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Commentary

Remark A1.2. A brief history of period doubling universality. Mitchell J. Feigenbaum 
discovered universality in one-dimensional iterative maps in August 1975. Following 
Feigenbaum’s functional formulation of the problem, in March 1976 Cvitanović derived, 
in collaboration with Feigenbaum, the equation g(x) = αg(g(x/α)) for the period doubling 
fixed point function (not a big step, it is the limit of Feigenbaum functional recursion 
sequence), which has since played a key role in the theory of transitions to turbulence. The 
first published report [62] on Feigenbaum’s discovery is dated August 1976 (Los Alamos 
Theoretical Division Annual Report 1975-1976, pp. 98-102, read it here). By that time the 
work had became widely known through many seminars Feigenbaum gave in US and 
Europe. His first paper, submitted to Advances in Mathematics in Nov 1976 was rejected. 
The second paper was submitted to SIAM Journal of Applied Mathematics in April 1977 
and rejected in October 1977. Finally, J. Lebowitz published both papers [63, 64] without 
further referee pain (M. J. Feigenbaum, J. Stat. Phys. 19, 25 (1978) and 21, 6 (1979)).

A very informative 1976 review by May [118] describes what was known before 
Feigenbaum’s contribution. The geometric parameter convergence was first noted in 1958 
by Myrberg [13, 145], and independently of Feigenbaum, by Grossmann and Thomae [79] 
in 1977 (without noting the universality of δ). The theory of period-doubling universal 
equations and scaling functions is developed in Kenway’s notes of Feigenbaum 1984 Ed-
inburgh lectures [66] (trifle hard to track down). The elegant unstable manifold formula-
tion of universality given in ChaosBook.org is due to Vul, Khanin, Sinai and Gol’dberg 
[75, 156, 157] in 1982. The most thorough exposition available is the Collet and Eckmann 
[30] monograph. For a more recent introduction into renormalization theory that starts out 
with period doubling before moving on to Quantum Field Theory, see Gurau, Rivasseau 
and Sfondrini [80].

In 1978 Coullet and Tresser [32, 33] have formulated similar equations, in 1979 
Derrida, Gervois and Pomeau [53] have extracted a great many metric universalities from 
the asymptotic regime, and in 1981 Daido [51] has introduced a different set of universal 
equations. Grassberger [76] has computed the Hausdorff dimension of the
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asymptotic attractor. Following up on Grossmann and Thomae [79], Lorenz [113] and
Daido [52] have found a universal ratio relating bifurcations and reverse bifurcations.
If f (x) is not quadratic around the maximum, the universal numbers will be different -
see Vilela Mendés [155] and Hu and Mao [92] for their values. According to Kuramoto
and Koga [103] such mappings can arise in chemical turbulence. Nonlinear oscillator;
quadratic potential with damping and harmonic driving force exhibit cascades of period-
doubling bifurcations [105, 122]. Refs. [22–24] compute solutions of the period-doubling
fixed point equation using methods of Schöder and Abel, yielding what are so far the most
accurate δ and α. See also Weisstein [159].

Since then the universal equations have been generalized to period n-tuplings [46,
47]; universal scaling functions for all winding numbers in circle maps constructed [48],
and universality of the Hausdorff dimension of the critical staircase established [44]. A
nice discussion of circle maps and their physical applications is given in refs. [10, 94, 95].
The universality theory for golden mean scalings is developed in refs. [65, 126, 135, 149].

The theory would have remained a curiosity, were it not for the beautiful experiment
by Libchaber and Maurer [117], and many others that followed. Crucial insights came
from Collet and Eckmann [30] and Collet, Eckmann and Koch [31] who explained how
the dynamics of dissipative system (such as a viscous fluid) can become 1-dimensional.
The experimental and theoretical developments up to 1990’s are summarized in reprint
collections by Cvitanović [37] and Hao [87]. We also recommend Hu [91], Crutchfield,
Farmer and Huberman [35], Eckmann [58] and Ott [127]. The period-doubling route to
turbulence that is by no means the only way to get there; see Eckmann [58] discussion of
other routes to chaos.

Remark A1.3. Should one attach names to equations? .

Q : Name the 2nd person who invented General Relativity?
A : Who remembers?

—Professore Dottore Gatto Nero

By 1979 mathematicians understood that the numerical methods used by Feigenbaum
and Cvitanović to solve the universal equations were in fact convergent. They did what
they do; they attached various names to the equations, they changed letters around. The
re-lettering did not stick, but the renamings did.

