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Visualization of 3D flow fields is a dark art. Consider these two visualization of the same uEQ8, or
"hairpin vortex" equilibrium solution:

fixed sections of the Eulerian velocity field u = (u,v,w) isosurfaces, vortex lines

Itano and Generalis visualization:
yellow curves: vortex lines.
isosurfaces of ux = 0.1 and 0.4, (cyan and blue, respectively) reveal low-speed structures within
the flow.
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Lagrangian particle trajectories of a spanwise - wall-normal sheet of initial "die" points,
tracked until they cross the spanwise, streamwise (periodic b.c.) walls

Eulerian velocity field u = (u,v,w), time independent Lagrangian x(t) trajectories

(John R. Elton)

uUB Nagata upper branch equilibrium.

Stagnation points, heteroclinic connections, periodic orbits can be determined for each
Eulerian equilibrium solution.
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CHAPTER 1. RESEARCH BLOG ON LAGRANGIAN MIXING

(a)

(b)

Figure 1.17: (a) Grid of 19 × 19 initial points in the [y, z] plane, centered at
x = 0; integrated for 15 time units. (b) Rotated to show the other 2 stagnation
points.
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(a)

(b)

Figure 1.16: (a) Grid of 19 × 19 initial points in the [y, z] plane, centered at
x = Lx/2; integrated for 15 time units. (b) Rotated to show the 2 stagnation
points.
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Figure 1.9: Full physical space relations between the stagnation points.

mensionalized equations as having length scale L = 1, velocity scale U = 1, and
viscosity ν = 1/Re, or better, the nondimensional parameter 1/Re replacing
viscosity.

Now break up the total velocity field into two components: utot = yx̂ + u.
Here yx̂ is the laminar velocity field and u is the difference between the total
velocity and laminar. Substitute yx̂ + u for utot in the nondimensionalized
Navier-Stokes equations to get

∂u

∂t
+ y

∂u

∂x
+ v x̂ + u · ∇u = −∇p+

1

Re
∇2u , ∇ · u = 0 (1.47)

and boundary conditions u = 0 at y ± 1.
The equilibrium fields such as EQ2 satisfy (1.47). 5 This equation is a little

more complicated than (1.46), but having Dirichlet boundary conditions on u
makes analysis much easier, since the set of allowable u form a vector space.
The set of allowable utot doesn’t, since the sum of two allowable utot generally
does not satisfy the boundary condition utot = ±1 at y ± 1. By “allowable” I
mean those fields that satisfy incompressibility and boundary conditions.

So, in a nutshell, (1) the equilibrium fields satisfy (1.47), and (2) you don’t
need ν, you need 1/Re.

5JRE: Just to be completely clear, should we say the equilibrium fields such as EQ2 satisfy
(1.47), but with the ∂u

∂t
term set to 0?
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Figure 1.8: Heteroclinic pairs.

where A is the matrix of velocity gradients. So if (1.43) holds then Au = 0 and
this implies we are at a stagnation point unless the nullspace of A is nontrivial.
This can only happen if the three velocity gradients in A are co-planar. This
seems unlikely, and there may be a physical reason that proves it can’t ever
happen. So that’s why I say I think (1.43) is a sufficient condition for specify-
ing a stagnation point. It’s simplified form may give insight into solutions or
symmetries for stagnation points.

JFG May 29, 2008: In most of our work (and in channelflow) u represents the
difference from the laminar flow. I’ll get to that in a minute, but first I’ll do the
nondimensionalization to address the ν vs Re issue. Start with Navier-Stokes
on the total fluid velocity field utot

∂utot

∂t
+ utot · ∇utot = −∇p+ ν∇2utot , ∇ · utot = 0 (1.45)

and boundary conditions utot = ±U at y = ±L. Rescale variables: y → y/L,
(same for x, z), u→ u/U , t→ (U/L) t, and p→ U2p. That gives

∂utot

∂t
+ utot · ∇utot = −∇p+

1

Re
∇2utot , ∇ · utot = 0, (1.46)

where Re = UL/ν, and boundary conditions utot = ±1x̂ at y = ±1. This is
the nondimensionalized Navier-Stokes equation. You can think of the nondi-
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Figure 1.2: A plot of points whose value of velocity squared falls below an
arbitrary cutoff of 5× 10−7. Perspective view.

subspace at the stagnation points. That ensures the simplicity of the heteroclinic
connection.
JRE August 12, 2008: After going through the usual techniques for EQ7
it appears that it’s features are largely resemblant of EQ8. We were already
aware of the eight stagnation points, and the heteroclinic connection between
SP1 and SP2 appears as well. The one qualitative difference I spot is that for
SP1 in the plane perpendicular to the direction of the heteroclinic connection
the eigenvalues are complex, whereas for EQ8 all three were real.
JRE July 9, 2008: We will perform a similar analysis of EQ8 and EQ1 to
that of the Upper Branch (EQ2). We start here with EQ8, which is a more
turbulent flow with Re 270.

Begin once again with a cleverly chosen grid of initial trajectories to get a feel
for the significant structures in the flow (this time it was clever, last time it was
lucky). The grid is in a plane at x = Lx/2. The result, after a short integration
time, is shown in Fig. 1.5. This perspective view already shows us quite a bit of
information. Once again we have symmetries abound, as expected. The points
(Lx/2, 0, Lz/4) and (Lx/2, 0, 3Lz/4) are stagnation points of this velocity field
as well (as confirmed numerically). A shifted plot where the grid lies on the
plane x = 0 reveals the same picture, rotated. This is to be expected (see
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