+1

)
= J

(
qt
pt

)
(mod 1) , J =

(
s− 1 1

s− 2 1

)
(82)

are beloved by ergodicists and statistical mechanicians because, even though the field

(qt, pt) is 2-dimensional, for integer values of the stretching parameter s, a cat map has

a finite alphabet linear code, just like the Bernoulli map, and its unit torus can be tiled

by two rectangles.

a cat map can be brought to the Percival-Vivaldi ‘two-configuration representa-

tion’ [38] (
φt
φt+1

)
= JPV

(
φt−1

φt

)
−

(
0

mt

)
, JPV =

(
0 1

−1 s

)
, (83)

φt+1 − s φt + φt−1 = −mt , (84)

Restriction of the field φt to unit interval makes this a ‘compact boson’, see Seiberg

and Cheng arXiv:2211.12543.

9.1. Counting temporal cat periodic points (experimental)

can be solved by standard methods [15] that parallel the theory of linear differential

equations. Inserting a solution of form φt = Λt into the associated (mt=0) homogenous

2nd-order difference equation

φt+1 − s φt + φt−1 = 0 (85)

http://arXiv.org/abs/2211.12543
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n 1 2 3 4 5 6 7 8 9 10 11

Nn 1 5 16 45 121 320 841 2205 5776 15125 39601

Mn 1 2 5 10 24 50 120 270 640 1500 3600

Table 1. Lattice states and prime orbit counts for the s = 3 cat map.

yields the characteristic equation

Λ2 − sΛ + 1 = 0 , (86)

which, for |s| > 2, has two real roots {Λ , Λ−1},

Λ =
1

2
(s+

√
(s− 2)(s+ 2)) , (87)

and the so-called complementary solution of form

φc,t = a1Λt + a−1Λ−t . (88)

A difference of any pair of solutions to the temporal cat inhomogenous equation

(84) is a solution of the homogenous difference equation (85), so the general solution is

a sum of the complementary solution (88) and a particular solution φp,

φt = φc,t + φp,t . (89)

Eq. (85) is time-reversal invariant, φt = φ−t, so a1 = a−1 = a. To determine the

particular solution, assume that both the source mt = m and φp,t = φp in (84) are

site-independent,

φp − s φp + φp = −m , (90)

so φp = m/(s− 2) . Hence the solution is

φt = φc,t + φp,t = a
(
Λt + Λ−t

)
+m/(s− 2) , (91)

with ai determined by fields at two lattice sites,

φ0 = 2a+m/(s− 2) , φ1 = a
(
Λ + Λ−1

)
+m/(s− 2) , .

Temporal cat starts with N0 = 0, N1 = s− 2, so a = 1, m = −2(s− 2), and the number

of temporal periodic points of period n is

Nn = Λn + Λ−n − 2 . (92)

Ek = 2 cos(k)− s. We can compute:

exp

∫ π

−π
ln |Ek|dk = exp(2π ln Λ) = Λ2π , (93)

where Λ is the expanding eigenvalue of the cat map.
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10. Spatiotemporal cat

The temporal cat [32] of section 9 is a 1-dimensional example of the simplest

spatiotemporally chaotic field theory, the spatiotemporal cat to which we turn now.

Spatiotemporal cat lives on a d-dimensional discretized spacetime, a spatiotemporal Zd

integer lattice, with a cat map (a ‘rotor’) on each site, coupled to its nearest neighbors.

Another way of visualizing a spatiotemporal cat is as a lattice of hyperbolic ‘anti’

or ‘inverted’ oscillators [46, 47], as opposed to the classical free field theory, with an

oscillator at each site (‘Gaussian model’ [18, 27]).

The temporal cat lives on a 1-dimensional temporal integer lattice Z, with very

simple ‘tilings’. For every integer temporal period T, we first determine NT , the number

of all periodic periodic point Φc solutions (27) on a tile of length T. However, if T = mTp
is a multiple of an integer period Tp, the T-tile can be tiled by m repeats of a smaller

Tp-tile, so some of T-periodic orbit solutions are repeats of the already determined

shorter period Tp prime solution Φp. Furthermore, due to the time invariance of the

Euler–Lagrange equations, there are Tp physically equivalent copies of a given solution

in the time orbit of every Φp. So all we really have to do is to enumerate MT prime orbits

of the time-invariance equivalent periodic orbit solutions, whose generating function is

the analytically elegant topological zeta function [25].

For the d-dimensional spatiotemporal cat the repertoire of periodic tilings is richer.

In d = 2 and 3 the basic facts are well known both from crystallography, and from

the number theory of integer lattices. In this paper we systematically construct and

enumerate distinct d = 2 tilings, or Bravais lattices [L×T]S , of increasing spacetime

periodicities, and determine N[L×T]S , the number of doubly periodic periodic point

solutions, by evaluating the associated Hill determinants. For d = 2 and higher-

dimensional lattices counting the spatiotemporal ‘prime’ tilings requires some thought.

We determine M[L×T]S , the numbers of doubly-periodic prime orbits, invariant under

spacetime translations. We, however, fail to find an analytic form for the associated

doubly-periodic topological zeta function.

We start by a brief review of physical origin of coupled map lattices (CMLs) models.

The impatient reader should proceed directly to the spatiotemporal cat, introduced in

section 10.2, and solved in section ??.

