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6. FROM GHOULIES TO GROSTIES

A physical photon is massless and has only transverse de-
grees of freedom; still; in relativistic calculations it is con-
venient to pretend that the photon is a vector particle. De-
coupling of the extra degree of freedom is guaranteed by Ward
identities. We shall use the requirement of the decoupling of
the extra degrees of freedom as the guiding principle for con-
structing the QCD action. In retrospect it will be clear that
this diagrammatic derivation corresponds step by step to the
textbook local gauge invariance arguments. Still, this kind of
derivation has its charms - it shows rather explicitly how the

ghosts eat up the unphysical gluon degrees of freedom, and how

- the Ward identities guarantee their decoupling.

A. Massless vector particles

A massive vector particle is characterized by its mass M
and its polarization e&(k). There are A=1,2,...,d-1 independ-
ent polarizations; in the rest frame kH = (M,5) , SO a vector
particle can point in d-1 directions. Another way to see this
is to observe that k%, the direction of propagation of a free
spinning particle, reduces the symmetry from SO(1,d-1) to

SO(d-1), the rotations in the transverse spacetime directions.

In the rest frame a vector particle points in a direction
¢. The choice of the coordinates is guite arbitrary; one can
choose any d-1 independent basis vectors e, (circular polari-
zations, for example) and express the polarization in this basis

Aa

€. =2 €. e

i =T €48 A,i=1,2,...,4-1T .

To describe the polarizations covariantly, we add a fake d-th
polarization 52 and set 1t equal to zero by the transversality
condition

A=1,2...,d-1; polarization

KMe* (k) =0
H u=1,2...,d: Minkowski (6.1)

This reduces to 82==0 in the rest frame. Being explicitly co-

variant, the transversality condition also describes the d-1



vector polarizations in any frame.

The momentum of a physical massive particle satisfies the
mass—-shell condition:

k?-M2=0 . (6.2)
If the particle is massless
k=0 (6.3)

it is not possible to bring it to a rest frame. The best we can
do is to align it along the lightcone: x* = (g,0,0,...,E). A
physical massless spinning particle is always whizzing along a
spatial direction K==(0,0,...,E), and the symmetry is reduced
from sO(1,d-1) to SO(d-2), the rotations in the transverse space
directions. Hence a massless vector particle has d-2 polariza-
tions. The trouble is that there is no nice way of imposing the

masslessness condition on the polarizations. We can, however,

see that there is one degree of freedom less than in the massive

case, because we can freely vary the polarizations along the
longitudinal direction

eu (k) —reu (k) + kuw (k) , (6.4)

(w(k) arbitrary function) without violating the transversality

condition (6.1). (Remember that k? = 0). For somewhat obscure

historical reasons, this kind of transformation is called a
gauge transformation+.

Under the gauge transformation (6.4) the transition ampli-
tudes pick up extra contributions from the longitudinal bits,

or "gaugeons". We denote gaugeons diagrammatically by

orererrre e - = — k. (6.5)

..I..
The term "gauge symmetry" was introduced by James Joyce in Ulysses (p.490

of the Modern Library 1934 edition). Bloom is standing at the entrance of
a whorehouse "feeling his occiput dubiously with the unparalleled embarass-
ment of a harassed pedlar gauging the symmetry of her peeled pears".
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(The diagrammatic rules are summarized in appendix D.) At first
glance, gaugeons seem like bad news because they change the tran-

sition amplitudes. However, the only thing that matters are the

physical S-matrix elements (5.23), and they are unaffected by

the gaugeons. In QED this follows from the trivial momentum-
conservation identity

K= (@p+¥K-m) - (p-m) . (6.6)

Diagrammatically (cf. appendix D) this is the Ward identity for

the bare electron vertex.

/,I\=A)\- /X . (6.7)

The slashed lines indicate factors of (p-m).

mass-shell by the Dirac equation

They vanish on the

(P-m)u(p) =0 . (6.8)

It is easy to show (next exercise) that all OED diagrams with
gaugeons lead to mass-shell vanishing contributions. The QCD
Ward indenties are not so trivial - their derivation will be
the main subject of this and the next chapter.

Exercise 6.A.1 Derive by iterating (6.6) the QED Ward identity

"
»
1

(p’ -—p)ul“‘1 (p,p’) =els™ (p’) -5 (p)] . (6.9)

Hints

. For the full Green functlons, show .

A g -

Rewrite this for connected Green functions.

2. Show that

.1-.1-’—@_' — '-----H

3. Finally, use the result of exercise 2.H.1 for the 1PI Green
function.
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