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Abstract

In 1967 M.C. Gutzwiller succeeded to derive the semiclassical esgion of the quantum
energy density of systems exhibiting a chaotic Hamiltomignamics in the classical limit.
The result is known as the Gutzwiller trace formula.

The scope of this review is to present in a self-contained reagnt developments in
functional determinant theory allowing to revisit the Guiifer trace formula in the spirit
of field theory.

The field theoretic setup permits to work explicitly at evetgp of the derivation of
the trace formula with invariant quantities of classicalipdic orbits. R. Forman’s theory
of functional determinants of linear, non singular elliptiperators yields the expression
of quantum quadratic fluctuations around classical periodbits directly in terms of the
monodromy matrix of the periodic orbits.

The phase factor associated to quadratic fluctuations, #&dM phase, is shown to be
specified by the Morse index for closed extremals, also knas/iConley and Zehnder
index.

Key words: Semiclassical theories and applications (PACS:03.65 g¥sical and
semiclassical techniques (PACS:11.15.Kc), Path-integedhods (PACS:31.15.Kb).
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Introduction

The Gutzwiller trace formula is the semiclassical exp@ssif the energy density
of a quantum system [81,82,83,84,87,88]. Despite of thénemastical difficulties
with which it is intertwined, it represents the cornerstamiehe present under-
standing of the manifestations of the quasi-stochastigraatf the trajectories of a
generic, chaotic, classical system in the properties ofjttEtum mechanics asso
ciated to it by Bohr’s correspondence principle.

The trace formula states that the energy spectrum of a natimistic quantum sys-
tem is given by a series over all the periodic orbit of the silze system. The dis-
covery of the trace formula revived the intuition of Bohr éammerfeld [28,146]
in the early days of quantum theory that the energy spectfuargeneric quantum
system can be expressed in terms of the invariant propefige periodic orbits
of the corresponding classical system. The derivation®fréice formula is highly
non trivial due to the singular nature of the classical liofiguantum mechanics.
Feynman’s path integrals offer the physically most transparoute to take the
limit. Indeed path integrals were the starting point of Guller's analysis. At the
same time, the very discovery in the late sixties of the tfaomula corresponded
also to a major progress in the understanding of real time ip&gration. Namely
Gutzwiller realised that the known Van Vleck-Pauli-Moegitt 16,126,153] approx-
imation of the semiclassical propagator had to be corrdayetthe introduction of
a further phase factor in correspondence of conjugate pofrthe classical trajec-
tory. The phase factor turned out to be specified by the Mardex foropenex-
tremals [117]. The occurrence of the Morse index in the skssical propagator
is experimentally observable. Namely, the phase of theggator enters the Bohr-
Sommerfeld quantisation condition and its generalisatemthey emerge from the
trace formula.

The role and significance of the propagator phase were fucthgfied by the en-
suing fundamental investigations of the semiclassicail loarried out by Maslov
[108], Voros [155] and Miller [110].

The works of Gutzwiller and Maslov laid also the basis fordegelopment of func-
tional semiclassical methods in field theory. Gutzwilledea to compute atomic
spectra without resorting to the construction of wave fiomd is of great advan-
tage in field theory where state functionals are exceedingtyplicated objects.
Dashen, Hasslacher and Neveu [43,44,45] used the tracelas a paradigm in
their ground-breaking investigations of particle speofréeld theories.

Since the second half of the seventies the kinds of semicisspproximations
underlying the trace formula became familiar tools of tle¢ioal physics. Among
the early applications one can mention the monopole quaitisin the Georgi-
Glashow model by 't Hooft [150] and Polyakov [128] and the elepment the
instanton formalism of Belavin, Polyakov, Schwartz anddkia [17] and 't Hooft
[151].



The semiclassical approximation of path integrals is amitefidimensional imple-
mentation of stationary phase methods. Fluctuations arthenfield configuration
dominating the path integral in the semiclassical limit, avéhin leading order,
generically quadratic. The resulting infinite dimensioRatsnel integral brings
about the exigency of computing tlsguare rootof the determinant of the self-
adjoint operator governing the quadratic fluctuations.sllaunatural mathematical
counterpart of path integral semiclassical methods istteery of functional deter-
minants.

Non-relativistic systems withtrictly positivedefinite kinetic energy offer an intu-
itive framework to understand the mathematical issueswaeen with the evalu-
ation of functional determinants. Since the quantum dyoarman be described by
means ofconfiguration spac@ath integrals, the self-adjoint fluctuation operators
emerging in the semiclassical approximation are of Sturowille type with spec-
trum bounded from below. The finite number of negative eigkres, theMorse
index by fixing the value of the phase of the quadratic path inlegravides a nat-
ural definition of the winding number of the functional detémant in the complex
plane.

An intrinsic interpretation of the result is achieved by exdting the fluctuation op-
erator in a family the elements of which are related by homptoansformations.
Thus, the phase of the functional determinant is specifietheywinding number
of the determinant bundle obtained by connecting the elésrafthe family to a
positive definite operator with zero Morse index. Homotoansformations may
clip the explicit form of the operator as well as the boundagditions obeyed by
its functional domain of definition. A satisfactory theotyosild then be able to re-
solve the dependence of functional determinants versysatfaeneters entering the
operator and the boundary conditions. A powerful result reagntly obtained by
R. Forman [67] for functional determinants of a rather gaheass of elliptic oper-
ators. In the context of non-relativistic quantum mechafierman’s result allows a
particularly compact and intuitive expression of the seéasisical approximation of
path integrals witlgeneralboundary conditions. The result has the further merit to
provide a topological characterisation of extremals ofsieal mechanical action
functionals independently of the adoption of a LagrangiaR@amiltonian formal-
ism. In consequence of Forman’s result, it is possible tabdish the equality of
the functional determinants of the self-adjoint operatmssociated to the second
variation around a classical trajectory in configuratiod phase space. In this lat-
ter case quadratic fluctuations are governed by Dirac tyeeabgrs the spectrum
whereof is unbounded from below and from above. The proaidéx theorems for
such Dirac operators is based on the construction afifamte dimensionaMorse
theory ultimately relying on spectral (Fredholm) flow themrs (see [135,141] and
references therein; the particular case of open extremadspreviously studied in
the physical literature in [101,103,113] ). In the periodase, the resulting index
is named in the mathematical literature after Conley anchdehwho showed its
role in the proof of existence statements for periodic sohs of time periodic
and asymptotically linear Hamiltonians [35]. The equatifjthe functional deter-
minants entails immediately the coincidence of the Contel/Zehnder index with



the Morse index for closed extremals whenever they both eatebined. The result
is proven in the mathematical literature by different, lieggitive methods [3].

The modern theory of functional determinant provides adgrsible insight in the
Gutzwiller trace formula.

In the traditional derivation the resort to path integratis restricted to the con-
struction of the quantum propagator. This is equivalentpjolyang functional de-
terminant theory only to fluctuation operators with Diriehboundary conditions
exploiting a classical result of Gel'fand and Yaglom [72helsemiclassical trace
operation is carried out in a separate step. The re-pareaain invariance [128]
of closed quantum paths contributing to the density of statdroken in the pro-
cess of the stationary phase approximation. In consequelassical periodic or-
bits do not appear at intermediate steps. They are shownlyocharacterise the
final result only after nontrivial algebraic manipulatiomkich require a good deal
of a priori physical insight. More seriously the canonieaddriance of the trace, al-
though physically expected, needs to be proven apart. Tdwd prlies on an highly
non trivial mathematical apparatus developed by Arnoljchj&d investigated in the
physical literature by Littlejohn, Creagh and Robbins [3%,138].

The situation is much simpler if the stationary phase apprakon is carried out
directly on the loop space where trace path integrals happasti Periodic func-
tional determinants completely specify the contributiérmgoadratic fluctuations.
The topological invariance of the phase factors is guaeghby the Morse index
theory forclosedextremals [117]. The topological formulation of Morse irdie-
ory of Bott [29] and Duistermaat [56,40] renders then a pawvailable an arbitrary
number of equivalent prescriptions for the explicit evélbraof the index.

The aim of the present report is to review at a level as eleangmts possible the
general mathematical methods needed for a pure path ihwgpigation of the
Gutzwiller trace formula. The systematic application afgb methods to the en-
ergy density of a non relativistic quantum system in the stmssical limit is it-
self a novelty. The merits of the path integral formulatioa particularly evident
when the Lagrangian of the classical system is invarianeumetra continuous
symmetries beyond time translations. In the path integrahélism, such situa-
tions present no conceptual difference from the case wheerlrgy is the only
conserved quantity. In all cases trace path integrals amdléd in a canonically
invariant way by means of the Faddeev-Popov method [60,61].

The report is organised as follows. In chapter 1 the defimitibthe quantum den-
sity of state is recalled. The expression of the semiclaksigproximation found
by Gutzwiller is then qualitatively discussed. Chapter @uiges on functional de-
terminant theory and Forman'’s identity. Since the motosais the semiclassical
approximation of path integrals, the probabilistic intetation of these latter ones
is recalled in the first section of the chapter. Further detagether with an outline
of the recent rigorous proof [5] of the covariant form of tredipintegral measure
are given in appendix C. Chapter 3 summarises basic resisrse index theory



[117,111]. The emphasis is on explaining the origin of theghectic geometry
and differential topology concepts used in the modern féatan of the theory
and of relevance for physical applications [56,40,141T4k theory is illustrated
with examples. Finally, it is shown how to derive from the geai formalism prac-
tical prescriptions to compute the phase factors intengeim the trace formula.
Chapter 4, the last, deals with implementation of the Faddegpov method for
trace path integrals. The Gutzwiller trace formula is thesvpn to follow immedi-
ately from the application of the method.

The material is expounded in each chapter in an as far ashi®ssilf-consistent
way in order to allow independent reading. The main text mglemented by ap-
pendices summarising basic concepts of stochastic calamd classical mechan-
icS.

The author’s wish is that this may serve the reader intedesdeonly in the Gutz-
willer trace formula but also in understanding methods a@h pategration of gen-
eral use in theoretical physics.

Vi



1 The density of states in quantum mechanics

The aim of the present chapter is to set the scene for themgatiral methods which
will be illustrated in the rest of this work. Some basic cqrtseof non relativistic
guantum dynamics are shortly recalled in order to derive¢hetion between the
density of states and the propagator. The relation is thi@reggoint for the semi-
classical approximations which led Gutzwiller to write lvigce formula. Finally,
the qualitative features and the significance for quanturohaueics of the trace
formula are shortly discussed.

1.1 From the Sclirdinger equation to the energy density

Non relativistic quantum mechanics for a spin-less paatisl governed by the
Schrodinger equation

thopp — Hyp =0
1)

wherey is the wave functionfd the Hamiltonian operator arfdPlanck’s constant.
This latter is a pure number if absolute units are adopted

[Pl =—-[Q] =1 (2)

@ and P being respectively the spatial position and the canornjicalhjugated mo-
mentum variables. The wave functigns in general a complex valued function. It
specifies the probability amplitude to observe the systethamposition() at time

T the modulus squardd|* defines the probability density of the same event (see
for example [53,64,98,139]).

In typical situations a quantum particle of massnteracts with an external poten-
tial U and with a vector potentiad,,. Most often the physical configuration space
9 is modeled by the Euclidean spaké, eventually represented in non Cartesian
coordinates. A slight generalisation is to imagtieto be a Riemann manifold
which is either compact dk¢ and has time independent metyic;. In such a case
the Hamilton operator is

Hw — lgaﬁ<Pa+Aa>(P5+A,@)¢+U¢ (3)

2 m

whereA,, andU are functions of) and eventually” andg*” is the inverse of,, ;.
In (3) the P,’s denote momentum operators in position representatioey &ct on
all objects to their right as covariant derivatives



P,:=—1hV, (4)

and therefore they obey the Leibniz rule

Py A% = (Py A + A® Poy) (5)

The explicit form of the covariant derivative is fixed by thengpatibility condi-
tion with the metric assigned 1. These geometric concepts are recalled in ap-
pendix A.

The Hamilton operator acts on the spdgg of square integrable functions O
such that the Schrodinger equation is self-adjoint witdpeet to the scalar product

() = [ Q9@ (¢ 0)(@.T)
g = det{gas} ©)

If the potentialsd, andU are time independent it is possible to introduce the sta-
tionary Schrodinger equation

EvYp—HvYyrp =0 (7)

describing a quantum phenomenon occurring at a constargyefe For bounded
physical systems, the stationary equation admits solsittonly if the energy as-
sumes discrete, quantised, values. The energy levels ateima case labelled by
a set of integers referred to as quantum numbers.

The imaginary factor appearing in the Schrodinger equdtiy ensures invariance
under time reversal of the dynamics of isolated quantunmesystNevertheless it is
useful to introduce the forward time evolution operator mpgagator. The kernel
K of the propagator is specified by the solution of

(Z haT - H)K<Q7 T‘le T/) =1 6(T - T,>5(Q - Ql> ) T > T’
K(QaT|Q/7T/) =0, T <T

(8)

The propagator is the inverse of the Hamilton operator faradBg boundary con-
ditions in time. The propagator owns its name because itrgsvibe propagation
forward in time of wave functions

UQ.T) = | d'Q\o(@) K(Q.TIQ.T)v(@.T) ©)

If the Hamiltonian is time independent and the energy spetttiscrete the prop-
agator is amenable in the senseldf, to a series over the eigenfunctions of the
stationary Hamilton equation



K@QTIQ\T) =0T =T 3 du(@vp(@) e~ 7 (10)

n

wheref(T — T") is the Heaviside step function

1 it T > T
OT —T') = (11)
0 T <T

Analogous representations exist for continuous and migedtsa.

The energy spectrum of the quantum system can be computedtii® Fourier-
Laplace transform of the propagator. The latter is giverhieyanalytic continuation
in the upper complex energy-plane

.
[T e® k@110 —zz%—‘“m —1G(QIQ, B)

n

Ze@, ImZ > 0 (12)

The result is proportional to the kernel of the Green functi the resolvent of the
time independent problem

(Z -H)GQIQ,2)=6Q~Q), ImZ >0

QI 2) = [ e # KQTIR.0) (13

The poles ofz are located on the real axis and coincide with the energydeie
the quantum system. Using the Plemelj identity [159]

1 1
= P.V.

nlE=ReZ E—

B 1 O(E — Ey) (14)

whereP.V. denotes the integral principal value, the announced ogldietween
the energy density of the system and the tracé' «f found

_ d
o(E) = — lim Im7T 40 \/9(Q)G(0|0, Z‘ (15)

ImZ |0 E=ReZ

Physically (15) means that the energy density is a scalartguan non-relativistic
Quantum Mechanics, independent of the representatioredflilbert space.

Finally, in terms of the propagator the energy density reads



(16)

E=ReZ

p(E) = — lim Im/o AT Lz [ d'0\/9(Q) K(Q,71Q,0)

ImZ |0 v h

1.2 The semiclassical limit and the Gutzwiller trace foranul

The relation between the trace of the propagator and thggensity provides a
way to extract information on the spectrum of a quantum systéthout solving
the stationary Schrodinger equation (7). Indeed the wajos can be regarded as a
more fundamental object than the Schrodinger equationo/ting to Feynman’s
formulation of quantum mechanics [62,64] the propagattnes'sum”

K(@Q.T|Q.,T) ~* 3 & ™%

paths

(17)

extended over all paths in configuration space connecfirig ' in the time in-
terval[7”, T']. Each path contributes with a phase specified by the actiuetifinal
S. The precise meaning of the sum will be recalled later. Hei® interesting to
observe that classical mechanics is recovered in the singalit of / tending to
zero. The limit is directly meaningful in absolute units.general units it will cor-
respond to the vanishing of an overall adimensional paranaditained from the
Planck constant times other invariant quantities of thespdal system.

Bohr’s correspondence principle requires the recoveryasisical mechanics when
h tends to zero while all the other parameters are held fixed.ekstence of the
limit entails the possibility to investigate a range of pberena for which quantum
effects are weak by means of an asymptotic expansion ardendassical limit,
the semiclassical expansion.