10.1. Coupled map lattices

In order to solve a partial differential equation (PDE) on a computer, one represents it

by a finite number of computational elements. The simplest discretization of a scalar

spacetime field φ(~q, τ) is by specifying its values φn1n2···nd−1t = φ(qn, τt) on lattice points

(~n, t) ∈ Zd. Once spatial and temporal derivatives are replaced by their discretizations,

the PDE is reduced to dynamics of a coupled map lattice, a spatially extended system

with discrete time, discrete space, and a set of continuous fields on each site. For many

PDEs, CML conceptual advantage is not only numerical, but also that the technical

problems such as existence and uniqueness of the field theory are regularized away, and
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the essence of spatiotemporal chaos is revealed in a transparent form.

Often one starts out by coupling neighbors harmonically, and thinks of this starting,

free field theory formulation as a spring mattress [50] to which weakly coupled nonlinear

terms are then added. Similarly, the conventional CML models, mostly motivated by

discretizations of dissipative PDEs, start out with chaotic on-site dynamics weakly

coupled to neighboring sites, with a strong space-time asymmetry. An example are

the diffusive coupled map lattices introduced by Kaneko [28, 29], with time evolution

given by

φn,t+1 = (1 + ε�)g(φnt)

= g(φnt) + ε[g(φn−1,t)− 2g(φnt) + g(φn+1,t)] , (94)

where the individual spatial site’s dynamical system g(x) is a 1-dimensional map, such

as the logistic map, coupled to its nearest neighbors by �, the spatial version of the

Laplacian for the discretized second order spatial derivative d2/dx2 (we always set the

lattice spacing constant equal to unity).

The form of time-step map g(φnt) is the same for all times, i.e., the law of

temporal evolution is invariant under the group of discrete time translations. Spatially

homogenous lattice models also invariant under discrete space translations were studied

by Bunimovich and Sinai [5] in the case when g(φnt) is a one-dimensional expanding

map.

The observation that for spatiotemporally chaotic systems space and time should

be considered on the same footing goes back to the ‘chronotopic’ program of Politi and

collaborators [20, 30, 31, 40] who, in their studies of propagation of spatiotemporal

disturbances in extended systems, discovered that the spatial stability analysis can

be combined with the temporal stability analysis, with orbit weights depending

exponentially both on the space and the time variables, tp ∝ e−LTλp . Politi and

Torcini [39] study of periodic orbits of spatiotemporal Hénon, a (1+1)-spacetime lattice

of Hénon maps with solutions periodic both in space and time is the closest to the present

investigation. They explain why the dependence of the lattice field at time φt+1 on the

two previous time steps prevents an interpretation of dynamics as the composition of a

local chaotic evolution with a diffusion process (94). In the CML tradition, they study

the weak coupling regime ε ≈ 0, but note that the b = −1 case could be an interesting

example of a nonlinear Hamiltonian lattice field theory.

10.2. Spatiotemporal cat

In their paper, Gutkin and Osipov also note that if the single ‘body’ dynamics is

described by a cat map coupled to its nearest spatial neighbors, and if the spatial

coupling strength is taken to be the same as temporal coupling strength, one obtains

a spatiotemporally symmetric 5-term recurrence relation, special case of d-dimensional

spatiotemporal cat (35):

−φn,t+1 − φn,t−1 + (2s φn,t − mn,t)− φn+1,t − φn−1,t = 0 , (95)
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that adds one spatial lattice direction to the temporal cat 3-term recurrence relation

(84). As these equations are symmetric under interchange of the ‘space’ and the ‘time’

directions, their temporal and spatial dynamics are strongly coupled, corresponding to

ε ≈ O(1) in (94), in contrast to the traditional spatially weakly coupled CML [5].

Gutkin and Osipov –for reasons that make sense in context of N -body quantum

systems– call this recurrence relation a ‘non-perturbed coupled cat map’. A well-

established name [12, 17] for this system is the ‘discrete screened Poisson equation’.

We, however, find a ‘spatiotemporal cat ’ more descriptive for our field-theoretic purposes.

While the generalization of (95) to d-dimensional hypercubic Zd lattice is immediate,

it suffices to work out the d = 2 spatiotemporal cat in some detail to develop intuition

about the general case.

The two-dimensional spatiotemporal cat equation (95) can be written compactly

as

J Φ−M = 0 , J = −σ1 − σ2 + 2s 11− σ−1
2 − σ−1

1 , (96)

where σ1, σ2 are shift operators:

(σ1)n,t,n′,t′ = δn+1,n′ δt,t′ , (σ2)n,t,n′,t′ = δn,n′ δt+1,t′ (97)

which translate the field by one lattice spacing in the spatial, temporal direction,

respectively. The inverses σ−1
i translate the field in the opposite directions.

The block M = {mn,t} is composed of symbols from alphabet

mn,t ∈ A , A = {3, 2, 1, 0, · · · , 2s−2, 2s−1} , (98)

where symbol m
n,t

denotes mn,t with the negative sign, i.e., ‘3’ stands for symbol ‘−3’.

The ‘winding numbers’ mn,t ∈ A keep the field (‘rotor angle’ φn,t) within the unit

interval on every site. In our explicit computational examples, we shall always set s to

s = 5/2 ⇒ A = {3, 2, 1, 0, 1, 2, 3, 4} , (99)

the smallest value of the ‘stretching’ parameter s for which the orbit Jacobian matrix

J is an integer-valued matrix, and the system is hyperbolic.

One can view the condition (96) as the Euler–Lagrange equation of spatiotemporal

cat:

F [Φ] = JΦ−M = 0 , (100)

with the entire periodic point ΦM = {φn,t} treated as a single fixed point.

the [n×n] orbit Jacobian matrix J given by

J = σ − s 11 + σ−1 (101)

a tri-diagonal Toeplitz matrix (constant along each diagonal, Jk` = jk−`) of circulant
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form,

J =



−s 1 0 0 . . . 0 1

1 −s 1 0 . . . 0 0

0 1 −s 1 . . . 0 0
...