Feigenbaum [62] discovered and formulated period-doubling universality in 1975:
you can read about it and find his 1976 report by clicking here and here. In 1981
Lanford [108] satisfied himself that the iterative method Feigenbaum and Cvitanović used
and knew was contracting was indeed contracting. Lanford refers only to the Feigenbaum
paper [63]. Coullet and Tresser [32, 33] refer to the Feigenbaum paper [63].

In 1995 Lyubich [115, 116] rechristened the equations to “Feigenbaum-Coullet-Tress-
er,” omitting Cvitanović (the first to formulate the period-doubling fixed point equation),
and adding Coullet and Tresser (who rediscovered it a couple of years later). These are
all very fine physicists / mathematicians, creative and crazy as bats. But why rename an
equation that was widely known and publicized well before 1978? Is there something
essential that is missing in the 1976 formulation?

We asked Lyubich why? He wrote back: “In 1990s, I talked to both Feigenbaum and
Tresser, and my conclusion was that Coullet-Tresser discovered the phenomenon inde-
pendently, though slightly later. Also, they seemed to recognize better importance of the
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dynamical universality (while Feigenbaum focused more on the parameter phenomenon). 
I felt that Coullet-Tresser did not receive a proper credit for their insights, so I attached 
all three names to the phenomenon.” That’s sweet. Turns out Feigenbaum and Cvitanović 
invented but did not recognize “importance of the dynamical universality”, whatever that 
might mean. While we are at it, why not credit the person who actually wrote the fixed 
point equation first? Or he’s just dog meat?

People reinvent stuff all the time. For example, Myrheim and Cvitanović [46, 47] 
generalized period doubling to infinity of renomalizations in the complex plane, but once 
they were told that Golberg, Sinai and Khanin [75] did it first (for period tripling), they 
gave credit to them, even though both groups discovered the phenomenon independently 
in 1983.

Why attach names to equations anyway? Pretty soon the attribution problems will 
sort themselves out by themselves - heart attacks and homicidal Atlanta drivers running 
down cyclists will take care of that.
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Feigenbaum tangent operator”, J. Stat. Phys. 62, 257–267 (1991).

[135] D. Rand, S. Ostlund, J. Sethna, and E. D. Siggia, “Universal transition
from quasiperiodicity to chaos in dissipative systems”, Phys. Rev. Lett.
49, 132–135 (1982).

appendHist - 22jul2019 ChaosBook.org edition16.4, Jul 7 2019

http://dx.doi.org/10.1038/261459a0
http://dx.doi.org/10.1038/261459a0
http://dx.doi.org/10.1038/261459a0
http://dx.doi.org/10.1002/cpa.3160250302
http://dx.doi.org/10.1002/cpa.3160250302
http://dx.doi.org/10.1002/cpa.3160250302
http://dx.doi.org/10.1016/0097-3165(73)90033-2
http://dx.doi.org/10.1016/0097-3165(73)90033-2
http://dx.doi.org/10.1016/0097-3165(73)90033-2
http://dx.doi.org/10.1007/BFb0082847
http://dx.doi.org/10.1007/BFb0082847
http://dx.doi.org/10.1007/BFb0082847
http://dx.doi.org/10.1002/3527602844
http://dx.doi.org/10.1002/3527602844
http://dx.doi.org/10.1086/148562
http://dx.doi.org/10.1086/148562
http://dx.doi.org/10.2307/1968225
http://dx.doi.org/10.2307/1968225
http://dx.doi.org/10.2307/1968225
http://dx.doi.org/10.2307/1968225
http://dx.doi.org/10.1016/0167-2789(83)90229-4
http://dx.doi.org/10.1016/0167-2789(83)90229-4
http://dx.doi.org/10.1016/0167-2789(83)90229-4
http://dx.doi.org/10.1016/0167-2789(83)90229-4
http://dx.doi.org/10.1007/978-0-387-21830-4_9
http://dx.doi.org/10.1007/978-0-387-21830-4_9
http://dx.doi.org/10.1017/cbo9780511803260
http://dx.doi.org/10.1063/1.2815127
http://dx.doi.org/10.1063/1.2809577
http://www.jstor.org/stable/2006982
http://www.jstor.org/stable/2006982
http://www.jstor.org/stable/2006982
http://dx.doi.org/10.1007/BF01388579
http://dx.doi.org/10.1007/BF01388579
http://dx.doi.org/10.1007/BF01388579
http://dx.doi.org/10.1007/BF01020869
http://dx.doi.org/10.1007/BF01020869
http://dx.doi.org/10.1007/BF01020869
http://dx.doi.org/10.1103/physrevlett.49.132
http://dx.doi.org/10.1103/physrevlett.49.132
http://dx.doi.org/10.1103/physrevlett.49.132
http://dx.doi.org/10.1103/physrevlett.49.132


APPENDIX A1. A BRIEF HISTORY OF CHAOS 1056

[136] E. Rosenqvist, Periodic Orbit Theory Beyond Semiclassics: Convergence,
Diffraction and ~ Corrections, PhD thesis (Copenhagen Univ., Copen-
hagen, 1995).