Broadly speaking the semiclassical approximation is etgueto apply to the de-
scription of phenomena occurring at energy scales largenmarison to the mean
energy level spacing. Typical examples are encounterebercontext of meso-
scopic physics where the investigation of highly excitedes of atoms as well as
the transport properties of solid-state devices are antemalsemiclassical meth-
ods. However, the domain of applicability extends even &gitound state of cer-
tain classes of quantum systems. The rescaling of the aftiimetional S often
evinces that the smalllimit is equivalent to a small coupling régime of some non-
linear term [34]. This observation has proven to have fachig®y consequences in
the investigation of tunneling phenomena where analytitupeation theory is not
available, both in systems with a finite number (Quantum Meds) and infinite
(Field Theory) number of degree of freedoms. Finally loopansions around a
“vacuum” state can be ordered in powersidii62].

The main result of semiclassical methods is to express goawbservables in
terms of classical objects. One of the striking differenbesnveen classical and



guantum dynamics is that the latter gives a linear evoluaanfor the probability
amplitudes In Classical Mechanics a generic, non-linear, Hamiltoreahibits a
chaotic dynamics: exponential sensitivity to initial cdrahs in bounded regions
leading to stretching and folding in classical phase spac®uantum Mechanics
there is sound evidence that the evolution of time depenalesdrvables, broadly
speaking quantities related to the squared absolute vajreloability amplitudes,
exhibits no chaotic behavior [20]. However, there are maqpeemental evidences
(see [30] for review) supporting the conjecture that thergynspectrum may re-
flect the properties of a classically chaotic motion. Thelahce is motivated by
the correspondence principle. The quantum energy levelsl@etermined by the
existence of eigenfunctions of the Hamilton operator. Theespondence princi-
ple leads to associating them to the invariant sets of thesidal dynamics. For a
generic autonomous system invariant sets are the energgsuthe tori produced
by eventual extra symmetry of the theory and classical geriorbits.

The role of classical invariant sets in quantisation is usid@d in the particular
case of classically integrable systems. In many casesratigigy follows from the
possibility to separate variab[8sA classical Hamiltonian system is separable in
d dimensions if, including the Hamiltonian functi@, there arel independent in-
tegrals of the motion’H, H, ..., Hqs—1) Poisson commuting with each other. The
set of first integral§H, H, ..., Hqs—1) is then said to be in involution. Using these
d first integrals one can introduce action-angles coordingte, ..., Ay, 61, ..., 04)
which are canonical coordinates such that the Hamiltokdan (A, ..., A;) and
the other first integrals become functions of the actionaldes alone. If a phys-
ical system is classically separable, semiclassical igatitn gives a simple rule
for the spectrum of a complete set of observables. Essigritiad is a generalisa-
tion of the Bohr and Sommerfeld rule (see for example [283880]) and it is
known as the Einstein-Brillouin-Keller or EBK quantisatiule [58,92]. The EKB
guantisation predicts the quantisation of the action e®m

A= (n 4 MZ) h (18)
with then;’s andu;'s specifying the set of quantum numbers of the system [98].
The relevance of (18) is mainly conceptual. It establishestearkable connection
between the occurrence of classical periodic orbits witingum spectra. Namely,
the quantised values of the action variables in (18) coaedpo closed curves on
the tori defined by the constants of the motion. From the malcpoint of view,

the Schrodinger equation always separates when theadhpsoblem is separable
[87] rendering thus available the exact expression of tleeggnspectrum.

In generic classical systems there are no constants of themather than the
energy. Moreover it is known that in a chaotic system the remd§ primitive
periodic orbits proliferates exponentially with the perit. The phenomenon has

1A famous counter example is the Toda lattice [89,65] (see [6] for review). The
guantisation of the Toda lattice is investigated in [85,86]



no correspondence in the observed densities of energyslevel

A further difficulty, pointed out by M. Berry, towards the wrdtanding of how
classic chaotic behavior translates into quantum spegs@sdrom the infinite time
limit which is intertwined with both concepts [20,22]. Thery definition of typical
indicators of chaotic behavior like of Ljapunov exponeRényi entropies (see for
example [9,15,42]) and algorithmic complexity [66] reegrinfinite sequences of
data. Such data are provided by the same infinite time limitvtefines invariant
states. However, the correspondence principle does noagies that the classical
limit will be interchangeable with the infinite time limit drcounterexamples are
known [22].

The difficulties listed above stress the relevance of thakilgough achieved in a
series of impressive papers [81,82,83,84] by M. GutzwiNéh the discovery of

the trace formula which now bears his name. Gutzwiller'sdrformula yields a

general semiclassical expression for the quantum energgitgteln the case when
the energy is the only conserved quantity, the trace forrakles the form

p(E) =Y 6(E—E,) =

d‘Qd*p iTo5~ €
5 (E —H(P, I —
/(27rh)d ( (PQ)+1m 3 ﬂh,; VIdet [l — My]]

rYWolB) _, m No

(19)

oEp.p.o.

The semiclassical density of states is seen to comprisedmastof different na-
ture.

The first term is a microcanonical average of the classicatifanian, associated
by Bohr’s correspondence principle to the Hamilton opertite spectrum whereof
is sought. The existence of a similar contribution has be®wk for long time in
atomic physics from the Thomas-Fermi approximation. Therasanonical aver-
age brings in a smooth background dependence of the enengityden E.

The second term, Gutzwiller's genuine achievement, ctmsisa formal series
ranging over all classical primitive periodic orbits of fmperiodl, and their repe-
titionsr. Each orbitis represented in the series by a complex fumctithe energy.
The phase has an essential singularitf proportional to the reduced actidf of
the periodic orbit [98]. The reduced action depends contiisly on the energy and
therefore brings in strong oscillations in the energy dgn$¥he phase also receives
contribution fromX’ (E) a topological invariant of classical orbits usually reéetr
to as the Maslov index. It carries information about thedtrtal stability of the
dynamics linearised around the orbit.

The amplitudes of the orbit contributions depend upon theedoomy matrixvi
of each primitive orbit. The monodromy matrix governs timedr stability in phase
space of the periodic orbit over one period. It enters theetfarmula through the
inverse square root of the absolute value of the determiofalny — M restricted
to the eigendirections transversal to the orbit. Thus, thrdrdution of the more
unstable orbits is exponentially damped



Jlaets (=MD {_ 2 (20)

the decay rate being specified by the Kolmogorov-Sinai egtf@45,9,15,124]:
the sum of the positive Ljapunov exponents of the orbit.

Periodic orbits are therefore seen from the Gutzwillerdrimmula to affect the
spectrum both individually through the essential singtyan # and collectively.
The collective contribution gives rise to major physicadlanathematical difficul-
ties. For fixed values of the energy the number of periodidt @hnfinite. More-
over, in a chaotic system the number of periodic orbits femies exponentially
with the periodl” and growth rate given by the topological entrdpy.

#(periodic orbits) ~ exp{hr T}, T 1 o0 (22)

The topological entropy is the Rényi entropy of order zeir45,9,15,124]. If one
assumes that on average the topological and Kolmogoni-Siriepies are equal,
the diminishing amplitude of orbits of periddis dominated by their proliferation.
Thus, the series consists effectively of terms with exptintiy growing ampli-
tudes. The estimate indicates that a literal interpretatibthe Gutzwiller trace
formula is problematic. Nevertheless experimental anderigal evidences exten-
sively reviewed in [30] support the existence in some matiteral sense of a semi-
classical approximation to the density of states relatatiedrace formula above.
In particular, it has been conjectured that convergence anigg on the basis of
the topological organisation which is often observed indbeurrence of periodic
orbits. Longer orbits should be “shadowed” by shorter oreggelting in this way
mutual compensations [88,41,11]. An up-to-date surveyefdurrent research in
these directions can be found in ref. [42].

The difficulties listed above make the series over periodait @onditionally con-
vergent at best. Nevertheless the existence of a numbeeofasgxamples where
the trace formula has been successfully applied encoutagaeke very seriously
the insight it offers in the quantum behaviour of classicalaotic systems. In the
words of Gutzwiller, “as physicists, we have to make a commpse between logic
and intuition” [87].



2 Quadratic path integrals and functional determinants

Most systems of physical relevance are described by Lagmasgvithstrictly pos-
itive definitekinetic energy. Under such an assumption the quantum pabpag
can be written as a configuration space path integral. Theckessical approx-
imation of quantum observables requires the explicit emadn of quadratic path
integrals. In configuration space the task is equivalenbtoputing the determinant
and the index of an elliptic second order linear differdrbjgerator. The index is
here defined as the number of negative eigenvalues. Forth@wsem reduces the
computation of the functional determinant to that of theedminant of the funda-
mental solution (Poisson map) of the linear homogeneousgmoassociated with
the nullspace of the elliptic operator. The theorem is basethe construction of
homotopy transformations between elliptic operatorsnysihe same positive def-
initeness assumption, Morse theory permits to classifgdiht homotopy classes
and in this way to compute the index.

2.1 Path integrals and Lagrangians

Feynman [62,64] introduced path integrals as fundamebjatts governing quan-
tum dynamics. In non relativistic quantum mechanics Feyrisiatuition has now

evolved into a rigorous mathematical theory [1,32,51].

In the present work quantum mechanical path integrals aneedefrom an ana-

lytic continuation of the Wiener measure. The use of theydwatontinuation has

the advantage to unravel the probabilistic interpretadioifeynman path integrals.
Furthermore it provides a unified formalism for quantum aatistical mechanics.

The connection between the Feynman path integral and theéiNieeasure can
be established starting form partial differential equagioConsider a continuous,
forward-in-time stochastic process with support on theesaonfiguration space
2 where the Schrodinger equation (3) was defined. The fund&ahebject de-
scribing the stochastic process is the conditional prdityalailso called transition
probability density/, to find the process in a point at tinfe given the position
at a previous timg”. By definition K, transforms as a scalar with respect to the
invariant measure @bt under a change of variablés — Q

L A0Ve@KQ.T1Q.7) = [ ¢'QVaQE.QT1Q.T)  (22)

In the presence of a drift field* and of a damping potential, the transition prob-
ability is governed by the covariant Fokker-Planck equatio



0K z [ 1 1
A _ 2= af M o > !
o7 . 2mg Pan—i-ZPav +¢]KZ, VT >T >
5@ — 0
hm/K Q,T|Q,T) = M (23)
TiT 9(Q")

The link between the Fokker-Planck equation and the Sahgéd equation is es-
tablished by an analytical continuation in the parametesually referred to as
Wick rotation. If z is rotated along the unit circle of the complex plane from the
real to the imaginary positive semi-axis, the identificasio

« Aa
vt = —
m
A LAY h
¢ =U+ +2Z—VA“ (24)

recover the Hamilton operator (3). In the second of the (2d iomentum operator
has been replaced with a covariant derivative in order tohasige that it acts only
on the vector potentiall®.

A physically convenient picture of the Fokker-Planck equais achieved by ap-
plying to it with the method of the characteristics. The setorder spatial deriva-
tives in (23) impose the characteristics to be solutionstoflsastic differential
equations [49,96,123,91]. If the metric is time independins possible to write
covariantequations for the characteristics of (23) in the guise ofdy&tem of
Stratonovictstochastic differential equations:

dq(t) = v*(q(t), t) dt + /22 of (t) © dwi(t) ¢ (T') = Q'@
doy(t) = —T7, ( () o (t) © dg”(t) 9°*(Q) = (oo )(T")
ds(t) = —q(t) 224D gt (T =1

(25)

whereq® are the coordinates of the position process whdescribes the damping.
The {o2}{_, form a set of vielbeins parallel transported along a péth) by the
Christoffel symbold™;, specified by the metrig, s (appendix A). The vielbeins
project ont the mcrementdw of a Wiener process (Brownian motion) based on
R

(wi(t)) = 0 Yt <0

Finally the symbob highlights the Stratonovich’s mid-point rule:



op(t+dt)+op(t

(wk(t + dt) — Wi (t)) (27)

The relevant feature of the mid-point discretisation isaoael terms of the order
O(dw?) ~ O(dt) in time differentials [49,91,96,123,147]. Ordinary ditatial
calculus therefore applies to Stratonovich stochastiemdinhtial equations. More
details on the geometric meaning of (25) can be found in [86]appendix B. Here
it is enough to stress that on a Riemann maniftdcovariant characteristics for
the Fokker-Planck equation (22) can be written only by mednsath-dependent
vielbeins.

Thinking in terms of characteristic curves evinces theitivieicontent of the -Kac
formula [49,91,96,123]. The transition probability depss the average over the
Wiener measure of the solutions of (25) connectifigo @ in the time interval

T, T):
9(Q) K-(Q.TIQ.T) = [ Du(w(t)) s(T) 6 (o(T) - Q)
o(T) = 6—%[; dt ¢(q(t),t)
) =q¢"T,Q w) T >t>T (28)

The Wiener measure can be thought to have support on con8np@thsw in
[T",T) with square integrable absolute value. A rigorous and catnghigcussion
can be found in [49]. The exact result

Ww-w’)2
[ Dutwiey = < (29)
w =
wirw " 2n (T 1)}

motivates the representation of the Wiener measure usealttpuntered in the
physical literature [162]

T w2 (1)

Du(w(t)) = Dw(t)e Jr = (30)

This latter suggests to represent the Feynman-Kac formicgatly as a path in-
tegral over the realisations of the position process. Thishge of measure” is
defined by means of the asymptotic expressioi'ofQ), T'| @', T7") for short dis-
placements of the position process from its initial statedéf reasonable smooth-
ness assumptions on the drift and the metric the asympistaistained by substi-
tuting the short time solution of the stochastic system (&f) the Feynman-Kac
equation and yields

9(Q)K.(Q, T'+dt| Q. T")

a
<27r?hdt) el e o(ar) (31)

10



The Lagrangian appearing in the exponential is [5]:

(zh)*R

6m

. m. . zh o
Ez(q,q)=§|Iq—v||2+22¢+7vav — (32)

and it is evaluated along tlgeodesicsupposed unique fait small enough, con-
necting@ to . The notation in (32) means

g = vl® = gaplg—v)* (¢ —v)’
V,u% = 0,0% + Fgﬁvﬁ (33)

with R the curvature scalar defined by the metig. The derivation of (31) is
summarised in appendix B.

The path integral for finite time differences follows by @é&ng /V times the con-
volution integral of short-time kernels

KAQ, T +2dt|Q,T') = (K. » K.)(Q, T +2dt| Q' T')
- /mddQ” J(ONEK.(Q, T +2dt|Q", T'+dt K.(Q", T'+dt|Q), ') (34)

and then taking the limit:

KAQTIQT) = Jim  (K.x.x K)(QTIQ.T
th:TC:O—T’

1 o(T)=Q y T
— 2 [pdtL.
=75 g PVAOLe (35)

The procedure outlined above can be made completely riggiju

The quantum mechanical propagator corresponds to thetamahlyontinuation of
(35) obtained by setting = exp{—:60} and rotatingy from zero tod equalr /2
[125]. The Feynman path integral ferequal to: is

1 o(T)=Q . (T
Iy eh fT, dt L
KQTIQT) = [, PVaa(0) (36)

where the Lagrangian

N My, vh o MR
E(q,q):5||q—v||2—¢+7vav +6—m (37)

with the identifications (24) assumes the form

11



2

£(0,0) = 3 g + o A"~ U+ 5 (39)
In the last two formulae and from now on any reference te dropped. The co-
variant path integral (36), (38) was originally derived bysBDeWitt in ref. [46]
starting from the short time solution of the Scliimger equation. Note that on a
curved manifold the covariant Hamilton operator (3) cqoeexds to a Lagrangian
comprising a curvature term vanishing in the classicaltligee also discussion in
[143]).

For analytical and numerical purposes, it is often convartie interpret the limit
of the iteration procedure (35) as the continuum limit of g N x d lattice
integral [99] with time mesh

T-T

dt =
N

(39)

A direct lattice construction of the quantum propagatorl$® gossible. The La-
grangian in the exponential is recovered ff and g, s are discretised according
to themid-point rule[143]. The discretisation rule reflects the interpolatiathva
differentiable curve, a geodesic, which was used to dehgeshort time transition
probability density (31).

A mid-point discretisation permits to import the rules ofliorary calculus for for-
mal manipulations under path integral sign. The circunttanas early realised
by Feynman [62] by requiring the gauge invariance of the agagpor of a quantum
particle interacting with an electromagnetic field.