...
...

...
. . .

...
...

0 0 . . . . . . . . . −s 1

1 0 . . . . . . . . . 1 −s


. (102)

Given the periodicity, described by a Bravais lattice LA, one can write periodic

periodic points over the finite primitive cell as finite dimensional vectors or arrays,

and shift operators (97) as finite dimensional matrices. A periodic periodic point

ΦM = {φn,t} satisfying (100) is a fixed point within the finite dimensional space of lattice

field configurations unit hyper-cube Φ ∈ [0, 1)NA , where the volume of the primitive cell

NA is the dimension of the finite periodic point. We illustrate how that works by working

out in detail an example in Appendix A.3.3. As yet another notational choice, in (??)

we recast the orbit Jacobian matrix (96) as a [NA×NA] Kronecker product block matrix.

In the lattice formulation, the two-dimensional spatiotemporal cat happens to

involve two quite distinct lattices:

(i) In the latticization of a spacetime continuum, one replaces a spacetime-dependent

field φ(x, t) at spacetime point (x, t) ∈ R2 of any field theory by a discrete set of its

values φnt = φ(n∆L, t∆T ) on lattice sites, where the index (n, t) ∈ Z2 is a discrete

two-dimensional spacetime coordinate over which the field φ lives. We describe the

properties of this integer lattice Z2 and its sublattices in section 3.1.

(ii) A peculiarity of the spatiotemporal cat is that the field φnt (95) is confined to the

unit interval [0, 1), imparting a Z1 lattice structure –in any spacetime dimension d–

onto the calculationally intermediate fundamental parallelepiped J basis vectors

(see, for example, (??)). The lattice structure of periodic orbits Φ is discussed in

Sections 4 to 8.

11. Enumeration of prime periodic orbits

Here we show how to enumerate the total numbers of distinct periodic states in terms

of prime periodic orbits.

The enumeration of spatiotemporal cat doubly-periodic periodic points proceeds in

3 steps:

(i) Construct a hierarchy of 2-dimensional Bravais lattices Λ, starting with the smallest

primitive cells (??), list Bravais lattices by increasing [L×T]S , one per each set

related by discrete symmetries (49).

(ii) For each Λ = [L×T]S Bravais lattice, compute NΛ, the number of doubly-periodic

spatiotemporal cat periodic points, using the ‘fundamental fact’ NΛ = |detJ (Λ)|.
(iii) We have defined the prime Bravais lattice in section ??.
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Table 2. The numbers of the s = 5/2 spatiotemporal cat [L×T]S periodic

orbits: M[L×T]S is the number of prime periodic orbits, N[L×T]S is the number

of doubly periodic periodic points, and R[L×T]S is the number of prime periodic

orbits in the D4 symmetries orbit.

[L×T]S M N R

[1×1]0 1 1 1

[2×1]0 2 5 = 2 [2×1]0 + 1 [1×1]0 2

[2×1]1 4 9 = 4 [2×1]1 + 1 [1×1]0
[3×1]0 5 16 = 5 [3×1]0 + 1 [1×1]0
[3×1]1 16 49 = 16 [3×1]1 + 1 [1×1]0
[4×1]0 10 45 = 10 [4×1]0 + 2 [2×1]0 + 1 [1×1]0
[4×1]1 54 225 = 54 [4×1]1 + 4 [2×1]1 + 1 [1×1]0
[4×1]2 60 245 = 60 [4×1]2 + 2 [2×1]0 + 1 [1×1]0
[2×2]0 52 225 = 52 [2×2]0 + 2 [2×1]0 + 2 [1×2]0

+4 [2×1]1 + 1 [1×1]0 1

[2×2]1 60 245 = 60 [2×2]1 + 2 [1×2]0 + 1 [1×1]0
[3×2]0 850 5 120 = 850 [3×2]0 + 5 [3×1]0

+2 [1×2]0 + 1 [1×1]0
[3×2]1 1 012 6 125 = 1 012 [3×2]1 + 16 [3×1]2

+ 2 [1×2]0 + 1 [1×1]0
[3×3]0 68 281 614 656 = 68 281 [3×3]0 + 5 [3×1]0

+16 [3×1]1 + 16 [3×1]2 + 5 [1×3]0 + 1 [1×1]0 1

[3×3]1 70 400 633 616 = 70 400 [3×3]1 + 5 [1×3]0 + 1 [1×1]0

(iv) The total number of (doubly) periodic blocks is the sum of all cyclic permutations

of prime blocks,

NΛ =
∑
p

Np [Lp×Tp]Sp

where the sum goes over prime tilings of the [L×T]S block.

Mn =
1

n

Nn −
d<n∑
d|n

dMd

 , (103)

where d’s are all divisors of n.

The number of prime periodic orbits is given recursively by (see (103)),

Mp =
1

LT

(
Np −

∑
p′

Lp′Tp′Mp′

)
, (104)

where the sum is over p′, the prime ‘divisors’ of p that satisfy tiling conditions (??).

The following expressions do not fit into table 3:

M[3×3]0 = 2(s− 2)
1

9
(256s8 + 512s7 − 128s6 − 640s5

+ 16s4 + 320s3 − 48s2 − 72s+ 9) . (105)
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Table 3. The numbers of spatiotemporal cat periodic points for Bravais

lattices Λ = [L×T]S up to [3×3]2. Here NΛ(s) is the number of doubly periodic

periodic points, MΛ(s) is the number of prime periodic orbits, and RΛ is the

number of prime periodic orbits in the D4 symmetries orbit. The stretching

parameter s can take half-integer or integer values.