[137] D. Ruelle, “Generalized zeta-functions for Axiom A basic sets”, Bull.
Amer. Math. Soc. 82, 153–156 (1976).

[138] D. Ruelle, “Zeta-functions for expanding maps and Anosov flows”, Inv.
Math. 34, 231–242 (1976).

[139] D. Ruelle, “Locating resonances for Axiom A dynamical systems”, J. Stat.
Phys. 44, 281–292 (1986).

[140] D. Ruelle, “One-dimensional Gibbs states and Axiom A diffeomorphisms”,
J. Diff. Geom. 25, 117–137 (1987).

[141] D. Ruelle, “Resonances for Axiom A flows”, J. Diff. Geom. 25, 99–116
(1987).

[142] D. Ruelle, “The Deterministic chaos: the science and the fiction”, Proc. R.
Soc. Lond. A 427, 241–248 (1990).

[143] D. Ruelle, Thermodynamic Formalism: The Mathematical Structure of
Equilibrium Statistical Mechanics, 2nd ed. (Cambridge Univ. Press, Cam-
bridge, 2004).

[144] H. H. Rugh, “The correlation spectrum for hyperbolic analytic maps”,
Nonlinearity 5, 1237 (1992).

[145] E. Sander and J. A. Yorke, “A period-doubling cascade precedes chaos for
planar maps”, Chaos 23, 033113 (2013).

[146] M. du Sautoy, Finding Moonshine: A Mathematician’s Journey Through
Symmetry (Harper Collins, 2012).

[147] I. Segal, “Book review: Alain Connes, Noncommutative geometry”, Bull.
Amer. Math. Soc. 33, 459–465 (1996).

[148] A. Selberg, “Harmonic analysis and discontinuous groups in weakly sym-
metric Riemannian spaces with applications to Dirichlet series”, J. Indian
Math. Soc. (N.S.) 20, 47–87 (1956).

[149] S. J. Shenker, “Scaling behavior in a map of a circle onto itself:Empirical
results”, Physica D 5, 405–411 (1982).

[150] Y. G. Sinai, “Gibbs measures in ergodic theory”, Russ. Math. Surv. 27,
21–69 (1972).

[151] G. I. Sivashinsky, “Nonlinear analysis of hydrodynamical instability in
laminar flames - I. Derivation of basic equations”, Acta Astronaut. 4,
1177–1206 (1977).

[152] S. Smale, “Differentiable dynamical systems”, Bull. Amer. Math. Soc. 73,
747–817 (1967).

[153] E. A. Spiegel, “Chaos: A mixed metaphor for turbulence”, Proc. R. Soc.
Lond. A A413, 87 (1987).

[154] D. Stone, “Einstein’s unknown insight and the problem of quantizing chaos”,
Phys. Today 58, 37–43 (2005).

appendHist - 22jul2019 ChaosBook.org edition16.4, Jul 7 2019

ChaosBook.org/projects/theses.html
ChaosBook.org/projects/theses.html
http://dx.doi.org/10.1090/S0002-9904-1976-14003-7
http://dx.doi.org/10.1090/S0002-9904-1976-14003-7
http://dx.doi.org/10.1090/S0002-9904-1976-14003-7
http://dx.doi.org/10.1007/bf01403069
http://dx.doi.org/10.1007/bf01403069
http://dx.doi.org/10.1007/bf01403069
http://dx.doi.org/10.1007/BF01011300
http://dx.doi.org/10.1007/BF01011300
http://dx.doi.org/10.1007/BF01011300
http://projecteuclid.org/euclid.jdg/1214440727
http://projecteuclid.org/euclid.jdg/1214440727
http://projecteuclid.org/euclid.jdg/1214440726
http://projecteuclid.org/euclid.jdg/1214440726
http://projecteuclid.org/euclid.jdg/1214440726
http://dx.doi.org/10.1098/rspa.1990.0010
http://dx.doi.org/10.1098/rspa.1990.0010
http://dx.doi.org/10.1098/rspa.1990.0010
http://dx.doi.org/10.1017/cbo9780511617546
http://dx.doi.org/10.1017/cbo9780511617546
http://dx.doi.org/10.1088/0951-7715/5/6/003
http://dx.doi.org/10.1088/0951-7715/5/6/003
http://dx.doi.org/10.1063/1.4813600
http://dx.doi.org/10.1063/1.4813600
http://dx.doi.org/10.1063/1.4813600
http://books.google.com/books?vid=ISBN9780007380879
http://books.google.com/books?vid=ISBN9780007380879
http://dx.doi.org/10.1090/S0273-0979-96-00687-8
http://dx.doi.org/10.1090/S0273-0979-96-00687-8
http://dx.doi.org/10.1090/S0273-0979-96-00687-8
http://dx.doi.org/10.1016/0167-2789(82)90033-1
http://dx.doi.org/10.1016/0167-2789(82)90033-1
http://dx.doi.org/10.1016/0167-2789(82)90033-1
http://dx.doi.org/10.1070/RM1972v027n04ABEH001383
http://dx.doi.org/10.1070/RM1972v027n04ABEH001383
http://dx.doi.org/10.1070/RM1972v027n04ABEH001383
http://dx.doi.org/10.1016/0094-5765(77)90096-0
http://dx.doi.org/10.1016/0094-5765(77)90096-0
http://dx.doi.org/10.1016/0094-5765(77)90096-0
http://dx.doi.org/10.1016/0094-5765(77)90096-0
http://dx.doi.org/10.1090/S0002-9904-1967-11798-1
http://dx.doi.org/10.1090/S0002-9904-1967-11798-1
http://dx.doi.org/10.1090/S0002-9904-1967-11798-1
http://dx.doi.org/10.1515/9781400860197.87
http://dx.doi.org/10.1515/9781400860197.87
http://dx.doi.org/10.1515/9781400860197.87
http://dx.doi.org/10.1063/1.2062917
http://dx.doi.org/10.1063/1.2062917