From the knowledge of the propagator it is possible to retrtaosthe dynamics of
all relevant observables in quantum mechanics. This isrgéineone by averaging
over the propagator the kernel of a self-adjoint operator

0= [ d'Qd'Q\/9(Q)9(Q) 0Q.Q)KQ.T|Q. T (40)

If the average operation is reabsorbed in the definition efftimctional measure,
more general path integrals are obtained

(0) = /&BDW@@)] i Jdt(E+L0) (41)

To wit, the kernelO(Q’, Q) will not only modify the potential in the original La-
grangian (38) but it will also impose new boundary condisiam its lattice dis-
cretisation. The support of the path integral is then ideatiwith the space of
continuous path® satisfying such boundary conditions. An example of (41hés t
trace of the propagator: settif Q' , Q) = §Y(Q’ — Q) yields

12



TrK = /L . DIvaa(t)] et Jprdet (42)

whereL9t is the loop space, the space of quantum paths closgd,iffi].

2.2 Semiclassical approximation and quadratic path inddgr

The path integral (42) suggests a physically intuitive ymetof the semiclassical
approximation. The leading order should correspond to wumarpaths exploring
the configuration spac®t only in a neighborhood of classical trajectories satisfy-
ing the boundary conditior. Namely, had the path integral support on the set of
at least once differentiable vector fields o9#¢

Cy = {a(t) € CO(T", T, 9m) | (¢(T"),q(T)) € B} (43)

it would be possible to give a literal meaning to the time\daives in the path inte-
gral Lagrangian. Once restricteddg, the path integral concentrates for vanishing
h around those curveg, for which the action is stationary

oS
0= ——
dq*(t)

5 T
= [T / dtc] (44)
(e L09°() T gui(t)

The latter condition is equivalent to requirg to satisfy

oc doc
dg>  dtog~

oL oL
5 a_' — (S a_' — 0 45
q o0 |, U . (45)

for all fluctuationsiq in the tangent space tg,

T,.C = {5q(t) € CO(T',T], T, M) | (6¢(T"),5¢(T)) € B}
B = T, 1)0.1m)P (46)

Thus the representation of quantum paths

q“(t) = () + Vhog®(t) (47)

gives the asymptotic “naive” approximation of the path gned onCy

13



(0) ~ 3 ef e |

{ge0€C} T

Dly@q(t)e I Pt L o(VR)  (48)

dce

the sum being extended to all extremal curve® imAccording to (48) the path
integral to evaluate is governed by the second variatiomdragjan

— —
d.d d, . d

E QQE‘FEL(M—FL(ME—FL,},} 5(]6 (49)

|
D2 L(dq,6q) = 500" {
o8

with L;,, Lyg, Lygs d % d time dependent real matrices obtained from the second
derivatives of the original Lagrangian evaluated alongstta¢éionary trajectory.,.

The arrow over the derivatives indicates that they act tar leét. In particular

the “mass tensort,, is equal to the metric tensor evaluated along the extremal
trajectory

(Lig)ap(t) == mgaplqedt)), Le7(t) = (LyHas(t) (50)
and it is therefore symmetric arstrictly positive definite

Unfortunately the situation is more complicated. Feynmath pntegrals as well
as the Wiener measure concentrate on nowhere differeafpaths. A discussion
of intuitive appeal of such issue is given in appendix 3 of|[4rigorous justi-
fication of the semiclassical approximation requires moath@matical work (see
[51,32] and references therein). However, it turns outfibvahal rules of path inte-
gral calculus leading to the correct quantum theory can teergd from the lattice
representation of path integrals.

On a finite lattice the stationary phase approximation camapied to the La-
grangian (38) or its generalisations discretised accgrttinthe mid-point rule. The
stationary point is seen to correspond to the discrete arersf (45). The inte-
gral over quadratic fluctuations reduces then to a multidstenal Fresnel integral.
Definition and basic properties of Fresnel integrals aralled in appendix G. The
lattice quadratic action is specified by And x N d dimensional symmetric matrix
Ly. The entries oty are read off the mid point discretisation of the path integra
action and from the boundary conditions. If the matrixis non singular a straight-
forward computation performed in appendix G yields

e—zgindeN
N(B) = sep ——— (51)
\DetNLN|

The result requires some explanations. The prefaetpis a complex number de-
pending only on the boundary conditiofisimposed on the lattice.
The symbolDet 5 indicates a redefinition of the determinant. Namely, on ddini

14



lattice with mesh (39) the propagator path integral gets\aradl normalisation
constant:

Nd

me-'3] 2
N = [27rdt h] 52)
TheDet y operation is defined by setting
detLN
DetNLN 0.8 _/\/’]% (53)

the proportionality factor beingv independent and being fixed byys. The re-
definition of the determinant operation is immaterial on d@dimattice but leads
to great simplifications in the continuum limit. Finally tkeesnel integral is seen
to produce a phase factard™ L. Due to the normalisation (52) the phase factor
coincides with theMorse indexof Ly : the number ohegative eigenvaluesf L .

The lattice computation can formally repeated in the cantim by writing the sec-
ond variation of the action in terms of a non-singular, selfeint Sturm-Liouville
operator. In general, evaluated on any two smooth vectatsfgl v, the second
variation defines an infinite dimensional quadratic form

4 d d d
S x /dtga [dt ii gy g ot gy Tl X0 B9
ap

Integration by parts yields

T

BS(EX) = € (VWalfo + [ dt€* Ly’ (55)
where

Lo = Ly Uy, X G 56

ap X’ _£< X)a + ( qq)aBW""( gq)ap X (56)
and

dy”
(VX)a = (LQQ)aﬁE + (Lig)ap X” (57)

is the momentum canonically conjugatedyto The notation is motivated in ap-
pendix E. If the boundary conditio® satisfied by the vector fields are such that
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£ (VX)al1r =0 (58)

the differential operatior specifies an operatdry in IL3,([T”, T], RY) self-adjoint
with respect to the scalar product

(€:x) = 7 _1 T /T dt £ (Lyg)apx” (59)

T/

The associated eigenvalue problem is

(LgXD() = taAS(t), Ly = (Lig)*" Ly
(AT, M(T)) € B, Vn

(60)

Eigenvalues and eigenvectors in (60) are labelled by goantumbers collectively
denoted by:. The operatorl inherits from the kinetic energy of the Lagrangian a
strictly positive prefactor of the highest derivative. Taet together with physically
reasonable smoothness assumptions, permits to apply kreswits in functional
analysis [52,56] insuring that the eigenvalue problem a@slencountable number of
solutions orthonormal with respect to (59) with eigenvalbeunded from below
and accumulating to infinity. The Morse indaxi™ Ly is therefore well defined.
The condition (58) is satisfied by the boundary conditionsoeintered in classi-
cal variational problems encompassed by Morse theory. plesrare Dirichlet,
periodic, anti-periodic or focal boundary conditions. Tin@tary evolution laws
of quantum mechanics renders these examples the onesllyy@oaountered in
semiclassical asymptotics.

The continuum limit of a quadratic path integral can be thaug have support on
the space of square integrable fluctuations:
LA([T,T),RY) :=
{0q(t) € [T, T] x R? | (6¢,6q) < 00, (8¢(T"),6q(T)) € B}  (61)
Any element ofL3,([T”, T], R¢) can be represented as a series over the eigenvectors

0q*(t) = > (An,dq) A5(t) (62)

n

and therefore

§°8(8q,0q) = (6q, Ldq) = (Lsdq,dq) (63)

The path integral measure consists then of the countabtiupr@f Fresnel inte-
grals over the amplitudes\, , 6¢). The normalisation of each integral can be in-
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ferred from the lattice regularisation, compare with apjpe and H.
The above picture of path integration requifes to be non singular:

KeI‘L% = (Z) (64)

The hypothesis is too restrictive for most physical appite and in chapter 4 it
will be shown how it can be loosened. For the rest of the ptedapter, however, it
is supposed to hold. Self-adjoint Sturm-Liouville operatgoverning the evolution
of quantum paths in the neighborhood of a classical trajg@e often referred to
asfluctuation operators

In conclusion the leading order of the semiclassical agprakon reads

<@> = Z en ;’E"‘/L

2
{qcé EC} B

T
D 5 t Zf,dtDﬁc L 65
o DIV 7 0% 5)

The result is exact in the case of quadratic theories. It iestherefore the problem
to evaluate explicitly

—1Z ind” Ly
Dlyab(r) e R (66)

‘/]LQ% ([Tl 7T]7Rd |DetL%‘

This can be done by combining classical Morse theory witmfeor's theory of
functional determinants which will be expounded below.

2.3 Functional determinants: from physics to mathematics

The functional determinant of an infinite dimensional op@raannot be defined as
the product of the eigenvalues. These latter are unbounkthe product would in
general diverge. Fortunately the physical motivation tooduce functional deter-
minants helps to overcome the difficulty. To streamline tb&tion, tensor indices
will be from now on omitted whenever no ambiguity can arise.

Functional determinants come about as a result of the iafiliihensional Gaussian
or Fresnel integrals entailed by quadratic path integeajsation (51) above, shows
that the object really needed in the continuum limibist ;. Det) has chance to
converge in the continuum limit as the result of the mutuadcedlation of two
infinities. This is indeed the case each time it is possiblen&ixe sense of path
integrals according to the definition given in (35). It is rffere appropriate to
identify the functional determinamiet with the continuum limit ofDet y .

Itis a remarkable fact that in all cases when functionalmeiteants exist according
to the definition just given their expression can be as welbvered if another,
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mathematically more satisfactory, definition is adoptadttSdefinition is supplied
by the(-function determinant of Ray and Singer [132].

Consider a non singular linear (partial) differential agger O which is elliptic on
a closed domain of definition. The attribute elliptic ballicaneans here that the
scalar or tensor coefficient of the highest derivative ietyrdifferent from zero.
The zeta function oD is the series

C(s)= > l;*=TrO™", Res > 0 (67)

¢; € SpO

summing the eigenvalues 6f. The symbolIr in bold characters betokens the ab-
stract trace operation an. The series is convergent fBe s large enough. Since a
finite dimensional square matrix with non-zero eigenvalues satisfies the equality

d
IndetO = — —TrO™° (68)
ds “—0
with now Tr the finite dimensional trace operation, it is tempting tovsse
d _
InDetO := — —TrO~° (69)
ds s—0

AlthoughTr O~ does not converge fde s near zero, the definition is consistent.
Theorems of Seely insure that, under general conditi@ng)° can be analyti-
cally continued to a meromorphic function of the entire ctex-plane which is
holomorphic in the origin.

The analytic continuation is most conveniently achievediigans of the Mellin
transform of the fundamental solution of

(8U—I—O)f:0
flu=o =1 (70)

If O is reasonably smooth

-5 ._ L > s—1 —uO
()'_NQA duw e (71)

is well defined and therefore

1 [e’)
Tr *:——/ duwt " Tre "0 72
@) s Jo uu e (72)

can be used to define functional determinants.
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The definition through the-function has the advantage to provide with a precise
mathematical meaning the manipulations necessary to cenipactional deter-
minants without diagonalising the operator. The idea is tilewfunctional deter-
minants in terms of quantities of lower functional dimemsitity. This is possible

if the elliptic operatorO is thought as a member of a one parameter, here denoted
by 7, family of elliptic operatorsD, acting on the same functional domain. As
varies from, sayr, to ; the elements of the family are smoothly deformed from
0,, to O,,. Along the deformation, functional determinants satisfy tifferential
equation

0. nDet O, = Tr{(0,0,) 07"} (73)

introduced by Feynman in [63]. On the right hand side theedfitial operator
0,0, acts on the Green functiof;!. The differential equation translates into a
useful prescription to compuiget O if the initial conditionDet O, is known. This

is never a problem because there are examples of exactlgldelguadratic path
integrals from which an initial condition can be read off.efé are instead two
other difficulties with the functional determinant flow etjoa (73).

The first problem is related to the exact meaning of the trpesation. The discus-
sion can be made more concrete for the family of Sturm-Lilbeeiperators acting
as

(L) =
(e} d2 ay/ ] 1 d any .
_65ﬁ_l—qq( qu_‘_quyT_quyT)-yﬁE_‘_qu (qu;,r— qu,’T)’Yﬁ (74)
with
Sp{L¢qt > 0 vVt e [T,T)] (75)

on square integrable vector fields satisfying some bourmtanglitions® in [1”, T'].
Note that the tensor prefactor of the second order derwati(74) isT indepen-
dent. At variance with the previous section, it is convenhterioosen for a while
the hypothesis of self-adjointness. A broader class oh$4uouville operatord.
is encompassed if the boundary conditions are describedoayr,aot necessarily
unique of2d x 2d matrices(); , )») such that the Green functiods;," satisfy

(L2 () (Ll )3 ) = 8t — 1) 5
Ly (T, 1) Ly (T.1)

—0 (76)
(O L' )T, ) (0L ) (T, 1)

Vi

The simplest example is represented by Cauchy boundarytmomsl:
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Vi = lag
Yo =0 (77)

Cauchy boundary conditions will prove useful in what folkow
By inspection of (76) the derivative of the Green functiosplays a discontinuity
on the diagonal atequalt’. In Cauchy'’s case in particular

i Lk (1,1 = (78)
An elliptic operator is said to be trace class when the aasetsingularity does not
affect the determinant flow. Concretely Sturm-LiouvilleeogtorsLy . are trace
class whenl,,, L;,.. are equal to zero. Physically this is the case of quadratic
fluctuations of a kinetic plus potential Lagrangian in flabsp. However, if the
metric becomes nontrivial as in non Cartesian coordinatélsaovector potential
sets in, Feynman'’s equation in the above form is ill-defiiedhe physical litera-
ture the problem is usually solved by coming back to the ttteckaregularisation

of the path integral and showing that the singular terms dasln the continuum
limit, see for example [13]. The cancellation can be seegctly on the continuum

in a more general, boundary condition independent framlewae to R. Forman
[67]. He proved that for a family of elliptiordinary differentialoperators of:-th
order the correct definition of the trace from the analyta@aitinuation (71) is

d; nDetO; = — lim Tr 9,0, 0~* =

T
[T {30 i 0.0-(105! (1,¢) + [1 = 3(0)] ap 9.0, (1)0F, ¢, ) |

(79)

A

Ly, if nis even
t) = { :

A(t) if nis odd
The projector weights the contribution to the trace of the limits from ab@nd
below. For configuration space fluctuation operatorsn is equal to two. For gen-
eral odd order differential operators, the projectéras a complicated expression.
Examples of physical relevance of odd order differentiarapors are Dirac ones
with n equal one describing quadratic fluctuations in phase sd&3:162]. For-
tunately, simplifications occur in that case sidiceeduces to zero or the identity
when the matrix prefactor of the highest derivativeins the identity. The proof
of (79) is rather technical, the interested reader is reteto [67] for details.
Cauchy boundary conditions provide the simplest appbcadf Feynman’s deter-
minant flow equation (74). The family of Sturm-Liouville apgors (74) is seen to
share the same functional determinant if Cauchy boundarglitons are imposed

DetLe, 1 /7 4
etlesn 1 dtTe[(0r Lygir — - LYy ) Lgd] =0 (80)

In ———= = . -
DetLe -, 2 Jn T T AT ) Tag
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The result will be exploited to construct explicitly funatial determinants with
general boundary conditions.

The second difficulty arising from (73) concerns the clasaifon of the admissible
smooth deformations or, in the mathematical jargon, hopyotansformations.
Although the problem is general the discussion will focugtua Sturm-Liouville
family (74) with self-adjointboundary condition®. The smooth dependence of
the spectrum ofLy . on 7 may produce a divergence of the Green function if a
zero eigenvalue is crossed during the deformation. Diverge are avoided if the
homotopy connects operators having the same Morse indexLy. The loos-
ening of the condition leads to classify the homotopy tramsftions by means
of the Morse indices of the operators they connect. Namieé/Morse index can
be interpreted as theinding numberof the phase of the functional determinant
Det Ly .. Two functional determinants are then said to pertain tcstrae homo-
topy class if they have the same winding number. On the otted hf in principle
the knowledge of the index is required in order to constructfional determinants
from (73) it is also possible to proceed in the opposite dioec In chapter 3 it will
be shown that if a self-adjoint Sturm-Liouville operatog is smoothly deformed
by the introduction of a positive definite, self-adjoint jpgbation, its Morse index
can only decrease or remain constant. Hence the number afiveegigenvalues is
also specified by number of zeroes, counted with their degéna, encountered
by the determinant as the coupling constant of the posigfmite perturbation is
increased until the overall Sturm-Liouville operator bees positive definite.