Λ NΛ(s) MΛ(s) R

[1×1]0 2(s− 2) 2(s− 2) 1

[2×1]0 2(s− 2)2s 2(s− 2)1
2(2s− 1) 2

[2×1]1 2(s− 2)2(s+ 2) 2(s− 2)1
2(2s+ 3)

[3×1]0 2(s− 2)(2s− 1)2 2(s− 2)4
3(s− 1)s

[3×1]1 2(s− 2)4(s+ 1)2 2(s− 2)1
3(2s+ 1)(2s+ 3)

[4×1]0 2(s− 2)8(s− 1)2s 2(s− 2)1
2(2s− 3)(2s− 1)s

[4×1]1 2(s− 2)8s2(s+ 2) 2(s− 2)1
2(s+ 2)(2s− 1)(2s+ 1)

[4×1]2 2(s− 2)8(s+ 1)2s 2(s− 2)1
2(2s+ 3)(2s+ 1)s

[4×1]3 2(s− 2)8s2(s+ 2) 2(s− 2)1
2(s+ 2)(2s− 1)(2s+ 1)

[5×1]0 2(s− 2)
(
4s2 − 6s+ 1

)2
2(s− 2)4

5(s− 1)(2s− 3)(2s− 1)s

[5×1]1 2(s− 2)16
(
s2 + s− 1

)2
2(s− 2)1

5(2s− 1)(2s+ 3)(4s2 + 4s− 5)

[2×2]0 2(s− 2)8s2(s+ 2) 2(s− 2)1
2(2s− 1)(2s2 + 5s+ 1) 1

[2×2]1 2(s− 2)8s(s+ 1)2 2(s− 2)1
2(2s+ 1)(2s+ 3)s

[3×2]0 2(s− 2)2s(2s− 1)2(2s+ 3)2 2(s− 2)2
3(2s− 1)(4s3 + 10s2 + 3s− 5)s

[3×2]1 2(s− 2)32s3(s+ 1)2 2(s− 2)1
6(2s− 1)(2s+ 1)(8s3 + 16s2 + 10s+ 3)

[3×3]0 2(s− 2)16(s+ 1)4(2s− 1)4

[3×3]1 2(s− 2)(2s− 1)2(8s3 + 12s2 − 1)2

The last, currently unreduced formula exemplifies what is nonintuitive about the Fourier

space results; it is not at all obvious that this

M[3×3]1 = M[3×3]2 = 2(s− 2)
1

9
(1− 2s)2 ×{[

2s+ 1− 2 sin
( π

18

)]2 [
2s+ 1 + 2 cos

(π
9

)]2

[
(2s+ 1− 2 cos

(
2π

9

)]2

− 1

}
(106)

is an integer for any half-integer or integer s. Predrag to Han: can you evaluate this

using the fundamental fact Nn = |DetJ |?
Note that N[3×T]1(s) = N[3×T]2(s), by reflection symmetry, as N[3×T]2(s) = N[3×T]−1(s).

∑
L=1

N[L×1]0z
L =

s− 2z

1− sz + z2
− 2

1− z

= (s− 2) + (s− 2)z + (s− 2)(s+ 2)z2 + (s− 2)(s+ 1)2z3

+ (s− 2)(s+ 2) s2z4 + (s− 2)(s2 + s− 1)2z5

+ · · · , (107)
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(a) (b) (c)

Figure 7. Examples of [L×T]S periodic blocks together with their spatiotemporal

Bravais lattice tilings (45). (a) [3×1]0, basis vectors a1 = {3, 0} and a2 = {0, 1}; (b)

[1×3]0, basis vectors a1 = {1, 0} and a2 = {0, 3}; (c) [3×1]1, basis vectors a1 = {3, 0}
and a2 = {1, 1};

(a) (b) (c)

Figure 8. Examples of [L×T]S periodic blocks together with their spatiotemporal

Bravais lattice tilings (45). (a) [2×1]1, basis vectors a1 = {2, 0} and a2 = {1, 1}; (b)

[3×2]0, basis vectors a1 = {3, 0} and a2 = {0, 2}; (c) [3×2]1, basis vectors a1 = {3, 0}
and a2 = {1, 2};

2020-06-09 Han Figures 7 and 8 are the plots of the periodic blocks by color. The

three figures in figure 7 are the blocks with periodicity [1×3]0, [3×1]0 and [3×1]1,

which can show the periodicity of the space-equilibria, time-equilibria and time-rela-

tive equilibria. Figure 8 is the color coding of the periodic blocks with periodicity

[2×1]1, [3×2]1 and [3×2]0.

2020-10-03 Predrag For periodic boundary conditions, the Laplacian � in (??) and

(??) has a translational zero mode, λ0 = 0, corresponding to a constant eigenvector,

so the matrix � is singular. That is the reason why our counting formulas (??)

and table 3 have a prefactor (s − 2); in the Laplacian limit the corresponding

determinant has a zero eigenvalue, and therefore vanishes.

A hyper-cubic lattice consists of d intersecting one-dimensional lattices, with

Laplacian eigenvalues being the sums of the eigenvalues of the Laplacian of the

constituent one-dimensional lattices, hence for any dimension there is only one zero

eigenvalue, and only a single power of the prefactor (s−2) in our counting formulas.



Spatiotemporal cat 31

2019-11-23 Predrag We always reduce relative-shift symmetries, so I am not happy

about the [2×1]1 relative-periodic block (??) being counted as the [2×2]0 periodic

orbit. We’ll have to revisit symmetry reduction...

2020-03-17 Han PrimeTiles.nb generates all prime tiles that can tile a larger tile.