APPENDIX A1. A BRIEF HISTORY OF CHAOS 1057

[155] R. Vilela Mendes, “Critical-point dependence of universality in maps of
the interval”, Phys. Lett. A 84, 1–3 (1981).

[156] E. B. Vul and K. M. Khanin, “The unstable separatrix of Feigenbaum’s
fixed-point”, Russ. Math. Surv. 37, 200–201 (1982).

[157] E. B. Vul, Y. G. Sinai, and K. M. Khanin, “Feigenbaum universality and
the thermodynamic formalism”, Russ. Math. Surv. 39, 1–40S (1984).

[158] H. Wedin and R. R. Kerswell, “Exact coherent structures in pipe flow”, J.
Fluid Mech. 508, 333–371 (2004).

[159] E. W. Weisstein, Feigenbaum constant, 2012.

[160] E. P. Wigner, Group Theory and Its Application to the Quantum Mechan-
ics of Atomic Spectra (Academic, New York, 1931).

[161] D. Wintgen, K. Richter, and G. Tanner, “The semiclassical helium atom”,
Chaos 2, 19–33 (1992).

[162] S. M. Zoldi and H. S. Greenside, “Spatially localized unstable periodic
orbits of a high-dimensional chaotic system”, Phys. Rev. E 57, R2511–
R2514 (1998).

appendHist - 22jul2019 ChaosBook.org edition16.4, Jul 7 2019

http://dx.doi.org/10.1016/0375-9601(81)90002-5
http://dx.doi.org/10.1016/0375-9601(81)90002-5
http://dx.doi.org/10.1016/0375-9601(81)90002-5
http://dx.doi.org/10.1070/RM1982v037n05ABEH004046
http://dx.doi.org/10.1070/RM1982v037n05ABEH004046
http://dx.doi.org/10.1070/RM1982v037n05ABEH004046
http://dx.doi.org/10.1070/RM1984v039n03ABEH003162
http://dx.doi.org/10.1070/RM1984v039n03ABEH003162
http://dx.doi.org/10.1070/RM1984v039n03ABEH003162
http://dx.doi.org/10.1017/S0022112004009346
http://dx.doi.org/10.1017/S0022112004009346
http://dx.doi.org/10.1017/S0022112004009346
http://mathworld.wolfram.com/FeigenbaumConstant.html
http://books.google.com/books?vid=ISBN9780323152785
http://books.google.com/books?vid=ISBN9780323152785
http://dx.doi.org/10.1063/1.165920
http://dx.doi.org/10.1063/1.165920
http://dx.doi.org/10.1103/PhysRevE.57.R2511
http://dx.doi.org/10.1103/PhysRevE.57.R2511
http://dx.doi.org/10.1103/PhysRevE.57.R2511
http://dx.doi.org/10.1103/PhysRevE.57.R2511

	I Geometry of chaos
	II Chaos rules
	III Chaos: what to do about it?
	IV The rest is noise
	V Quantum chaos
	VI Web appendices
	A brief history of chaos
	Chaos is born
	Chaos grows up
	Chaos with us
	Periodic orbit theory
	Dynamicist's vision of turbulence
	Gruppenpest
	Death of the Old Quantum Theory
	References