For the moment the knowledge of the index will be assumed hadattention
focused on the derivation of the explicit expression of fioral determinants of
Sturm-Liouville operators.

2.4 Forman’s identity

Forman’s identity [67] relates the ratio of the functionatefminants of an elliptic
operatorO with boundary condition§3; and®B, to the determinant of the Pois-
son map ofD. The Poisson map is the fundamental solution of the homagene
problem associated 10. Explicitly Forman’s identity reads

DetO%Q T

In— %27
0 nDetOsBl T

= 87111 det QT(iB_g, gl) (81)

G-(B,,B,) is the Poisson map applied to boundary conditi@ngiven by the lin-
ear complement dB; and projected on the linear complem&ht of the boundary
conditionsB,.

Although far more general, 's identity will be now derived f8turm- operators.
The proof goes along the same lines of the general case withdvantage that all
operations can be given an explicit expression.
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The functional determinant for Cauchy boundary conditiemnpts to write a more
general determinant flow equation

DetL% s
n =
DetLQT

[ [ atatste — ) T {(@L)0) [l 0) ~ Leht.0)]} ©2)

!/ T/

0-1

The above equation is well defined. The difference of two Gfeactions

L. (t) |La, (1) — Lk (t,t)] =0 (83)

is solution of the Poisson homogeneous problerfi= 0 and therefore does not
have singularities on the diagonal. There is a further agpnin writing (82): the
integral on the right hand side can be performed exactly.prbef requires though
to reformulate the Green function problem as a first orderiorid-dimensions.
This is possible in consequence of the identity

/ S st — ) Te {(0:L,)(t) [Lag', (t,) — Lk (4]} =

T TT
/ ], dtdt’ 6(t —)Tx {@:P) @) [Pl () = Pei(t, )]} (84)
where
g L — g
Pr = -1 i d =1/ ] T (85)
qu(qu;T_ Léq;T) _E_qu( L44+LQQ%7_Léq;T)

andPy' (t, 1), P¢(t, t') are the Green functions in tangent space:

P-(t) Py (t,1) = 0(t — 1) laq t,t e [T, T
NPy (T 1) + Vo Py (T, ) = 0 (86)

The statement follows by a direct computation.

Note that according to (86) the boundary conditiéhare “transversal” to the ma-
trices)!, Vi. These latter describe the linear compleniBrif %8 in a sense which
will be enunciated more precisely in section 3.1.

The advantage of working in the tangent space is that thetiegsaof the mo-
tion and the boundary conditions can be treated on the saotiedo To wit, the
homogeneous problem associated to (85) is
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Po(t) §-(t, 1) = 0
S (') = lag (87)

Hence, the Green function fulfilling Cauchy boundary candit (77) is

Pt t) = =3 . )0t —1t)

. 1 t>7t
Ot —1t') = (88)
0 t<t

By (87), (88) the Poisson m&p, (¢, t') of P. is seen to obey boundary conditions
linearly complementary to Cauchy’s.

Green functions satisfying boundary conditidsare reducible to a linear combi-
nation of the Cauchy Green function with a particular solntf the homogeneous
equation

P (t.t) = Peh(t,t) +§-(t,T) U(T', 1) (89)

since the compatibility condition

[yl +y2 ST(T7T/)] \II(Tlut/) = _yQ PQ_;’(T? t/> (90)

admits a unique solution fob (7”,¢') each timePgy , does not have zero modes.
Thus the integrand in (84) can be rewritten as

Tr {(0-Pr) () §-(t, T")W(T", ')}

- {@Tn)(t) 5 (0T

Vi +08:(T, 1)

The derivative ofP, along the homotopy can be eliminated using the identity

Vo P (T, t’)} (91)

O [P () F-(t,T)] = 0 (92)

Furthermore, the circular symmetry of the trace allows tenr

1
Vi + 8- (1, 1)

w{ P () P05 1)

T {n(t) 0.3.)(t,T") Y PUT, t/)} _

1
T VT, T) 2} (93)

An integration by parts and thefunction in the integrand of (84) are then used to
carry over frony to ¢’ the derivatives inP,.. The explicit form of the Cauchy Green
function (88) substantiates the otherwise formally obsiequality
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Peb(TYPAAY) = 0(T =) lag (94)

Substituting the last equation in (84) one obtains

DetL% s
n =
DetLQT

0-1

1
yl +y2§T(T7T/)

/ e s(t — 08T — )T {

s y? (8757')(157 Tl)} (95)
Therefore, provided the homotopy transformation does nobenter zero modes,
theForman’s identity(81) becomes:

DetLoyr, _ det()r + 358, (T,T")] (96)
DetL% 70 det [)71 + y? %To (T ) T,)]

2.5 Applications of the Forman identity

The physical content of Forman’s identity is to assert thatleading contribution
of quantum fluctuations to the semiclassical expansion teraened by the lin-

earised classical dynamics around the stationary trajed@anonical covariance
of classical mechanics is better displayed in phase spdmes, Tt is convenient to
rephrase Forman'’s identity in terms of phase space quesntiti

The linearised tangent space fI§{I", 7") is connected by a linear transformation
to the lineariseghhase spacéow F(7",7"):

F(t.t) = S(t) §(t, )T (¢) (97)
where the matrixt(t) is defined in appendix E.1.3. The linear phase space flow

F(T,T") is specified by the Poisson brackets (appendix E) of the fldutisa of
the first variation

FT.,T') = {4ee(T) ; pee(T") }pob. —1{qee(T) , qee(T") }rob, (98)

{pee(T) ,pee(T") }pob. —{pee(T) , qee(T") Yo,

whereq., andp,, are classical positions and momenta and each bracket symbol
cally represents d x d set of relations.

In terms of phase space quantities the Sturm-Liouville j@mols restated as
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(L)) = Ly Ma(t), T <t<T

(T An(T)
=0 (99)
(VAT (VA (T)
while Forman'’s identity becomes
DetLg([T',T]) = spdet]Yy + Yo F(T,T")] (100)

If the homotopy transformation takes place in the space Ibfasoint operators,
the prefactoesy can be evaluated on any reference operatgr,

 DetLsg -, ([T", T]) e'mnd™ b —ind "L 7))
- det [Yl + Y5 FTO(T ) T/)]

»p (101)
by keeping track of the change of the Morse index along thedtopy path. The
situation is illustrated by some examples.

2.5.1 Dirichlet boundary conditions

boundary conditions are the most common in applicationgyTdre obeyed by
fluctuations along a classical trajectory connectin@th 7' two assigned positions
in space. Therefore they are associated to the semiclhapigeoximation of the
propagator. In the Dirichlet case the phase space matnxrpéd9) can be chosen
as

0 0

(102)
l 0
The functional determinant is therefore

Det Lpi ([T",T)) = soir. det[—{qee(T) , qee(T") }rb] (103)

If the LagrangianC describes a single particle with massin flat space the pro-
portionality constant is most conveniently evaluated ffome particle motion. The
formulae given in appendix H give in one dimension

e oy [27R(T =T
e N e O
—{q2(T) (T}, = (#) 5P (104)
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Quantum fluctuations for free particle motion are quadradit positive definite
spectrum. Therefore the Morse index is equal to zero. Wheh sudormation is
combined with (104) one finally gets into

DetLDir_([T', T]) =
(2 T h)d el [ind*LDir_([TQT})—i-%] | det{ch(T) 7 qCé(T/)}P.b.| (105)

The result is usually presented in a slightly different fofirhe action integral eval-
uated alongy., becomes a function of the initial and final point of the trégeg

SQ,T,Q,T") = /TT dt L(qee , e » 1) (106)

The action with the above functional dependence is oftegrmed to as Hamilton
principal function. The partial derivatives &f(Q,T; ', T") are proven to fulfill
[7,98,122]

oS
Pa = pcé,a(T) - 8@0‘
, oS
P = pea(T) = _0Q’O‘ (107)

The total differential of the initial momenta with respeotthe positions at time
interval ends is obtained from the second derivatives ofHaeilton principal
function

0”8
Q' BIQ’

9?8
N — _ g~ =~ 1P
dpet.alT") = = Q" 5o5mmrs = dQ

The Poisson bracke{g® (T') , ¢°,(T") }p.,. yield the displacement of the final posi-
tion ¢%,(7") versus a change of the initial momentwmg(7”) while all other initial
momenta and positions are kept fixed. This is exactly the sentiee inverse of the
differential (108) when thé€)’*’s are held constant. It follows

(108)

det S = ! (209)
9QPoQ" > |det[{qee(T) , qee(T") }r b |
Thus the familiar form of the semiclassical propagator ®owered
K(Q,T|Q,\T') =
S@QT.Q\T) . x i g / d
02 S 62 S 2 i T [md Lpir. ([T ,T})—i-g]
J det 90700 LEE (110)
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The semiclassical propagator is named after Van Vleck [1Balli [126] and
DeWitt-Morette [116] who rediscovered it in independenhicibutions. The re-
lation with functional determinants with Dirichlet bounglaconditions was first
proven by Gel'fand and Yaglom [72]. Finally the completenfoof the semiclassi-
cal approximation featuring the Morse index for open extailsns due to Gutzwil-
ler.

The expression of the semiclassical propagator in curvedespis also known
[46,102]. In order to recover it from Forman’s theorem onedseto evaluate the
functional determinant in a reference case. The free parsigpplies again the
needed information although more work is demanded in coisgaro the flat
space counterpart. The interested reader can find the defaihe computation
in appendix 9.2 of ref. [99]. It turns out that the resultingpp€tional determinant
predicts the semiclassical asymptotics

K(Q,T|Q,T') =
5 i SQIQT) i x find~ Ly, ([7,7])+ 4]
J det ‘Zs,a ‘ . » (111)
9QrIQ 9(Q)[%[2 hm]42|g(Q")]x

The result coincides with De Witt's computation of the quentpropagator [46]
holding for arbitrary time separations. For small times K& se index is zero as
will be discussed in chapter 3. Moreover for small times amdlsspatial separa-
tions [50,143] the equality holds

(T—T’)g 1 Mdet 2s | 1
m ) g} 0Q70Q"* ||g(Q")]3

=14 8@ gy - @y + (a0 (112)
in the limit

O(dT) ~ 0(Q — Q')* | 0 (113)

Thus the small time expansion of section 2.1 is recoveré&dsfidentified with the
action specified by the classical pattset to zero, of the Lagrangian (38).

2.5.2 Periodic Boundary conditions

Periodic boundary conditions are those of interest foretriirmulae. They are
enforced by the choice

Yi = =Yy = lgy (114)
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Forman'’s identity yields

DetLper ([T, T]) = s2per. det [lag — F(T, T")] (115)

If the Sturm-Liouville operator arises from the second aton evaluated on a
prime periodic trajectory, the time differende, = T — T" is the period of the
orbit. The attribute prime means that the trajectory hasdednts path along the
orbit only once. The matrix

M := F(T,T") (116)

is referred to as the monodromy matrix. The stability of amyetctory on the orbit

is governed by the saniM [95,71,115,7,122]. A short summary of the properties of
the monodromy is provided in appendix E.2.2. As it will bewhan chapter 4, the
monodromy matrix acquires an eigenvalue and a generaligedvalue equal to
one in correspondence of any one parameter continuous slyynafi¢he classical
trajectory. The functional determinant (115) is therefeezo. Forman’s identity
can be applied generically only to Sturm-Liouville operatstemming from non-
autonomous Lagrangian.

The argument does not apply to oscillators. In a genericitimesval 77, T, stable
oscillators do not admit classical periodic orbits. In camsence the functional
determinant is non zero for it receives contribution onlygaantum fluctuations.
The Lagrangian of a one dimensional unstable oscillatolsis @ positive definite
guadratic form

. 2.2
c= M e (117)

so the Morse index is equal to zero. The unstable oscillatriges the reference
case in flat spaces wherefrom,.,. can be determined. By comparison with the
path integral formulae of appendix H:

Det [— o7 + uﬂ] o, ([T, T]) =4 sinh? (w d _2 ! )

T-T
det [l, — F(T,T")] = — 4 sinh? (w 5 )

itis found
Det Lpe (T, T") = e ™04 Leer. (1D | det Iy — F(T, T")] | (118)
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2.5.3 Smooth deformation of the boundary conditions

A final example of applications of the Forman identity is tlagiation of functional
determinants under rotations of the boundary conditiofi [6

Under a rotation of phase space such that

z® () =R(t) z(t) (119)

the linear flow transforms as

FR(T,T") = R"Y(T)F(T,T") R(T")

Accordingly, the functional determinant of (99) obeys

Det L& (17, 7)) det [Y1 + Yo FR(T, T")]
DetLy([T',T])  det[Yy+ Yo F(T,T")]

(120)
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3 Intersection forms and Morse index theorems

The construction of functional determinants by means ohRen’s equation (73)
requires an homotopy classification of the determinant leurid the case of self-
adjoint Sturm-Liouville operators the Morse index proadiee classification.

Morse indices are topological invariants. The circumstagiges great freedom in
their evaluation. The classical index theory devised by3é4dd17,111] provides
the explicit expressions of the indices associategeioeralself-adjoint boundary
conditions. The “Sturm intersection theory” introduced Bgtt [29] and further
refined by Duistermaat [56] and Salamon and Robbin [134]eadithe equivalence
of Morse theory with the topological characterisation (M&sndex theory) of
the structural stability of solutions of classical vareial problems introduced by
Maslov [108] and Arnol'd [8].

The “Sturm intersection theory” focuses on the propertfdb® eigenvalue (Fred-
holm) flow [135] of self-adjoint Sturm-Liouville operatar§he scope of this chap-
ter is to provide an elementary review of the intersecti@otly. The point of view
is complementary to one adopted in the literature on the iUz trace formula
to (see for example [105,106,39,138]) where Maslov indazesdeduced from the
properties of metaplectic operators.

3.1 Morse index and symplectic geometry

Let L% ([T, T], R?) be the space of square integrable vector field&‘nx [T, T]
satisfying some assigned boundary conditighsTl he differential operation

d? L d B :

L:=— Idﬁ - I—qql( de + qu;T - ijqn—)% + I—qql (qu;T - qu;r) (121)
acting onlL3,([T",T],R¢) defines a Sturm-Liouville operatdt,s. The operator
is self-adjoint with respect to the scalar product (59) if &l &, x belonging to
L3,([T",T],RY) the boundary form on the right hand side of the equality

(X, Lu &) = (L&x. &) — ((VOIT + (VX)) [E (122)

vanishes. All Sturm-Liouville operatorsy considered in this chapter will satisfy
the condition.

In ref. [29] R. Bott restated the requirement of vanishingrmary form in a way
explicitly invariant under linear canonical transforneeis. He observed that the
boundary form can be recast as the difference of skew prediiche phase space
lifts of the vector fields, x:
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— (VO + (€VN)(1) = (AT o xJ Ao €)(1), t=T.T (123)

wherel] is the symplectic pseudo-metric in Darboux coordinatepéagix E),

J— {0 'd] (124)
I 0

andA denotes the lift operation. This latter associates to cardigpn space vector
fields their canonical momenta. For a linear theory it means

Aoy=| ¥ (125)
Vx
HenceLsy is self-adjoint if for all¢, y in L3, ([T7, T], RY)
0= (AToxJAo&)T) — (AToxJAo&)(T) (126)

The requirement is fulfilled if the boundary conditioBsadmit the representation

ANoy(Th =7
{ MIV=20 g 77, 707, € R¥ x R¥(127)

AOX(T) :Zgy

for somey in R?? and matricesZ, , Z,) independent of the interval end tim&s
T. In the literature the matric€¥, , Z,) are often referred to as Bott's Hermitian
pair.

Bott pairs characterise geometrically self-adjoint baamnycconditionss.

A Sturm-Liouville problem ind dimensions is completely specified by linearly
independent boundary conditions. If they are self-adjdimty define inR*? the
2d-dimensional subspace

le'

2T

B={yecR¥ y= { ] 2112, =71)2,, 71,7, € R* x R*} (128)

Furthermore, inR*¢ the condition (126) is equivalent to the vanishing of the non
degenerate symplectic forhobtained by evaluatinds® (—J) on any two elements
of B
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J 0
0 —J

Ao x(T) T
Ao x(T)

Ao g(T")
Ao &(T)

€)= (129)

The maximal number of linear independent vectors annihgad non degenerate
symplectic form like (129) is exactlyd in a4d-dimensional space [7]. A manifold
is calledLagrangianif it contains the maximal number of linear independent vec-
tors pairwise annihilating a symplectic form. HeriBeis a Lagrangian manifold,
specifically an hyper-plane, &* with respect ta.