It gives some not obvious results. For example, let the large tile be [3×2]1, and

consider the full-shift 9-symbol [3×2]1 blocks. The number [3×2]0 blocks is given

by (??). The program shows that the [3×2]0 tile can only be tiled by [1×1]0, [1×2]0
and [3×1]0 tiles. So we get the result in (??):

N[3×2]0 = 93×2 = 88440 [3×2]0 + 240 [3×1]0 + 36 [1×2]0 + 9 [1×1]0 .

For the full-shift the number of periodic blocks is given by the area of the larger

tile, and number of [3×2]S blocks is the same for all S. But now [3×1]0 tile cannot

tile the [3×2]1 tile. Instead, the [3×2]1 can be tiled by [1×1]0, [3×1]2 and [1×2]0
tiles,

N[3×2]1 = 93×2 = 88440 [3×2]1 + 240 [3×1]2 + 36 [1×2]0 + 9 [1×1]0 .

A priori is not obvious that [3×1]2 tile can tile a [3×2]1 tile. But if you stack

[3×1]2 tile in the shifted temporal direction by 2 then the left edge of the tile is

shifted by 4 in the spatial direction. With the spatial period being 3, shifted by 4 in

the spatial direction is same as shifted by 1. So the bc’s of [3×2]1 tile are satisfied

by the [3×1]2 tiles.

12. Spectra of orbit Jacobian matrices

We have seen that the contribution from a periodic point is weighted by its Hill

determinant. The Hill determinant can be computed directly from the orbit Jacobian

matrix, Euler–Lagrange equation linearized at the corresponding periodic point. If the

periodic point has symmetries, this computation can be further simplified. The most

common application of the symmetry reduction is to compute the Hill determinant of a

periodic point that is a repeat of a prime periodic point.

Why do we care about the Hill determinant of repeats of primes, except for avoiding

repeating computations? Using the partition function our goal is to estimate the

expectation values of observables in large spatiotemporal domains. So the asymptotic

growth rate of instability of a periodic point at large spacetime limit is more important

to us, compared to the instability of a periodic point in a finite spatiotemporal domain.

We will start with finding the Hill determinant of the infinite repeat of a prime

periodic point. In this case the orbit Jacobian matrix is an infinite-dimensional matrix,

which has the same periodicity as the prime periodic point. To determinant of the

infinite-dimensional orbit Jacobian matrix can be computed using the Bloch theorem [3]:

The eigenstates of a linear operator acting on a Bravais lattice L are of the form

ψk(z) = eik·zuk(z) , (108)
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where uk(z) is a function with periodicity of the Bravais lattice L. The wave vector k

can be confined to the first Brillouin zone of L. Using the eigenstates with form (108)

one can compute the eigenvalues of orbit Jacobian matrices as functions of k.

Once we have the spectra of infinite-dimensional orbit Jacobian matrices, the

eigenvalues of orbit Jacobian matrices of finite repeats of prime periodic points can

be found by choosing wave vectors k from the reciprocal lattice of the Bravais lattice of

the repeat.

12.1. Temporal lattice

In this section we will use one-dimensional temporal systems as examples to compute

spectra of orbit Jacobian matrices with Bloch theorem.

Generally, Bloch theorem can only be used to compute the Hill determinant of

a repeat of a prime periodic point. But for systems with uniform stretching, for

example temporal cat and spatiotemporal cat, using the Bloch theorem we can compute

the instabilities of every orbit, since the orbit Jacobian matrices do not depend on

the corresponding periodic points, and they are invariant under any integer lattice

translation.

Consider temporal cat (84) as an example. The infinite-dimensional orbit Jacobian

matrix is invariant under any integer translation. By Bloch theorem the eigenstates of

the orbit Jacobian matrix are simply plane waves:

ψk(z) = eik·z , z ∈ Z , k ∈ (−π, π] . (109)

Figure 9 (a) is the spectra of the orbit Jacobian matrix plotted as a function of the wave

vector k in the first Brillouin zone of the integer lattice. For a finite periodic point with

period n, wave vectors k are multiples of 2π/n.

As a nonlinear temporal system example, consider the φ3 theory (36) in one

spatiotemporal dimension, also known as the temporal Hénon:

−�φz + µ2 (1/4− φ2
z) = 0 . (110)

This systems has one period-2 prime orbit LR:

ΦLR =
1

2µ2

(
4−

√
µ4 − 16

4 +
√
µ4 − 16

)
. (111)

Using the Bloch theorem, the orbit Jacobian matrix of the infinite repeat of the prime

periodic point Φp has two families of eigenvalues:

ΛLR,±(k) = −2±
√
µ4 − 14 + 2 cos 2k) , (112)

plotted in the first Brillouin zone k ∈ (−π/2, π/2] in figure 9 (b). If a periodic point is

a finite, mth repeat of the prime periodic point Φp, the eigenvalues of its orbit Jacobian

matrix are ΛLR,±(k) (112) with k from a discrete set of vectors. For the mth repeat of

Φp, the period of the periodic point is 2m. So the wave vectors k can only be picked

from reciprocal lattice of the Bravais lattice 2mZ, i.e., k are multiples of π/m. See

examples of third and fourth repeats of Φp in figure 9 (b).
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Figure 9. (Color online) Infinite lattice orbit Jacobian matrix first Brillouin zone

spectra, as functions of the reciprocal lattice wavenumber k. For time-reversal invariant

systems the spectra are k → −k symmetric. (a) The temporal cat Λp,j(k) spectrum.

