/. QCD WARD IDENTITIES

We tried to put a ,(little color into QED and we got into a
considerable mess. It seems as though one has to introduce a
new vertex or particle for each process one looks at - a dismal

prospect. Fortunately things are not that bad - we shall now

prove that with the QCD vertices constructed in the last chapter

the gaugeons decouple from all S-matrix elements. Regardless of

their later guises, the requisite identities are contained in
the original Gerard 't Hooft's paperf, so we shall call them

Ward identities.

A. Ward identities for full Green functions

In this section we shall prove that the gaugeons (6.5) de-

couple from any QCD mass-shell process;

enable us to follow the gaugeon into the Green functions. Because
of the bare 3-gluon Ward identity (6.37), the gaugeons "propagate”

into the diagrams:
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G. 't Hooft, "Renormalization of massless Yang-Mills fields", Nucl. Phys.
B33(1971)173. These identities are also known as Lie - Engel - Schur - Wigner -
Eckhart - Schwinger - Stilickelberg - Feynman - Ward - Takahashi - Green - 't Hooft -
Veltman-—Taylor-Slavnov-—Lee-Zinn-Justin-Nielsen«-Kluberg-Stern-—Zuber-
Becchi - Rouet - Stora - Kugo-Ojima - Feigenbaum — Witten - Polyakov - Parisi -
Wilson -~ Moffat identities.
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This fact (together with much hindsight) suggests that the con-
venient starting point for the proof is not the external legq

gaugeon (7.1); but gaugeon insertion anywhere inside a Green
function:

(7.3)

The ghost DS equation (7.2b) yields the desired external gaugeon
insertion (7.1), together with an extra term

(7.4)

As ghosts are fermions, the ghost equations are bound to cause
sign anxieties. The best thing to do is to relax and remember

that the only thing that matters is that each ghost loop carries
a minus sign.

The gluon DS equation (7.2a) yields

(We omit quarks for the time being - their inclusion is straight-
forward, cf. exercise 7.A.1). The last three terms are clearly

there to be hit by the bare Ward identities (6.37), (6.54), and
(6.42) :

(7.6)

(The second term cancels the extra bit in (7.4); this is the

reason why we started with (7.3) rather than (7.1).)

(7.7)




(7.8)

The second term cancels against (7;7); the third term wvanishes
by (6.55), and to kill the last term we expand (7.8)

(7.10)

(7.11)

All the messy terms have cancelled. We collect the survivors,
putting (7.4) on the left-hand side and (7.5) on the right-hand

side:

(7.12)

(we have included the quarks - cf. exercise 7.A.1). This is our
maln result; the Ward identities for the full Green functions.
In (7.1) we set out to prove that the left-hand side (a gaugeon
insertion) vanishes for any mass-shell process. All the terms on
the right-hand side vanish on the mass-shell; the first by the
polarization condition (6.1) and the remainder by the equations
of motion (6.2); so the gaugeons indeed decouple.

Exercise /.A.1 Quark Ward identities. Derive (7.12) by keeping the
quark terms in DS equations and using the bare quark Ward
identity (6.7).

Exercise /.A.2 Inevitability of ghosts. Try to check the gaugeon de-

o - coupling in the theory without ghosts (drop (7.2b) and the
ghost term in (7.2a)). Do the non-vanishing terms suggest in-
troduction of ghosts?
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