In the enunciation of Forman’s theorem, the boundary camtstassociated thg
were imposed in the form

Y1 Ao M(T") +Ya Ao A (T) =0 (130)

for any eigenvectok, of Ly. The geometrical meaning is a transversality condition
in R*

.I>
YIx

Ygx Zyy

Z
{ ly] ~0, Vi,y € R (131)

In other words, the matrix paiiv!, Y1) describes a linear complement of the bound-
ary conditionss.

Also the zero modes df» admit a symplectic geometry characterisation. The sym-
plectic form3 vanishes on vectors framed by the graph

GrSy =" Vy € R (132)
Sy
of any symplectic matri$

StJs = J (133)

Any flow F(¢, T") solving a linear Hamiltonian system draws a curve in the sym-
plectic groupSp(2d) (appendix E). In particulaF(¢,7") can be identified as the
phase space flow associated to Badinear independent solutionst) of the ho-
mogeneous problem

0
(t, T (T") + F§(¢, T') (V) (1), a,f=1,..,d (134)

(Lg)*(t)
() =F

@R
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In variational problems the(t)’s are called Jacobi fields. The existence of zero
modes ofLy corresponds to a hon empty intersection between the Lagmang
manifolds®B andGrF(7',7"). By Forman’s theorem and the transversality relation
(131), intersections are analytically characterised kyettuivalence

B N GF(T,T") # 0 & det[Y1 + Yo F(T,7")] =0 (135)

The description of zero modes as intersection of Lagrangianifolds plays a
major role in the explicit construction of Morse indices.

The semiclassical approximation brings about Sturm-Likkeieperators such that

holds true. The equality offers a direct way to compute theddandex ofLy
[29,56]. The bilinear form can be rewritten using canoninaimenta

2 _ /" by -1 NI
4 S(ng) = /T’ dt [(VX) quv§+X (qu szququqK} (137)

The replacement

Ly, = Lyg+7U (138)
renders the quadratic form
T
98:(6,6) = [ dt [(VOTLIVE+€ Ly +7U ~ L Ll ] (239)

positive definite for values of the coupling constantarge enough provided

andL,,; arestrictly positive definitelf the boundary condition® are non-local
U should be chosen such thag , remains well defined. For example, fify is

T — T’-periodic then any matrix time dependent matsisuch that

Ut+T-T)=U(t) (140)
is admissible.
The Morse index receives contribution each time the deftongath encoun-

ters a Sturm-LiouvilleLy . with zero modes. Since an arbitrary vector fi€lth
L3([T",T],RY) is independent of

0,025,(€,€) = (£,U€) > 0 (141)
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and the index decreases monotonically for increasing

Itis instructive to see how (141) comes about by lookingatlyeat the eigenvectors
of L. For the sake of the notation, the parametric dependengeadbn equal to
zero is from now on omitted. The derivative of an eigenvaluég , reads

aﬂ-gn T <8T)\7L T L%,T)\n ,T) + <)\n T U )\n ,T) + <)\n T L%,Taﬂ-)\n ,T> (142)

where),, , denotes the eigenvector

(L +An ) (t) =y 2 An (1), (Ao X, (T, Ao\, -(T)) € B (143)

A double integration by parts in the last addend in (142) gjive

aﬂ-gn T gn ,Taﬂ-<)\n T )\n ,T) + <)\n T U)\n ,T> + :(aﬂ-)\n T )\n ,T) (144)

The first term is zero because eigenvectors are normalisedea@t everyr, the
third term vanishes because for althe eigenvectors satisfy the boundary condi-
tions. The final result is familiar in quantum mechanics:

a’rgn T <)\n T U)\n ,T> (145)

Thus the Morse index af g coincides with the number of zero modes encountered
during the deformation for larger than zero; the contribution atequal to zero
would add to the Morse index the nullity éfy.

In practice the prescription requires to solve for arbytrathe linear Hamiltonian
system

dF,
Jﬁ(t,T,) - HT(t) FT(t,T,)
FT(Tlv T/) = I2d (146)
with
- e
" e Lt
qq —99 qq

The flow generates the family of linear Lagrangian manifdlds, (7', 7") of R,
The intersections wittB ~ (Z, , Z,) yield the index:
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ind~ Les([T",T]) = 3 nul {Zy, — F.(T,T")Z,}
{r>0|BNGrF(T,T7) }
— 3 nul {Y; + Y,F(T,T")} (148)
{r>0|BNGrF-(T,7T") }

In the last row the transversality relation (131) has beeus
The prescription is illustrated by the following elemegtaxample.

3.1.1 Example: Morse index of the harmonic oscillator

The Sturm-Liouville operator paired with a one dimensidraimonic oscillator of
massm acts on functions i ([7”, T], R9) as

d2
LT:—mﬁ—mwz(l—T) (149)
As above;r equal zero corresponds to the Sturm-Liouville operatoiMioese in-
dex whereof is needed. Atequal unity a semi positive definite operator is certainly
attained. For any the classical equations of the motion admit the phase spgaee r
resentation

U -

with fundamental solution

cos(wy/1—T7t) 7511:,%\/20 (151)
—mwy/1— 7 sin(wy/1 —7t) cos(wy/1 —7t)

The Morse index can be now computed using Forman’s theoremsiGer

F’T(t7 0) = |:

i Dirichlet boundary conditions if), 7).
By (105) the absolute value of the functional determinant is

sin(w+1—7T)]

Det Loy ([0, 7)) = 27 1.

152
mwy1l—1 ( )
The index is given by the number of zeroes foranging in|0, 1]. Zeroes
occur for
wVl—7T=Fkmr>0 (153)
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and are non degenerate. Hence the result of the path intagrgdutation of
appendix H.0.5 is recovered:

. T
ind~ Loy ([0, 7]) = int {“’—] (154)
m
The integer part function “int” is defined as the largestgeteless or equal to
the argument.
i Periodic boundary conditions ifd, 7.
The absolute value of the functional determinant is

V1—71T
IDet Lper. ([0, T])| = 4 sin? (%) (155)
and vanishes for
wV1l—7T=2km >0 (156)

The zeroes are doubly degenerate butequal to one where the degeneration
is single. Hence, the result of the computation of appendix3s recovered:

ind~ Lpe ([0, 7]) = 1 + 2int [g—T] (157)

™

3.2 Classical Morse index theory

The relevance of the prescription given in the previousee@s mainly conceptual.
Classical Morse theory [117] permits a more direct evatunatif the index.

In chapter IV of ref. [117] Morse devises a general formalisncompassing all
self-adjoint Sturm-Liouville operators. Here instead #itention is restricted to
self-adjoint boundary conditions such that:

The evaluation of the index is accomplished first for localifiary conditions.
The paradigm is represented by Dirichlet boundary conuatidhe Morse index
for Dirichlet boundary conditions (open extremals) is ded here by adapting the
method of ref.’s [103,113]. The result is then exploited tmstruct the indices
associated to non local boundary conditions. The procedwuEremplified by the
periodic case.

3.2.1 Dirichlet and local boundary conditions

Dirichlet boundary conditions are local. Locality enfoscgelf-adjointness in con-
sequence of the independent vanishing of the two skew ptedu(l22). Therefore
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any self-adjoint operataky acting onlL% ([T, T], R?) can be seen as member of
a family of operatord. . parametrised by the length of the time interi&, 7].
Consequently, varying generates a spectral flow.

For times short enough, Dirichlet boundary conditions egnithe bilinear form
(158) positive definite

dét d ,
(€0 Do ey = PSran €.~ (5 Lig ) () dt > 0(159)
asl,, is strictly positive definite by assumption.

The spectral flow encounters a zero mode each time a Jacabi(1ig4) fulfills
Dirichlet boundary conditions iff”, 7]. The direction of the crossing is given by

1 T
0, o= /dt)\T Low 0.\, (¢ 160
Ol rlen =0 = ——5 | dt(A, - Lpi.0 ,)()ZMZO (160)

all other derivatives vanishing on a zero mode. The intdgealises by means of

a double integration by parts. The statement is proven bgrelyg) that on the
boundary of the intervdll”, 7] any eigenvector acquires, beside the parametric, a
functional dependence an

A (T =0
)\n ,7'(7-) =0 (161)

The total differential with respect tois zero:

d\p 7 o N

3y L) =02 )(T7) =0 (162)
A\, d\, »

() = T )+ (0 () = 0 (163)

Combined with an integration by parts of (160), equatiorBji6elds

A, dh
én,fzo——( dt Lyq dt )(7)

since the mass tensay, is strictly positive definite by hypothesis. The Morse
index is monotonically increasing as a function of the timeival[7”, 7] length.

a’rgn T

<0 (164)

ln +=0

In variational calculus Dirichlet boundary conditionssarifrom the second varia-
tion around an open extremal, of a classical actioi: a trajectory connecting
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two assigned points in configuration space in the time ilsd®, 7"]. Jacobi fields
with the property

)T = 5(1) =0, for somer € [T",T] (165)

are said to have aq.,(7")-conjugate poinin 7. The most famous of the Morse
index theorems states that:

Theorem(Morse): Letg, be an extremum af in [T”, 7] and assume the kinetic
energy positive definite. The Morse indexjé8; 1) is equal to the number of
conjugate points tq.,(7"). Each conjugate point is counted with its multiplicity.

The theorem can be rephrased using functional determinants
Any linear Hamiltonian flow admits the square block représgon

AGtT') B(t,T')
C(t,T') D(t,T")

F(t,T) = (166)

(see appendix E.2.2 for details). By Forman’s theorem thesklaindex with Diri-
chlet boundary conditions is

ind™ Lps. ([T",T]) = Y. nulDet Ly ([77,¢]) = > nulB(¢,7") (167)

T <t<T T <t<T

while the nullity is

nul Ly, ([T7,T]) = nul B(T',T") (168)

The same construction can be repeated for other local boyiedaditions. When
the spectral flow encounters a zero mode, the Bott repragemte the boundary
conditions (127) permits to write

dNoXn 7 v 5 dYn B ,

g I =Zi— (1) = (0 A0 A 1)(T) (169)
dhoX, - « _ dy,, . dho), ,

B 2nr () =2, W) = 2 (1) 4 (9 A 0 A, ) () (170)

and therefore

(171)

aTgnﬂ—unn—:(] = - <AT o )\TL,TJ %) (7_)

Zn,rzo
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It might happen that the derivative (171) is zero. In such sedhe direction of
the spectral flow should be inferred using higher order d¢ikies. The method has
been thoroughly investigated by Mohring Levit and Smilgnis ref.’s [103,113].
However the information carried by the index is of topol@jinature and does
not depend on the details of the Sturm-Liouville operatdngit is possible to
rule out degeneration by hypothesis resorting if necegsagynall positive definite
perturbations as in the previous section. In this sensanitisestrictive to consider
only operators begetting a spectral flow with ordgular crossingcharacterised
by a non-singulacrossing form

(F(,T),B):= — Zi <FTJ Z—i)(t,T’)Zl

GrF(t,T")NB
__ 7t

=~ ZH() Zz‘GrF(t,T’)ﬂ% (172)
The restriction to the intersection means that the matnpragected only along the
directions where the crossing occurs.
The Morse index reads

ind™ Los([T", 7)) = ind~ 8>S rvag — ., sign(F(t, T7), B) (173)
T'<t<T
7|Gr F(¢,T7)NB

Thesign function must be understood as the difference betweeniymaitd nega-
tive eigenvalues whenever multidimensional crossingsiocc
An immediate consequence of (172) is that each time the Batcpmprises

L
Z, = (174)

the Morse index is just the number of crossings counted \Witir tlegeneration

ind Ly(T,7) = Y nul{0® 1, — F(t,7)Z,} (175)
T'<t<T
t|Gr F(t,T")eB
In such cases the crossing form (172) is determined by thegikienergy block of
the Hamiltonian matrix (147) at equal to zero.
In practice Dirichlet boundary conditions play a role ofgm@nence. The reason is
that Dirichlet fields aréS-orthogonal to any Jacobi field(134)

528(3,€) = 0, VE(t) € Ly, (T, T],RY) (176)
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Exploiting such property, Morse indices for general bougdaonditions can be
evaluated proceeding in analogy to section 2.2 where thé&kessical approxima-
tion was accomplished by separating classical trajecdream quantum fluctua-
tions. Here the idea is to write any vector fieldyirin L% ([7”, 7], R?) as a linear
combination of a Dirichlef and a Jacobi fielg

X(t) = &) +4(t) (177)

The Jacobi field is used to match the boundary conditionselkinetic energy is
positive definite the number of negative eigenvalues iiriience, the evaluation
of the Morse index is reduced to the evaluation of the indethefrestriction of
528 to a finite dimensional vector space. A general theorem &aliralgebra (see
for example [10] pag. 120) establishes the properties ofritiex of a symmetric
form F in a finite dimensional real vector spa¥e In particular for anyWv. C V
the index is given by

ind”F =ind” Flw + ind” Flys + dim{W N W} — dim{W N KerF}(178)

whereW+ := {v € V|F(v,w) = 0 Yw € W}. The theorem formalises the
obvious observation that the index is the dimension of tlhsgace oV where the
quadratic formF is seminegative definite minus the intersection of such subspace
with the kernel ofF. Combined with the decomposition (177) the theorem pravide
the way to evaluate the index of Sturm-Liouville operatoithwoth local and non-
local boundary conditions. The procedure is illustratedhgyperiodic case.

3.2.2 Periodic boundary conditions

Periodic boundary conditions

Xt+T =T = x(t) (179)
can be considered iff”, T'] only if the differential operatiord itself is periodic in
interval [T", T

Lit+T-T") = L(t), Vit (180)
A periodic field y admits the representation (177) fra Dirichlet field and; a

recurrent Jacobi field:

0
(VEUT) = (VE(T)

I(T")
(VaI(T")

(loa = F(T7T7)) (181)

40



Periodicity can always be enforced in the sensé.bby a discontinuity of the
momentum of the Dirichlet fields at one boundary. The setsofimrent Jacobi
fields and Dirichlet fields are non intersecting if

detB(T,T") # 0 (182)

where thed x d-dimensional real matriB(7',7") is specified by the block repre-
sentation (166) of the linear flow. Whenever (182) holds,tame has

ind ™ Lpe: ([T", T]) = ind™ 6°8(3,7)| _ +ind™ Ly, ([T', 1) (183)

The first term on the right hand is amenable to the more exjbdian

ind~ §2S(3, 7) N

=ind"(DB™'+B'A-B' - BN (T, T) (184)

The result follows from the recurrence condition (181) dmeluse of the properties
of a symplectic matrix given in appendix E.2.1. The same @rigs insure that
(184) is the index of a symmetric matrix and therefore it idlwlefined. Morse
referred to (184) ashe order of concavityf a periodic extremal, see ref. [117]
pag.71.

It remains to analyse the physical meaning of (182). Fronpthiet of view of the
second variation (182) is not a restrictive condition. Ttad#gity of a periodic orbit
coincides with the stability of any of the trajectories cong the orbit. A trajectory
starting at timel” in generic position will fulfill the condition.

Non generic situations when (182) does not hold true careteasing the general
formula (178) withW, W+ denoting respectively the sets of Dirichlet and recurrent
Jacobi fields if7", T, [12].

Morse indices appear from the above examples to be detedrbinthe oscillations
of the Jacobi fields. An intuitive explanation is provided \@riational calculus.
Jacobi fields are extremals of the second variation. Becthgskinetic energy is
positive definite, the second variation as function of thpargimel’ cannot be-
come negative on any functional subspace until a Jacobidmtd not encounter a
conjugate point.

The Morse index for periodic extremals can be also derivedurgly symplectic
geometrical methods based on the analysis of the canowicaldf the linearised
flow [93,94].

