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3. PATH INTEGRALS

An inconvenient aspect of the generating functional forma-

~lism is the proliferation of derivatives. Green function legs

are pulled out by taking derivatives with respect to sources,

equation (2.11), so that the Dyson-Schwinger equations are

differential equations. This is a familiar problem. It 1is

usually resolved by finding a transformation (such as Fourier

transform) which diagonalizes the differential operators (for
d

example, maps-a;ﬁ-»ku). For generating functionals such trans-

formation is called a path integral.

Path integrals have many virtues: they make the symmetries
of the theory explicit, they help identify physically dominant
configurations, and they suggest systematic ways of computing
the quantum corrections to the classically dominant configura-
tions (the saddlepoint expansion). Sometimes they can even be
evaluated directly, without resorting to perturbative expansions,

by Monte Carlo methods.

A. A Fourier transform

derivatives

To illustrate the idea, let us get rid of

dJd ;
by going from generating functionals to their thrier trans-
forms:
219] = [La121e1e ™57, (3.1)
d$, dé,
[d$] = B \Bm ' (3.2)
- idg. Zz[{J] =I[d¢]¢i§[¢]ei¢iJi . (3.3}

1

Fields ¢; are dual to sources J, 1n the same sense that momenta
k¥ are dual to space coordinates x". As the indices i, j, ...
can take continuous values, these integrals are functional inte-
grals. Z[¢] can be determined by taking a Fourier transform of
the DS equation (2.15):
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This is again an easy differential equation to solve. The solu-

tion is called the path integral representation of generating
functionals:

2037 = I[d¢]ei(s[¢]+¢iJl) ... (3.4)

In this "derivation" we were rather cavalier about factors of

"i" and gquestions of convergence. As Jens, the serious young

student of field theory, objects, we try one more time.

B. Gaussian integrals

It has probably not escaped your notice that the only inte-
gral an average physicist can do is the Gaussian integral
¢2

J[dq)]e_ﬁ:\/)_t ’ [d¢] - \g% . (3.5]

This is the Gaussian integral in one dimension. In more di-

mensions, Gaussian integrals make their appearance in a slightly
jazzed-up form

J[dcb]e 10:013%3 = Beth . (3.6)

Derivation: Take A, A real symmetric matrix can be
éhagmwdlmxibyaaroéﬂnonfb

(R™*AR) 5 5 = A4 6;

1¥13 °

Vvolurne is rotationally invariant: [d(R¢)]=[d¢]. Diagonalization
ramst'Hxa1nuxnaltx>a;xrdwﬂ:cftmmrdummsnmﬁﬂ_Lnu¥nahs

(3.5):
o .%L_ ,
J\/2'rr = Ay

1
The result can be expressed as a determinant:
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A 0
Det A = Det (R™1AR) = A =10 . .
0 .

Using the invariance of the measure under translation ¢;->¢; +

Jyby;» Wwe can add sources and rederive the generating function-
al (2.23) for the free field theory:

-1
2, [J] =j[d¢]e"*’¢i£‘ij¢j *9i9i - Betae ity (3.7)

The square-root factor is an overall normalization (vacuum
bubbles) which does not contribute to the connected diagrams
and is (in this case) without physical significance. Remember
that the collective index i can take both discrete and contin-

uous values: (3.6) is the definition of the functional Gaussian

integral.

The point of this whole exercise is that Gaussian integrals

give us the desired fields-sources duality:

€¢2 __Ei]i+¢.Ji

-t $.J.
dgi J[d¢]e 2 - J[d¢]¢.e 2 . (3.8)

A R

Now we can go back to our definition of the path integral, and
make it slightly more respectable by introducing a Gaussian
damping factor:

d ed?
slag! I ~ Tt 0iTs

Z[J]l =e [db]le , e-»0, .

-}

This defines the path integral, at least as a formal power

series in ¢ or 4d/dJ:
7[J] = J[dq»]es["’] t o395 (3.9)

irrespective of whether the action is real or imaginary, Or
whether we have statistical or quantum mechanics in mind. In

the above we have absorbed the damping factcr into propagators:

S[6 == % 0, (472 + )¢, +S [4] . (3.10)

i ij
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