Any period-n periodic point spectrum consists of n discrete points embedded into

Λp,j(k), for example period-3 (red triangles) and period-4 (magenta diamonds) periodic

points eigenvalues. (b) The temporal Hénon ΛLR,±(k) spectrum (112) of the infinite

lattice tiled by the period-2 periodic point, together with the eigenvalues of 3rd repeat

(red triangles) and 4th repeat (magenta diamonds).

12.2. Spatiotemporal lattice

Bloch theorem is especially useful for higher-dimensional lattice field theories, due to

the multiple translational symmetries in the spacetime.

As an example, consider the two-dimensional spatiotemporal cat (95). Because of

the uniform stretching, eigenstates of the orbit Jacobian matrix are plane waves:

ψk(z) = eik·z , z ∈ Z2 , k1, k2 ∈ (−π, π] . (113)

And the corresponding eigenvalues are:

Λ(k) = 2s− 2 cos(k1)− 2 cos(k2) , (114)

plotted in figure 10. To find eigenvalues of the orbit Jacobian matrix of any finite

periodic point with a given periodicity [L×T]S , one only needs to find wave vectors

k from the reciprocal lattice of the Bravais [L×T]S , within the first Brillouin zone of

the integer lattice. For example, to find eigenvalues of a periodic point with periodicity

[8×8]0, one only needs to find the reciprocal lattice of Bravais lattice [8×8]0, then

substitute the reciprocal lattice vectors to (113) as wave vectors k. The eigenvalues of

the orbit Jacobian matrix of a [8×8]0 periodic point are plotted in (10) as black dots.

For nonlinear systems this method only works for repeats of prime periodic

points. Consider spatiotemporal φ4 lattice field theory (37) as an example. µ2 = 5

spatiotemporal φ4 has a [2×1]0 prime periodic point Φp:

Φp =
(

0.447214 0.894427
)
. (115)

The infinite spatiotemporal lattice tiled by repeats of Φp has an infinite-dimensional

orbit Jacobian matrix, whose eigenstates are products of plane waves and periodic
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(a)
(b)

Figure 10. (Color online) Infinite spatiotemporal lattice orbit Jacobian matrix

first Brillouin zone spectra, as functions of the wave vector k. For time and space-

reversal invariant systems the spectra are k1 → −k1 and k2 → −k2 symmetric. (a)

The spatiotemporal cat Λ(k) spectra as a function of the wave vector k. Black dots

are eigenvalues of the orbit Jacobian matrix of periodic points with periodicity [8×8]0.

The wave vectors of the eigenvalues land on the reciprocal lattice of [8×8]0, where k1
and k2 are multiples of π/4. (b) The spatiotemporal φ4 lattice field theory spectra

of the infinite spatiotemporal lattice tiled by the [2×1]0 periodic point (115). Black

dots are eigenvalues of the orbit Jacobian matrix of the [6×4]0 periodic point tiled by

the [2×1]0 prime periodic point. Wave vectors of eigenvalues are from the reciprocal

lattice of the Bravais lattice [6×4]0.

Figure 11. TEMPORARY: The eigenvalue Ek of the orbit Jacobian matrix on the

infinite spatiotemporal lattice as a function of the wave vector k. The point group

symmetry of the orbit Jacobian matrix is D4 so the eigenvalue function also has the

D4 symmetry.

functions (108). This orbit Jacobian matrix has two families of eigenvalues, plotted

in figure 10 (b). For a finite repeat of the prime periodic point Φp, eigenstates of the

finite-dimensional orbit Jacobian matrix can only have discrete set of wave vectors k.

As an example, eigenvalues of a [6×4]0 periodic point tiled by Φp can have wave vectors

k from the reciprocal lattice of [6×4]0, marked by black dots in figure 10 (b).
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[L×T]S [1×1]0 [2×2]0 [2×5]0 [5×5]0 [5×10]0 [10×10]0 [∞×∞]0
〈λc〉 0 1.354025 1.441989 1.506464 1.507260 1.507979 1.507983

Table 4. Instability exponents 〈λc〉 of finite periodic points of s = 5/2 spatiotemporal

cat, compare to the instability exponent of infinite periodic points 〈λ〉. As the size of

the primitive cells increase, the instability exponents of finite periodic points approach

〈λ〉 rapidly.

12.3. Orbit Jacobian matrix stability exponents

Hill determinants of finite-dimensional orbit Jacobian matrices can be computed as

products of their eigenvalues. Hill determinants of the infinite-dimensional orbit

Jacobian matrices are often not finite. To evaluate the instability of periodic points

on the infinite lattice, we define the stability exponent 〈λc〉 (41) of periodic point c.

For an infinite repeat of a finite prime periodic point, the instability exponent is

computed as an integral of the logarithm of the eigenvalue function over wave vector

k in the first Brillouin zone. Consider spatiotemporal cat (114) as an example. The

instability exponent 〈λ〉 of an infinite periodic point is:

〈λ〉 =
1

4π2

∫ π

−π
dk1

∫ π

−π
dk2 ln (2s− 2 cos k1 − 2 cos k2) . (116)

The instability exponents of finite periodic points 〈λc〉 approach the instability exponents

of their infinite repeats 〈λ〉 rapidly as the size of the spatiotemporal primitive cells

increase. Table 4 shows the instability exponents 〈λc〉 of finite periodic points of s = 5/2

spatiotemporal cat, compare to the instability exponent of infinite periodic points 〈λ〉
(116).

13. Summary and discussion

In this paper we have analyzed [...]. We now summarize our main findings.
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Appendix A. Discrete Fourier transforms

A circulant matrix is constant along each diagonal,

C =


c0 cn−1 . . . c2 c1

c1 c0 cn−1 c2

... c1 c0
. . .