3.3 Elementary applications

The simplest applications of Morse index theorems are efféy one dimensional
Hamiltonian systems.
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0 2 4 6 8 10

Fig. 1. In decreasing gray level position, velocity and #aeion of a particle of unit mass
in the quartic potential/(¢) = ¢?/2 + ¢*/4. The acceleration is minimal (maximal) and
negative (positive) at odd (even) turning points of the giyo

i Particle in a potential well
Consider the action functional

st = [ | - vt (185

The potentialU is chosen to be a positive definite function @iwvith a single,
absolute, minimum in the origin and growing to infinity fordge absolute values
of its argument. A concrete example is provided by the anbarooscillator

mwl@  wq
2 4

Classical trajectories are extremals of the action oaegron the curves of level of
the Hamiltonian

Ulg) =

(186)

2 oL .
EIH(p,Q)Ip—JrU(Q), pza—qzmq (187)

2m
which are closed in consequence of the postulated shape pbtential. In fig. 3.3
a typical solution is plotted for the anharmonic quarticgmtial (186) in rescaled
adimensional units.
Consider a classical trajectory starting at timequal7” in generic position on a
orbit of fixed energyE and periodl.,(F). The assumption of a generic position
rules out turning points where the velocity is zero. Thuss ipossible to adopt
at initial time the position and the energy of the particlecasonically conjugate
variables. Letz,(t; F') be the phase space lift of the trajectory. A suitable basis
for the linearised dynamics is represented by the Jacolifigl; £), Opz(t; E).
Linear independence is guaranteed by the invariance okewe groduct
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Fig. 2. The Jacobi fieldg., anddrq., relative to the motion of a particle of unit mass
in the potentialV (¢) = ¢?/2 + ¢*/4. The envelope of the amplitude peaks of the non
periodic Jacobi fieldgq., is linear with slope—dT.,(F)/dE. The conservation of the
skew product imposes the non periodic Jacobi fields to beiy®sit odd turning points of
the velocity.

dH

(Opal, i) (t; E) = (Oppet et — Opqer per)(t; E) = ——

=1 1
o (188)

mc((t§E)

The skew product coincides with the Wronskian determinatii@® linearised dy-
namics. In fig. 2 the two Jacobi fields are plotted for (186)e Thcobi field of the
second kindgz(t; F) describes a linear instability [127,51]

t—T" dT
T.(E) dE

Dpr(t: ) = — (E) (b E) + (S—E) (t:B) (189)

t=T'

=const.
Tey

The linearised flow in phase space is (compare with formula3Hn appendix E)

F(t? T/) = [i'cé(t; E)v aE:L'(ta E)] [i'cﬁ(T,; E)> aJ_[?:L'(ir/; E)]_l (190)

In generic positior{dgq..)(T"; E) can be set to zero since energy and position are
independent variables at initial time. The Sturm-Liowvitiperator associated to
the second variation along a trajectory of enefgis

L = —mj—ﬁ — (%) (qee(t; E)) (191)

By (167) the index corresponding to Dirichlet boundary dtods in [77,T] is
determined by the number of zeroes®fq.,(¢; ') in |T',T|[. They are counted
from the conservation of the skew product (188). gt a turning point time and
t..p. the closest conjugate time defined by the vanishing:at.(t.,; £). The two
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timest, ,, t.,. cannot coincide for finite values of time or energy. Theimooi
dence would imply that (188) could be enforced only througtivergence of the
momenta of the Jacobi fields. The circumstance is to be ruledince the Jacobi
fields are solutions of a smooth linear system. The consernvat the skew product
(188) yields

- (aEQCZ ché)(tt.p,Q E)
- (aEpcé QCZ)(tc.p.; E) (192)

Thusdgq.e(tp; E) must have sign opposite to the acceleration at turning point
and crosses a zero with slope sign equal to the one of theityeldhe conclusion

is that the number of conjugate times must be equal to the auaofliurning points
encountered ifi7”, T'[:

ind™ Lpi. ([T',T]) = #(turning points in|7", 7)) (193)

If 7" corresponds to a turning point, the linear flow (190) givesifg,. the result

Det Loy, ([T7,1]) o 4(t; E)pq(T'; E) (194)

whence the relation between index and turning points is ichate.

Consider now the same problem on the intefVal 7" + n T.,(E)| for n a positive
integer. The differential operation (191) with periodicindary conditions defines
the self-adjoint Sturm-Liouville operatadtp.,.. The periodic Morse index can be
determined from the one of the Dirichlet problem if the staypoint of the periodic
trajectory is taken in generic position. In such a case

ind™ Loy, ([TT"+nTw(E)]) =
it nulLpg ([T T'—l—nTcg(E)] (195)

The order of concavity is determined by the monodromy mairihre monodromy
matrix given by (190) is

1+ Lt (B) (peeee) (Tu; E U (B) @2(Tus E
M — dT ( ) (p eq z)( ! ) i ( )qcé( ! ) (196)
Tl <E>ch(TCZ7E) 1- dEC]Z (E) (pCZQCZ>(Tc€; E)

The matrix is symplectic with entries having canonical disiens conform to the
units used to measure positions and momenta. Whefi,;; ) is different from
zero (184) applies and the order of concavity is identicaéiyo. Hence one con-
cludes
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0 20 40 60 80 100
Fig. 3. The periodl'(E) of a particle of unit mass in the potenti&l(q) = ¢%/2 + ¢*/4
plotted versus the energy. The period decreases from theWél) = 2 7, the period of the
harmonic oscillator, with asymptotic behavidli(E) ~ E~ 1/4 for E tending to infinity.
ind™ Lpe,. ([T T+ nT.(E)]) =2n
nul Lpe, ([T T+ nT.(F)]) = 1 (297)

Finally one can consider a periodic trajectory startingrfra turning point. The
general index formula (178) must be applied. The contrdvudif Dirichlet fields is
now

ind™ Ly, ([T T"+nTw(E)]) =2n—1
nul Ly, ([T, T"+nT.(E)]) =1 (198)

The order of concavity is this time different from zero. Thenreero contribution
comes from the recurrent Jacobi field

Ir(t) = Gee(t; E)Oppee(T'; E) — Opqu(t; E)pee(T'; E) (199)

and itis equal to

dTCZ
dE

In one dimension the energy period relation for a potentiall Wwas the explicit
expression

528(]7”7]7”) = M21 = (E)ng(Tcg; E) (200)

Qm(E) m

displaying a monotonic decrease@f(E). The sum of the Dirichlet index and of
the order of concavity recovers (197).

(201)
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ii Harmonic oscillator

The counting of the conjugate points[ih 7] yields (167)

”T] (202)

ind™ Loy ([0, T]) = #(zeroes ofin(wt) in]0,T]) = int [7

in agreement with the computations of section 3.1.1 and peagix H.0.5. In
consequence, the periodic Morse index is

- - . _cos(wT)—1
ind™ Lpe, ([0, T]) =ind ™ Lpy, ([0, 7)) + ind Sn@T)
T
—1+2int [w—} (203)
2m

for T" generic.
3.4 Crossing forms and Maslov indices

The constructions of Morse indices of the previous two sastiare reconciled if a
more general topological framework is developed to ingadé the spectral flow.
This was done by Duistermaat in [56] who refined ideas intcediby Bott in [29].

First, the following heuristic argument helps to underdttre topological invari-
ance of the Morse index. The Morse index of a self-adjdigtis the number of
negative eigenvalues

nd Le= > 6(=(;) (204)

l; € SpLy

If Ly is embedded into a smoothparameters family of self-adjoint operators
including a positive definite element, the index can be thbowg the line inte-
gral in the space of the parameters conneclingo the positive definite element.
Parametrising with- such curve, the index takes the form

ind_L%: — Z /T dr a7' 9(_€n77)
0

ln ,T S SPL% R

"ol
STD I A (O (205)

ln T € SPL% \T

where it is assumed that zero ariccorrespond respectively oy and the positive
definite operator. In order the equality to hold true, onlgular crossing of zero
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modes are supposed to occur. The topological invariandeeoindex stems from
the identical vanishing of loop integrals over exact déferals which ensures the
independence of the index of the curve used to compute (205).

The last equality in (205) states that along any curve in ffees of self-adjoint
Sturm-Liouville operators, the Morse index is specified bg sign of the eigen-
value flow on zero modes. Proceedings as in section 3.2 dsyiel

aTgn T <)\TL ;T 9 (aTL%,T))\n ,T) (206)

The integral localises on zero modes. Differentiating dmobi equation

(Lr3:)(t) =0 (207)

versus the curve parameterllows to prove the chain of equalities

(r 3 (OrLr)gr) = = (9r, LrOrgr) = 3(] ,0r)r) (208)

The restriction to a crossing point defines tmessing forn{56,134,135,136]:

-[(FT (T7 Tl)? EB) = :(]7— ) aTjT) |‘BﬂGrFT(T,T’) (209)

The requirement of smoothness of the deformation can beemeak Provided the
spectral flow is continuous, discontinuonsn vanishingderivatives of the zero
eigenvalues also allow to infer the direction of the spéiav.

The Morse index of. is

ind” Ly = > sign 1(F(T,T"),B) (210)
{7>0/BNGrF, (T,17) }

for any homotopy transformation with only regular crossimgnnectingly to a
positive definite Sturm-Liouville operator. The sign of #ressing form over a dis-
continuous derivative is the arithmetic average of thevaisies from the left and
the right of the critical value of.

The crossing forms (172) produced by deformations of the timerval are par-
ticular examples. The fact is recognised by looking at thalieit expression of
crossing forms. A crossing occurs each time for samg € R?? the equality

holds
VA
W GrS(r)z (211)
Zyy
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(Z, ,Z5) being the Bott pair describir$y. Hence (209) is equivalent to

R, T),B) — — 2| (F;J@> (.72,

5 (212)

GrF, (T,T))N'B

The matrix on the right hand side is symmetric at glance ssmseoth deforma-
tion of symplectic matrices are governed by linear Hamilionequations (ap-
pendix E.2.3).

The formulae (211), (212) disclose the possibility to detime Morse index of a
self-adjoint Sturm-Liouville operator as the index of hdoyy transformations of
finite dimensional quadratic forms. Namely an arbitraryidton from the crossing
condition (211) can be written in the form

Ziy
Zyy
provided the Bott paifV, , V,) spans in the sense of section 3.1, some linear com-

plementy in R*¢ of GrS(7) and*B. In such a case (213) admits always solution
for z

V1z
VQZ

= GrF (T, 17"z, z,y,2 € R* (213)

[ZQ - S(’T)Zl ]y = [Vg - FTV1 ]Z (214)

On solutionsz, the symplectic form of3

t
0—J Zgy

defines the family of symmetric matricesRi? x R2?:

\
Vs Z,

3|% =

Q (B, V; GrF,) =

1
5 {[Z8Vs = ZIVA] Vs = F VL 712, = o2 ) + e (216)

The spectrum o® (B, U; Gr F,) contains a zero if and only if the parameteat-
tains a value* such thatLy .- has a zero mode. Furthermore a direct computation
shows that

signQ(B,V; GrF .« 4,) = signQ(B, V; GrF+) + sign1(F,«,B) (217)
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Proceeding in this way, the Morse index of a self-adjointi®@tlLiouville operator

is identified with theMaslov indexthe index of the graph of a continuous curves
in Sp(2d) havingonly regular crossingsvith a given Lagrangian subspa@ of

R*4 [8,90,56,134]. The identification permits to evaluate thers& index without
making direct reference to the corresponding operatoomtrast to the eigenvalues
of the Sturm-Liouville operator, the eigenvalues of thetéimiimensional quadratic
form (216) as functions of can also change sign by diverging. The circumstance
insures that arbitrary large values of the Morse index aeaally attained.

According to Robbin and Salamon [134], the Maslov index &f ginaphGr S, of
any one parameter family of matricBsin Sp(2d) is defined as

N(S(7), B, [r1, 7)) = % sign1(S(7), B)

. sign‘l(S(r),SB)+%sign‘l(GrS(Tg),‘B) (218)
Tr—(l?-fS?f)Z%

End-points contribute of course only if an intersectionusschere. Maslov indices
(218) enjoy the following properties.

i Naturality: the index is invariant under a simultaneous symplectitsigrma-
tion ¥ of B andGrS(r):

N(US(7),¥B,[r,7]) =X(S(7),B,[n, ) (219)
forall @ = (¥, , ¥,) leaving invariant the symplectic for@ in R*
Ulw, = wl Jo, (220)
il Catenationforr, < 7 < 73
N(S(7),B,[m,73]) = R(S(7), B, [11, 2]) + X(S(7), B, [12, 13]) (221)

i Product if the curveS(r) = SW(7) ® S (7) and the Lagrangian subspace

R(SW(r)@S@ (r), BW & B, [, 1)) =
N(S(l) (T)u 58(1)7 [Tb 7—2]) + N<S(2) (T)v 88(2)7 [7-27 T3]) (222)

iv Homotopythe Maslov index is invariant under fixed end-points hompas.

Of the above properties the first three are immediate corswguof the definition.
Homotopy was first proven by Arnol'd in [8]. The proof procedaly showing that
the signature of the crossing form defineBrauwer degre¢112,68] for the cross-
ing. The homotopy invariance of the Brouwer degree is thetaadsrd result of
differential topology [112].
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Fo(t,T)

|

F(T",T)
F(T,T")

Y

F(t,T")
Fig. 4. The homotopy loop

One can use Maslov indices to compute the Morse index of aag@int Sturm-
Liouville operator L. with respect to the Morse index of a second dng,).
Under the hypothesis that bo®@ andB®) have no intersections wittir S() at
path end-points;, 7, Hormander proved in ref. [90] sectiam the equality

R(S(7), B [, 7)) = R(S(7), B, [11, 7)) +
% [signQ(BY), GrS(r2); B@) — signQ(BY, GrS(r); B)] (223)

ReplacingS(7) with F(r,7") shows that Hormander’s relation is a generalisation
of the relation (183) between the indices of Dirichlet andguéic boundary condi-
tions.

Homotopy and Hormander’s identity (223) provide all theded tools to under-
stand the origin of the different prescriptions given in litkerature for the evalua-
tion of Morse indices. The following sections are devotedltstrate this point.
The reader interested in a more detailed presentation ofoMasdex theory will
enjoy the very accessible and comprehensive presentatiBobbin and Salamon
in ref. [134]. The needed basic background in topology cafobed in [112].

3.5 Topological construction of Morse indices

Using the results of the previous section, the Morse index0fB ~ (Z;,Z,) can
be computed from any closed loop formed by varyiagt, 7”) in the (7, ¢)-plane.
It comprises the following oriented paths

1 F(T,7"), dr <7 <7
The flowF, (T, T") is solution of (146) with the family of Hamiltonian ma-
trices generated by adding a positive definite potentiah & in section 3.1.
The initial valuedr provides for an arbitrary small positive deformation which
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removes eventual zero modes. The upper valigchosen large enough such
that the Sturm-Liouville operator becomes positive dedinfthus, the Maslov
index of the path coincides with Morse indexbf:

Ny (F, ) =ind™ L ([T",T]) = > mul{Z, - F(T,T")Z,} (224)
BOG;—Fi(zTI’)
2 F.(t, 1), T>t>T
Forr large enough the operator is dominated by the positive defiatential.

No zero mode can occur untilreachesl” since the quadratic form (139) is
positive definite for alk strictly larger thari”. At initial time the condition

F AT, T) = oy, Vr (225)

may generate an intersection betw@randGr ly,. The Maslov index (218)
is in such a case

1
No(F,B) = - sign { ZbHo (T Z,

Gr|2dﬂ%} (226)

since the crossing form can be directly expressed in ternteeoHamilto-
nian matrix (147). The sign is the opposite than in (209) duthé negative
orientation of the path.

3 F(t,T"), T'<t<T
The corresponding Maslov index is

|
Ny(F,B) = — - sign { ZEH(T"Z,

Grlgdﬁ%}

: L.
- > sign{Z} H(t)Z, } — 5 sign { ZVH(T)Z, ‘
T'<t<T
t|Gr F(4,7)NB

GrF(T,T’)ﬁ%} (227)

4 F(T,7"), 0 <7< dr
By construction the last branch may encounter a Lagrangiansection only
in the initial point. The Maslov index is therefore

1 oF,
T r=0,GrF(T,T") N'B
1
= 5 ml{Z, ~ F(1,7")Z, } (228)

The last equality holds true because increasimggets by construction only
positive definite crossing forms along this branch of the btpy path.

The Maslov index of the overall loop is zero
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24: N, (F,%B) =0 (229)

i=1

Therefore it follows

iIld_LsB([T/, T]) = Nl(F, %) = _[N2<F, EB) + Ng(F, %) + N4(F, %)] (230)

The Maslov index of the second branch of the loop can be etedumpriori. For
any 7 the Hamiltonian matrix (147) is similar to

—L,,—7U 0
(OHO™).(t) = [ " } (1) (231)
0 L.s
for O a suitable non singular matrix. Ferlarge enough, (231) is the orthogonal
sum of twod x d dimensional blocks with opposite sign definition. The olsaer
tion recovers the result (175) obtained for local boundanditions. IfZ, = 04 1,4
the Morse index coincides with the number of crossings aditth their degen-
eration in the open time intervédl”, T[. Any overlap of the Bott matrixZ, with
the position space produces a non trivial generalisatiah@forder of concavity
defined in subsection 3.2.2 for the particular case of pariodundary conditions.
Homotopy invariance of Maslov indices and Hormander'sntidg (223) endow
with great freedom in the choice of the representation ofMioese index which
most suits the analysis of the physical origin of the contidns. Periodic bound-
ary conditions well illustrate the general situation.

3.6 Morse index and structural stability of periodic orbits

The Bott pair describing periodic boundary conditiong4s ,Z;) = (lag, l24)-
Therefore the Maslov index of the second branch of the hopydtmop is zero.
Hormander’s identity can be applied directly to the catemaof the third and
fourth branch. The identification @@ with (ly4, lo4) and of B®) with any A ~
(Z1,Z5) such that

(232)

AN (|2d7 |2d) = (Z) PN det(22 — Zl) # 0
AN GrF(T,T") = 0 det[Z, — F(T,T)Zy] # 0

yields

D ORA{F, (lag, laa) } = R3(F, A) + % signQ (A, GrF(T,T"); (lag, lag) ) (233)

1=3
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The signature and the index of any symmetric fofhin 2d dimensions are con-
nected by the relation

ind™F = % [2d — KerF — signF]| (234)

Thus one can recast the periodic index in the form

ind™ Lpe,. ([T, T']) = —R3(F,21) + ind~ Q(GrF(T,T"),A; (lag, l2g) ) — d(235)
which is the final expression given by Duistermaat in ref][56

The topological expression of the periodic Morse index carubed to analyse
how the stability properties of the linear flok(t, 7") are reflected in the index.
The use of homotopy simplifies the analysis. The idea is toeghtbe linear flow
F(¢,T") into a family of curves inSp(2d) with fixed end points. By property of
section 3.4 the Maslov index is the same for any element oflyaithe Floquet
representation of the linear flow

F _ t TT / / . tJtH
(1,0) = Pe(t) exp { - J /0 dt'H(t') b =: Pe(t) e (236)

is suited for the construction. In order to streamline theation7” has been set to
zero. The matriXPe(t) is supposed to have prime periddwhile H is the average
of the Hamiltonian over a period. The Floquet form is the edahof the continuous
family

Pe[(1 4 s) t] e(t==)tJTH 0<t<?®
G(t, S) _ [( ) ] . - — 2 (237)
Pe(t)Pe '[s (t — T)] els t=T)+tlJH T<e<r

attained by setting equal to zero. The end points of the homotopy family are
independent ok. In order the Floguet representation to be fully specifieds i
necessary to fix a convention on the phase of the eigenvafuég ocnonodromy
matrix:

M := ¢T/'H (238)

A convenient choice is to restrict the phase to the intejval =|. The choice at-
tributes to the exponential matrix in the Floquet represgon awinding number
equal to zero. Gel'fand and Lidskii introduced in [71] thending number of a
linear Hamiltonian flow as a topological characterisatidistouctural stability. In
particular they proved that flows with the same monodromylEmdeformed into
each other.
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The tools forged above will now be used to compute the peribtbrse index in
two different ways. The first is meant to illustrate the relatof the index with the
stability properties of the flow, the second to recover tiseilteof section 3.2.2.

3.6.1 The Conley and Zehnder index

The most direct way to evaluate the periodic index is to aerdntersections of the
homotopy loop with the periodic paff,, , l24). The restriction to regular crossings
imposes some restrictions on the linear flows. In partictitars with parabolic
normal forms must be regularised by a positive definite pledtion in order to
render non singular the crossing form.

With this proviso, the index is equal to the Maslov index & third branch of the
homotopy loop in (230). This latter is most conveniently ganed ats equal one
in the family of symplectic curves (237):

Ng{F, (lgd, |2d)} = N{PG(Q t), (lgd, |2d)7 [0, T/Q]}
FR{e@EDIR (1 109), (T2, T)} (239)

The first Maslov index is independent of the Lagrangian noddhiéssociated to the
periodic Bott pair(ly,, l24). The statement is proven by the following reasoning.
Since the matriX¥Pe(t) is periodic its index does not change if the interjall’ /2]

is replaced byt', T'/2 + ¢] for anyt’ such that no intersection occurs. Hormander's
identity (223) and periodicity then show

N{Pe(2t), (lag, I2q), [0, T/2]} = R{Pe(2¢),2, [, T/2 + ']} (240)

for any2( having no intersections with the graph of the flow at path poiits. In
particular one can cho® ~ (lo,;, — l;) and observe that any symplectic matrix
admits a uniqu@olar representation

— (PetPe)?
Pe(2t) = (OrSy)(21), {Sym) = (PelPe) (210 (241)
Or(2t) := [(Pe'Pe)~ 2Pe](21)

with both Or andSy in Sp(2d). The polar representation can be embedded into a
family of curves analogous to (237). SinSg is positive definite, crossing occurs
only when

det[lyq + Or(2¢)] =0 (242)

ast ranges in0, 7'/2]. The Maslov index can be thus computed from the intersec-
tion of the orthogonal matri®r(2 t) with the anti-periodic Bott pair.
An orthogonal matrix admits in general the block repregemnta
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X Y
Or = (243)
-Y X
and therefore it is similar to
1 g —lyg X Y 1 I g B X+1Y (244)
V21, | =Y x| V2, -y 0 X—1Y
The analysis of the crossing forms yields the equality
N{Pe(2t), (lag, l24),[0,T/2]} =
arg det[X(T') + 1 Y(T)] — argdet[X(0) + 2 Y(0)] (245)

T

The right hand side is an integer by periodicity and it callesi with twice the
Gel'fand and Lidskii [71] winding number of the linear pedio Hamiltonian flow
Pe(21).

The only contribution to the second Maslov index in (239) eswhery is equal
T /2. The crossing form can be straightforwardly evaluated ftbennormal forms
of the stability blocks of the exponential flow. Followingetsame conventions of
appendix 3.3 the Hamiltonian matrices associated to thekblare

_ w 0 _ w 0
H|ell. = ) H|hyp =
0 w 0 —w

w(ly+ J2)

I:”lox. =
w (|2 + JQ)T 0

(246)

A consequence of the analysis at the end of section E.2.2atserse hyperbolic
blocks behave at the origin as elliptic ones [59,100].
The simplest parabolic blocks have the normal form

1 kL

F(6 T, = [ T} (247)
0 1

In appendix (E.2.3) itis shown that (247) bifurcates undge@eric positive definite

perturbation to an elliptic or to an hyperbolic block if thgrs of  is respectively

negative or positive.

Gathering the contributions of all blocks the resulting Masndex is
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np

R{e® DI (Lo, boa), [T/2, T]} = nen + nin. + 3
im1

1 — sign k;

. (248)

whereng, ;. andn, are respectively the number of elliptic, inverse hypeidoli
and parabolic blocks in the monodromy matkix= F(7’,0).

The overall periodic Morse index is

p

ind™ Lpe ([0, 7)) = nen + nin. + Z
i=1

1 — sign K;

5 2w (249)

with ro the Gel’ winding number. Elliptic and inverse hyperboliotks can there-
fore be associated with the occurrence of an odd number attivegeigenvalues in
the spectrum of a periodic Sturm-Liouville operafgr, .

Conley and Zehnder [35] showed that the periodic Morse ir{déQ) describes the
foliation of the symplectic group’p(2d) in leaves of different winding. Each leaf
further decomposes in two connected components charsexdiely opposite sign
of the determinant

np l—signk;

sign det[log — M] = (—1)47en—min =20 =5 (250)

In the mathematical literature [134,135,140,109] the qud Morse index is re-
ferred to as the&Conley and Zehnder indeRecently Sugita [148] re-derived the
result, but for parabolic blocks, by computing quadratiaggspace trace path in-
tegrals on a time lattice.

It is straightforward to infer the behaviour of the index enderation. The winding
number increases linearly with the iteration number

The sign (250) may instead change according to a nonlin@arNamely under
iteration elliptic blocks of frequency experience further intersectionskto be-
comes a multiple o2 7. Inverse hyperbolic blocks generate a crossing form at each
iteration since they are turned by even powers of the momogroatrix into direct
hyperbolic ones. Parabolic blocks do not change signatiegece one concludes

ind™ LPer.([Ov kT]) =

Nell ) 4 P .
Z[1+int <kw2>] +k”i.h.+zﬂ+2km (251)
i=1 2m i=1 2

The result holds for Hamiltonian systems without margirejeherations. The be-
haviour of Morse indices of Sturm-Liouville operators ofriegional origin was
investigated in the topological setting in ref. [40]. Themgaresults can also be
obtained by means of pure algebraic methods [94,59]. Rigdening has given in
ref. [LO7] a detailed account of all the possible behavidyresiodic Morse indices
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using a complete classification of the admissible normah#oof the elements of
Sp(2d).

Finally it is worth noting that the periodic Morse index cam identified with the
winding number of the linear flow by applying the polar decasigion directly to
F(¢,7") [105,138].

3.6.2 Focal point description

The periodic Morse index is needed in the Gutzwiller tracenida. Due to energy
conservation at least one parabolic block is to be expedteetefore in applica-
tions [138] it is useful to exploit Hormander’s identity22) to derive the index
without need of perturbative arguments. Inserhg- (I, ® 0,0 @ I,) in Duister-
maat’s formula (235) yields:

ind™ Lpe, ([T",T))= > nulD(¢,T)

T/'<t<T

+ind” Q(GIF(T, T), 1, 80,0 @ lg; (Iag, 12a) ) —d  (252)

The matrixD is specified by the block representation of the flow (166). Soea
dious algebra gives the expression of the concavity form:

Q(GIF(T, T/) y (ld D 0 y 0 D Id); (|2d7 |2d) )

_ (CA-Y)(T, Ty AT-YT,T") -4 (253)
AYT, T") -1y (A7'B)(T,T)

It is straightforward to see that in any vector basis wH&{€,7") and C(T',7")
vanish the index of (253) is equal tb Thus the periodic index coincides with the
zeroes encountered in the same vector basix(byl”) through all the time interval
7', 7).

More generally ifB(7", 7") is nonsingular then one finds

ind_Q(Gr F(T7 T/)v (Id @ 0 ) 0 @ Id)7 (|2d7 I2d) ) =
ind (DB~ +B™'A - B! = B')(T,T") + ind ™ [~ (A~'B)(T, T")] (254)
Under the same hypothesis the use of Hormander's identigsg

> nulD(t,T7) =

T'<t<T

N3{F,(0®14,0® 1)} +d —ind” [~ (A'B)(T, T")] (255)
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Since

Ry{F, (0@ 1,,0@ 1)} = > nulB(t,T") (256)

T <t<T

the expression of the periodic index given in section 3.2 fihially recovered.

3.7 Phase space path integrals and infinite dimensional Bltrsory

Classical mechanics has its natural formulation in phaaeesprhe lift of configu-
ration space quantities to phase space was reiterativetyinghe above presenta-
tion of Morse index theory. It is therefore natural to wondgérether the treatment
of the semiclassical approximation can be simplified bytistgaifrom phase space
path integrals.

Formally, phase space path integrals can be written dyractihe continuum by

replacing the quadratic kinetic energy term in the configanaspace Lagrangian
with its Fourier transform [51,101,133,162]. The propag#t then represented in
the form

9(T)=Q

K@TIQ.T) = [ Dlg(t)p(t)]e fr "=t (257)

o(T")=Q’

The domain of integration is asymmetric between positioth s@mentum vari-
ables as the boundary conditions impose a constraint onjyosition variables.
More general phase space path integral expression areebdt#i(257) is used to
compute the time evolution of quantum observables other tifi@ propagator.
Formally the derivation of the semiclassical approximatad section 2.2 goes
through also for phase space path integrals. In the presémoeindary conditions
B of the form (58) it leads to the quadratic action

T
28 = [ dt 62°F, 502", a,f=1,..2d (258)
B
T/

wheredz = (dq, 0p) denotes the fluctuations around the phase space classical tr
jectoryz ., while

d
B gt

~

daﬁ = J Haﬁ (259)

with H, s the Hamiltonian matrix (147) at equal zero. The operatQks is then
self-adjoint with respect to the phase space scalar product
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L7 5 Lo s
— /T dtadapy’ = o [ dtaty (260)

(z,y) =

The scalar product presupposes a suitable rescaling diggesand momenta. The
fact is not at variance with classical mechanics where josénd momenta lose
their physical interpretation under canonical transfdroms [7,98].

Forman theorem can be applied to recover the configuratiacesggsult

IDetJas ([T, T])| = |se det[Yy + YoF (T, T")]] (261)

The operatofjy is a first order Dirac operator [101,141,135]. At variancéwine
Sturm-Liouville operators of the Lagrangian formulatidw teigenvalue spectrum
is unbounded from below and from above. Hence the Morse igdarot be de-
fined as in configuration space. However, the lattice appration identifies the
index of anynon singulardiscrete version of as the difference between the pos-
itive and negative eigenvalues. It is possible to prove [138] that in thanfinite
time latticelimit such quantity converges to the Morse index found abeoeing

in configuration space (see also [109]). Difficulties mageaiif one works in the
continuum limit The discussion can be made more concrete for periodic laoynd
conditions. The eigenvalue spectrum of limit fluctuatioi@iorJp,,. is invariant
under periodic transformations ¥p(2d) continuously connected to the identity:

d

ST3S =J i (STHS — S7JS) (262)
The choice
S(t,T") = F(t,T") e =T (263)

with H defined as in (236) replaces the Hamiltonian matrigig. with its aver-
age over one period. The eigenvalue problem is then eXgleaivable in general
[44,45,54,148]. The result is evidently independent ofwlireding number of the
monodromy of the linearised flow. This means that the expdiicigonalisation of
Jper. Will give only the correct sign of the functional determinénat not the Morse
index. The semiclassical approximation needs the squateofdhe determinant.
Thus, in the phase space continuum limit the phase factdregb&th integratan-
notbe defined by simply diagonalising the fluctuation oper&tstead, it is defined
by the the index of the eigenvalue (Fredholm) flow of the hapgtransformation
betweenjy and another Dirac operator whereof the index is a priori kmothis
is the content of thenfinite dimensional Morse theodeveloped in ref.’s [141,135]
where the topological methods of sections 3.4, 3.5 aresyteally applied. Thus,
the evaluation of the periodic Morse index turns out to bexan®le in the sim-
plest physical context of a general Fredholm flow theory Wimas found in recent
years wide applications in field theory starting with theatreent of theSU (2)
anomaly given by Witten in [157].
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Once the more subtle continuum limit rules of calculus ameustood, phase space
path integrals offer the advantage of an elegant formalisienta deal with a wider
class of problems than their configuration space homologuégical case is the
guantisation of systems classically governed by singugrangians, see for ex-
ample [60].
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4 Stationary phase approximation of trace path integrals

If the Lagrangian admits periodic extremals and is invdrniarder the action of a
Lie group, the periodic Sturm-Liouville operator assoethto the second varia-
tion is singular. The quadratic approximation of chaptemn2iges. As it is well
known in soliton and instanton calculus [17,128,129,150,34,152,55], the di-
vergence can be cured using the Faddeev and Popov meth60][6&utzwiller's
trace formula follows from a direct application of the medhimoth for Abelian
or non Abelian Lie symmetries. The expressions of the dagémérace formu-
lae derived by Creagh and Littlejohn [36,38] with tradi@NVKB techniques are
recovered in the more general path integral formalism.