...

cn−2
. . . . . . cn−1

cn−1 cn−2 . . . c1 c0

 , Cjk = cj−k , (A.1)

diagonalizable by a discrete Fourier transform,

U †CU = diag(λ) , Ujk =
1
√
n
ε(j−1)(k−1) , (A.2)

with discrete Fourier mode eigenvectors

ẽk =
1
√
n

(1, εk, ε2k, . . . , εk(n−1))T , k = 0, 1, . . . , n − 1 , (A.3)

and eigenvalues Cẽk = λkẽk ,

λk = c0 + cn−1ε
k + cn−2ε

2k + . . .+ c1ε
k(n−1) , (A.4)

where

ε = e2πi/n (A.5)

is an nth root of unity.

where the Φ̃k and M̃k are the kth Fourier modes of the periodic point Φ and symbol

block M:

Φ̃k =
(
ẽk
>Φ
)
ẽk , M̃k =

(
ẽk
>M

)
ẽk . (A.6)

Appendix A.1. Temporal cat

The temporal cat orbit Jacobian matrix J = σ− s 11 +σ−1 is an [n×n] circulant matrix

(102), with eigenvalues (A.4)

λk = ε−k − s+ εk = −s+ 2 cos (2πk/n) , (A.7)

and the Hill determinant

Nn = |DetJ | =
n−1∏
k=0

|s− 2 cos (2πk/n)| . (A.8)

It is not immediately obvious that such products of trigonometric functions should be

integer-valued [14], and establishing that usually requires some work [49].

In case at hand we observe that as the Chebyshev polynomials of the first kind [4]

satisfy Tn(cos(x)) = cos(nx), for x = 2πk/n, k = 0, 1, ..., n − 1, cos(2πk/n) is the kth

root of equation

Tn(x)− 1 = 0 .
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This equation, can be written as a product over the eigenvalues (A.7)

Tn(x)− 1 = 2n−1

n−1∏
k=0

[x− cos(2πk/n)] . (A.9)

Here the coefficient 2n−1 comes from matching the coefficient of xn term in the definition

of Tn(x) = · · ·+ 2n−1xn . For x = s/2, this is the Hill determinant formula (??)

Nn =
n−1∏
k=0

[s− 2 cos (2πk/n)] = 2Tn (s/2)− 2 . (A.10)

Appendix A.2. Spatiotemporal cat

In order to count the periodic periodic points as we did for the temporal cat (A.8), we

need to compute the eigenvalues and eigenvectors of the orbit Jacobian matrix (??). The

eigenvalues determine the Hill determinant of the orbit Jacobian matrix, and thus count

the number of the periodic periodic points. The eigenvectors enable us to diagonalize

the orbit Jacobian matrix.

In the spatiotemporal cat equation (??) the operators, fields and sources are defined

on the spatiotemporally infinite 2-dimensional cubic lattice. This equation is also

satisfied on a single tile, provided the translation operators satisfy the periodic bc’s

on the tile. Thus, in order to count the periodic orbits, it suffices to determine the

eigenvalues of the orbit Jacobian matrix on finite tiles.

Now consider 2-dimensional spatiotemporal cat. The periodicity is described by

2-dimensional Bravais lattice (45).

Periodic fields with the periodicity described by Bravais lattice L satisfy:

f(z +R) = f(z) , R ∈ L . (A.11)

The orbit Jacobian matrix (??) is constructed from 2 commuting translation

operators {σ1, σ2}. The eigenvectors of these translation operators are plane waves:

fk(z) = eik·z , (A.12)

where k is a 2-dimensional wave vector. A general plane wave does not satisfy the

periodicity (A.11), unless

eik·R = 1 . (A.13)

Since R is a vector from the Bravais lattice L, the wave vector k must lie in the reciprocal

lattice of L:

k ∈ L∗ , L∗ =

{
2∑
i=1

mibi |mi ∈ Z

}
, (A.14)

where the primitive reciprocal lattice vectors bi satisfy:

bi · aj = 2πδij . (A.15)
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To get the eigenvectors and the corresponding eigenvalues of the orbit Jacobian matrix,

note that

(σj + σ−1
j )eik·z = ei(k·z−kj) + ei(k·z+kj) = (2 cos kj)e

ik·z , (A.16)

where the k = (k1, k2). Hence the eigenvalue of the orbit Jacobian matrix (??)

corresponding to the eigenvector with the wave vector k is

λk = −2s+ 2 cos k1 + 2 cos k2 . (A.17)

Choosing primitive vectors with Hermite normal form (??), the reciprocal lattice

is:

L∗ = {n1b1 + n2b2 |ni ∈ Z} , (A.18)

where the primitive reciprocal lattice vectors b1 and b2 are:[
b1 b2

]
=

2π

LT

[
T 0

−S L

]
, (A.19)

so (A.15) is satisfied. The eigenvectors of the translation operator have the form of a

plane wave

fk(z) = eik·z , k ∈ L∗ , (A.20)

and, in addition, satisfy the Bravais lattice (45) periodicity. The eigenvalues are:

λk = 2 cos k1 + 2 cos k2 − 2s , (A.21)

where k = (k1, k2). If k = n1b1 + n2b2, then k1 and k2 are:

k =

[
k1

k2

]
=
[

b1 b2

] [ n1

n2

]
=

2π

LT

[
n1T

−n1S + n2L

]
. (A.22)

As the field has support only on the integer lattice sites, it suffices to use the wave

vectors k = n1b1 + n2b2 with n1 from 0 to L − 1 and n2 from 0 to T − 1 to get all of

the eigenvectors.

This range contains all the wave vectors in one primitive cell of reciprocal lattice

of the square lattice, as shown in figure A1, where the wave vectors with n1 from 0 to

L − 1, and n2 from 0 to T − 1 are enclosed by the green dashed square. Any wave

vector on the reciprocal lattice L∗ outside of this range will give an eigenvector which is

equivalent to an eigenvector with the wave vector within this range. So the number of

eigenvectors is LT, which is equal to the number of integer lattice sites in the primitive

cell of the Bravais lattice L.

The number of periodic periodic points is then given by the Hill determinant of the

orbit Jacobian matrix, which is the product of the eigenvalues:

N[L×T]S =

∣∣∣∣∣∏
k

λk

∣∣∣∣∣
=

L−1∏
n1=0

T−1∏
n2=0

[
2s− 2 cos(

2πn1

L
)− 2 cos(−2πn1S

LT
+

2πn2

T
)

]
. (A.23)
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Figure A1. (Color online) The reciprocal lattices of both the Bravais lattice L and

the integer square lattice. The red points are the reciprocal lattice L∗ of the Bravais

lattice L in figure 3. The black points are the reciprocal lattice of the square lattice.

Each of these squares enclosed by the blue lines has edge length 2π. Two wave vectors

are equivalent if they are different by a reciprocal lattice vector of the square lattice.

Appendix A.3. Backup from s previous version of spatiotemporal cat

The set of all wave vectors Km that yield plane waves with the periodicity of a given

Bravais lattice defines its reciprocal lattice. The Km are called reciprocal lattice vectors.

Let 〈·, ·〉 be the scalar product on Rd. Let L ⊂ Rd be a lattice, and let L∗ ⊂ Rd be

its reciprocal lattice

L∗ =
{
x ∈ Rd : 〈x, y〉 ∈ Z for all y ∈ L

}
. (A.24)

The reciprocal lattice of the Bravais lattice (45) is spanned by reciprocal basis

(A.15)

L∗ = {n1b1 + n2b2 |ni ∈ Z} . (A.25)

The eigenvectors of the translation operator have the form of a plane wave

fk(z) = eik·z , k ∈ L∗ , (A.26)

and, in addition, satisfy the Bravais lattice (45) periodicity.

Then the basis vectors of the reciprocal lattice are:[
b1 b2

]
=

2π

LT

[
T 0

−S L

]
. (A.27)

A plane wave with wave vector k in the reciprocal lattice L∗ is an eigenvector of the

orbit Jacobian matrix (??) that satisfies the periodic condition of Bravais lattice L. The

eigenvector with wave vector k = n1b1 + n2b2 is

fk(z) = eik·z = exp

(
i

2π

LT
(n1Tz1 − n1Sz2 + n2Lz2)

)
, (A.28)
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where the z = (z1, z2), with the orbit Jacobian matrix eigenvalue

λk =
2∑
j=1

(s− 2 cos kj) = 2s− 2 cos 2π(
n1

L
)− 2 cos 2π(

n1S

LT
− n2

T
) . (A.29)

As the field has support on the square lattice sites, it suffices to use the wave vectors

k = n1b1 +n2b2 with n1 from 0 to L− 1 and n2 from 0 to T− 1 to get all the reciprocal

lattice eigenvectors.

This range contains all of the wave vectors in one lattice cell of reciprocal lattice of

the square lattice, as shown in figure A1, where wave vectors with n1 from 0 to L − 1,

and n2 from 0 to T−1 are enclosed by the green dashed square. Any wave vector on the

reciprocal lattice L∗ outside of this range will give an eigenvector which is equivalent to

an eigenvector with the wave vector within this range. So the number of eigenvectors is

LT, which is the number of square lattice sites within the minimal repeating tile.

The 4-index orbit Jacobian matrix (??) is a matrix with indices in a finite range.

The orbit Jacobian matrix has LT eigenmodes. We know that the number of periodic

orbits is equal to the Hill determinant of the orbit Jacobian matrix, which is the product

of all the eigenvalues,

N[L×T]S = 2LT
L−1∏
k1=0

T−1∏
k2=0

[
s− cos

(
2πk1

L

)
− cos

(
2πk2

T
− 2πk1

L

S

T

)]
(A.30)

Given the eigenmodes with a given periodic condition, one can reduce the 2-

dimensional square lattice to a finite repeating tile. The screened Poisson equation

in this tile is still (??). But now the fields and sources are defined over an [L×T]S
lattice.

N[1×1]0 = 2s− 4 = 1 . (A.31)

N[L×1]0 =
L−1∏
k1=0

[
2s2 − 2− 2 cos

(
2πk1

L

)]
. (A.32)

Comparing with the temporal cat count (A.10) we see that the count is the same,

provided we replace s1 → 2(s2 − 1) , in agreement with the 3-term recurrence (??).

Appendix A.3.1. [2×1]1 periodic orbits. For s = 5/2 spatiotemporal cat.

N[2×1]1 =
1∏
l=0

[
2s− 4 cos 2π

(
l

2

)]
= 9 . (A.33)

Appendix A.3.2. [2×2]0 periodic orbits. For s = 5/2 spatiotemporal cat.

N[2×2] = 24(s− 2)(s− cos π − 1)(s− 1− cos π)(s− cos π − cos π) = 225 .



REFERENCES 41

Appendix A.3.3. [3×2]0 periodic orbits. For s = 5/2 only 850 prime [3×2]0 blocks are

admissible. The integer points count (??) is in agreement with the counting formula

(A.30) for the [3×2]0 periodic orbits:

N[3×2]0 =
2∏
l=0

1∏
t=0

[
2s− 2 cos

(
2πl

3

)
− 2 cos

(
2πt

2

)]
= 5120 .
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