4.1 Trace path integrals and zero modes

In chapter 2 the semiclassical approximation of path irtisgiwas derived under
the hypothesis of a non singular fluctuation operator. |fdtt#&on is invariant under
time translations, trace path integrals

| QK@ TIQ.0) = [ Dl/gat))ets (264)

violate the assumption. A time translation maps a solutfadheclassical equations
of the motion into another solution. Thus, the set of trajges on a periodic orbit
defines a degenerate extremal of the action. The infinitéyer@erator of time
translations is the time derivativigdt. The induced vector field alongiaperiodic
trajectoryq..(t) is the velocityg.,(t) which is therefore also a periodic Jacobi field
for the second variation. To see this, it is enough to difiéete the Euler-Lagrange
equations specifying the periodic trajectagy(t):

df oL d oL
dt [9go(t)  dt ¢ (1)

=0 (265)

qce (t)

and observe that the result can be rewritten as

(LPer.(jCZ)(t) =0 (266)

Hence the velocity field is a zero mode of the second variagarator’p.,. around
the periodic extremal.,(t).

Nother theorem provides a general mechanism to asso@aberzodes to con-
tinuous symmetries of the action. Let for examplebe an unbroken non-trivial,
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compact, connected finite-dimensional grasipf symmetries of the action con-
stituted by isometries which also leave invariant vectat scalar potentials. Fur-
thermore, assum@ to be globally parametrised by coordinaté’s ..., tV). In such
coordinates the origin is supposed to coincide with thetitletnansformation. Any
dynamic extremad,(¢) of the path integral action which breaks completélys
embedded in atV-parameter family of solutions of the Euler-Lagrange eiqunat
The generic element of the family is obtained frgm(¢) by the symmetry trans-
formation

qgﬁ (..., V] (t) = wa(QCl(t)v tla ey tN) (267)

-----

The Jacobi fields are spawned by the vector fields inducedydlmntrajectory by
the generator§d/ot'} &, of infinitesimal transformations around the identity:

2(8) = Tim *(qee(t),0,...,0,4%,0,...,0) — q%(t) (268)
)0 ta
The Jacobi fields aré-periodic if g.,(t) is T-periodic. Thus they are zero modes
of Lp..., the fluctuation operator af;(¢). The velocity field can be as well encom-
passed by the definition (268). This is done by shiftingt + t° and by re-defining
the transformation law as the composition of the group action on the trajectory
coordinates with the flow solving the Euler-Lagrange equmeti The set of param-
eters(t’, ..., tV), collectively denoted by, are the moduli or collective coordinates
of the degenerate stationary point.

The occurrence of zero modes among the quadratic fluctgatsonot a path in-
tegral peculiarity. The same problem is present alreadyfdmary integrals. A
classical example [162] is the “zero-dimensional” fielddhe

o(R) = /R diQe (269)
with action
u(lQl) = U(|RQJ) (270)

invariant under the group @kdimensional rotationSO(d) and growing to infinity
for large value of the radial coordinat@|.

In the small’ limit the integral can be performed by means of the steepestaht
method. The first two derivatives of the exponent in Cartes@ordinates
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Qo dU

8Qa<|QD |Q‘d‘Q|(‘Q|>
92U QaQs &°U 1 l QaQﬂ
8Q°‘8Qﬁ(|Q|) |Q‘2 d2|Q‘(|Q|) ‘Q| QP d‘Q|(|Q|) (271)

show that quadratic fluctuations around the any extremirdifferent from zero
are governed by the projector

U 01Q5 PU
a@aa@ﬁ“Q V=70 @0

The projector hag — 1 zero eigenvalues. The number of zero modes is equal to
the dimension of the quotierftO(d)/SO(d — 1) between the original group of
symmetry and the subgroupO(d — 1) of transformations leaving an extremum
invariant. The phenomenon is general and well known in fiedibty as it provides
the mechanism for spontaneous symmetry breaking. The supgt, of a symme-
try groupG leaving invariant a “vacuum state” is then called #tationary group
or stabilizerof the vacuum. The dimension of the quotiéht= G/G; yields the
number of Goldstone modes, emerging from the symmetry brgdk7,78,162].
The breakdown of the quadratic approximation is due to tbé&ation of the orig-
inal symmetry of the action by its extremal point. The problis obviated by the
use of the symmetry to eliminate the ignorable degrees efltsen from the ap-
proximation through a suitable change of variables. In tkeavgle (269) this is
simply done by turning to spherical coordinates. The stetegescent - stationary
phase approximation is then performed on the reduced aeftiile the ignorable
degrees of freedom are integrated non-perturbatively.

(1) (272)

The same method can be applied to path integrals. For exampéé. [131] the
Edwards and Gulyaev construction (appendix D) was used ite yuantum me-
chanical and field theoretic trace path integrals in sphedoordinates. The en-
ergy density of systems governed by Lagrangians invariadeurotations was
then evaluated by applying the semiclassical approximatothe radial coordi-
nate. The original symmetry is thus always restored in thed Bpression of the
steepest descent approximation for all systems with a fmitaber of degrees of
freedom. In other words, no spontaneous symmetry breakking@ccur in quantum
mechanics [125].

4.2 Faddeev and Popov method and moduli space

Performing as in ref. [131] the removal of ignorable cooadés by change of vari-
ables in the path integral may turn to be unwieldy. A viabteralative is provided
by the Faddeev and Popov method [61] originally devisedterguantisation of
gauge field theories. In order to streamline the discussi@nhypothesis is made
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that the dynamic extremals of the path-integral break cetepl theG x [0, T']
symmetry of the trace path integral.

Symmetry transformations acting on a path in the loop sgatiedefine an equiv-
alence class of configurations or group orbit which leavesattion functional
invariant. A periodic degenerate stationary point of thiioacrepresents an equiv-
alence class of periodic classical trajectories. Hencedlie integral is expected to
be proportional to the volume of the group orbit. For a comgasupG x [0, 7|
such volume is finite and it is natural to extract its conttids before proceeding
to the semiclassical approximation. In order to do so, oogeeis to restrict the
path integral to an “hyper-surface” ib91 which intersects any group orbit only
once. This means that if

Fala(t)] =0, Ya=0,..,N (273)

is the equation specifying the hyper-surface, then thetemua

Fa[v(q(t), )] =0, Va=0,..,N (274)

has only one solution id7 x [0, 7]. The path integral constrained to the hyper-
surface ranges then ove?Mt/ (G x [0, T']) and does not contain any longer the zero
modes produced by the symmetry.

The decomposition of any closed pathin7’] into a classical -periodic trajectory
and quantum fluctuation is accomplished by setting

q“(t) = % (t) + VRhdgy(t) (275)

The quantum path on the left hand side of (275) is by definidependent of the
modulit. The simplest choice of the constrajftis then

i o 9qce[fa

Fla] = [ dtla (1) = acerg(0) 7ol 0) Va=0,.., N(276)
0 t

Applying Lie’s first fundamental theorem (appendix F) theiestives of the classi-

cal trajectory with respect to the moduli are expressedrimgeof the Jacobi fields

(268) induced by the infinitesimal generators of the groapdformations:

g5, 4 b 045y [q 8
=R 277
It (t) a(t) 9qf€ (t) Jb (t) ( )

The matrix9i{(t) depends only on the moduli and coincides with the identitgmvh
t is equal to zero. The constraint (276) is inserted in the padgral in the guise
of the Faddeev-Popov expression of the unity
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(File@®)]) (278)

0F,
dt{atb}

The matrix elements of the Jacobian,

1= /GX[OT Hdt

=0

afa _ T @ o az(hﬁ K aqcz € 0ch []
T /0 dt{[q (6) = Gy (D)5~ () = 5 (D5 —(B) ¢ (279)

are computed on the intersection of the group orbit with tlaaifold (273). Once
(278) has been inserted in the path integral the order ofiat®n between the
moduli and the path integral measure is exchanged. Quantatudltions are then
written as thel.-series

t) =Y e AV1(t) (280)

extended over the eigenstates of the fluctuation opeiaifﬁ;r around the classi-
cal trajectorygg, g (t). The geometrical meaning of the constrain (276) becomes
manifest: it restricts the span of quantum fluctuations tassive” eigenstates, or-
thogonal with respect to the?-scalar product to the nullspace b e]r_. Actually,

an orthonormal basis for this latter is composed by vectttdief the form

qzp g
&er

it = @)

z.1m.,a

() g0(t), a=0,.,N (281)

as it follows from the use of the Gram-Schimdt recursion roéttsince the sym-
metry is an isometry for the metric

85] 9q 8(1 9y
gaﬁ((]) aq aqﬁ 976(¢(q7 t)) (282)

the triangular matrixZ® depends only on the equivalence class. Its explicit form
can be computed around the identity from the Gram-Schmadirsgon relations:

o 1o (t)
Ao o(t) = ==
<]O 7]0>
) 5 () — 2o ga )
N alt) = - ”jo —
Vo) - )
etc. (283)
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The path integral measure was argued in chapter 2 to be piamarto the infinite
product of integrals over the amplitudes of the L.2-expansion of the quantum
paths. Therefore, carried under path integral sign (278)imes

[ L) {2 ﬁé(ﬂ ) -

Gx[0,T] ;= otb -0 i N

/ [ ]]‘[dtwdetZdewﬂ Hamazbczmb)+o(h) (284)
Gx[0,T

Jj=

witha,b = 0, ..., N. Thed-functions remove the divergences from the semiclassical
approximation:

| ¢QK(@Q.TIQ,0) =
m

S e | dttdG | D([den) detZ ] d(ca)

oepo. ax[o,r] JTLom

S o(Vh) (285)

a€nul Lpey.

The sum ovep ranges over all the distinct degenerate stationary pointiseoac-
tion. The measuréGG

N
dG = [ dt. det R(t', ..., t") (286)

a=1

is invariant over the compact grodp([19] and appendix F).

The path integral (285) yields

(Z) 6—2— ind™ Lg)e)r ([O,T})ﬂ-%
/ddQK(Q,T|Q 0)= Y e~ [ dt° dG - _(287)
m o€p.o. Gx[0,1] N+1 | Det, L2 ([0,7)) |2
& ()5 [P o

Det, is the functional determinant produced by the restrictmmiassive modes.
Symmetry transformations are by (282) isometries alsoHeil£-scalar product.
The integrand in (287) is therefore function only of the degyate stationary point
of the action. One can rewrite

5@
etz [md L) ((0,1))+ 22
T|Gle

JRISCRIEDS : (288)

(o)
o€p.o. N+1 Det Ly ([0,T]) |2
<2 T h) det 26(0) 2

with
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G| = /GdG (289)

The factor(QWheZ%)% in the denominator of (288) comes from the definition
of the path integral measure (compare with appendix H). Nparthe integrals
over the amplitudes of the? expansion of the quantum paths are normalised to
(2mhe'®)s.

In the following section it will be shown how the use of Forrisatheorem recasts
the last formula in terms of invariant quantities of the slaal periodic orbits.

An historical remark before closing the section. The Fadde&apov method was
applied to the treatment of constrained quantum mecharjsem by Faddeev
himselfin ref. [60] using phase-space path integrals. Hawyen ref. [129], credits

and [27] to have been the first ones to treat non Gaussiandiimis emerging in

the steepest descent - stationary phase approximatiortivetinethod expounded
above.

The Faddeev-Popov method has found wide application forgthentisation of

guantum, statistical mechanical and field theories in @®vlor instanton back-
ground. Classical references are [73,75,33,17,128,529.51,34,152]. A recent
review is [55]. The treatment of collective coordinates rolgems with dynamic

extremals only partially breaking the symmetry group hasnbanalysed in [74].

The application to scattering problems is discussed in][154

The consistency of the Faddeev-Popov method with a sysieamtmptotic per-

turbation theory beyond leading order has been checkedké&mple in references
[2,158,6]. The investigation of higher order correctioasometimes simplified if
the Faddeev-Popov method is implemented by means of ghlolst &ied the impo-

sition of BRST conditions [16]. The procedure is reviewe{?s,70,162].

4.3 Zero mode subtraction

The explicit expression of the functional determinant @ thassive modes can be
computed adopting the same strategy pursued in the evatuattithe Morse in-
dex of Sturm-Liouville operators with zero modes. A pogtoefinite7-periodic
generic infinitesimal perturbatiorl is introduced to subtract the zero modes. For-
man’s theorem can be applied directly to the non-singularaprLp., -([0,77]).
Finally, the functional determinant of massive modes i®veced by taking the
limit

det[log — F(T,0)]
HnNzo En T
The product in the denominator runs over the eigenvaluésof ([0, 7') flowing

into zero modes at equal zero. In order to evaluate (290) it is enough to compute
the eigenvalue product up to first ordersin

[Det" Ly ([0, T1)| = lim (290)
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il det{(Ja,U )}
0,  =7Ntt = + o(rNH! 291
1Le. 3ot (U 0} ’ 29

The denominator cancels out with the Gram-Schmidt Jacehian. The cancella-

tion is not accidental since the functional determinantrigied to massive modes
by definition cannot depend on zero modes. For the same réhsa@verages of
the perturbation over the periodic Jacobi fields should elamgat. The mechanism
of the cancellation is governed by the parabolic blocks efrttonodromy matrix

of the periodic orbit. The monodromy matrix is obtained frtre linearisation of

the classical flow around any trajectaty(t) on the periodic orbit by setting

M = F(T,0) (292)

The monodromy matrix admits an orthogonal decomposition

M =M oM (293)

with MIl, M+ governing respectively the stability of degrees of freedongitudi-
nal or transversal to the orbit in phase space. The decotigosbrresponds to a
partial reduction to normal form of the monodromy. The couitly of the eigen-
value flow of a symplectic matrix under continuous parameterturbation permits
to write atr different from zero

M, =Ml @& M+ (294)

The perturbation shifts the stability of the blocks awaynirthe marginal case.
Hence, the blociv! pairs up to degrees of freedom longitudinal to the orbit only
atr equal zero. The functional determinant factorises as

det[lyg — M,] = det[l; — MI] det[ly4_; — MZ] (295)

with [ < 2d the dimension of the parabolic subspace of phase spaceiniite |

hn% det[lgd_l - Mi‘] = detﬂgd_l - MJ'] = detl[lgd - M] (296)

is non zero and independent from the moduli. Linearised flalasg different tra-
jectories belonging to the same degenerate extremum atedddy similarity trans-
formations which leavéet | [l,; — M] invariant.

4.3.1 Abelian symmetries

The symmetry group is Abelian if the generating functionghef symmetry trans-
formations are in involution (appendix E.1.5):
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{Ha, Ho}pw. =0, 0<ab<N<d (297)

The Poisson brackets (297) are equivalent to skew-ortredgpnelations between
the phase space lifts

]a(t>
(Va)(t)

of the N + 1 periodic Jacobi fields. By assumption the Jacobi fields aealily
independent. Henc&” + 1 is at most equal td. The construction of a symplec-
tic basis requires the introduction of oth&r+ 1 linear independent generalised
eigenvectors of the monodromy matrix

Ta(t) = (298)

MIS T2 (1) = T2 (t)

a=0,.,N (299)
MIS X () = X () + V5 T2 (1)
fulfilling the normalisation conditions
X ap Tl =6, a,b=0,..,N (300)

The generalised eigenvectors are mapped by the sympleatiexn into a basis
dual to the7,’s. By means of a linear symplectic transformation it is gessible
to reduceM! to the orthogonal product d¥ + 1 two-dimensional parabolic blocks
of the form given in appendix E.2.2. Otherwise phrased, lumian renders the
normalisation conditions (300) compatible with the existe of a reference frame
where each of the configuration space projections of thegiereigenvectors of
M coincides with one of th&.2-orthonormalzero modes of.p,, . Introducing an
infinitesimal periodic perturbation, the same calculatbappendix E.2.3 yields

[N \
(i, U )} Int1

The terms of orde©(7¥*1) or higher neglected in (301) do not contribute to the
limit

Ml = +O(N (301)

det[|2 N+1)
TN+ det{( jZ,Uj] }

lim

im = | det V| (302)

The determinant on the right hand side is just the produdi@fibn-diagonal ele-
ments of the normal forms of the parabolic blocks of the moooy matrix repre-
sented in the canonical symplectic basis
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N
| det V| = | ] il (303)

=0

Physicallyx;’s are the characteristic growth rates of the linear inddpahmarginal
instabilities of the degenerate periodic orbit. The fumaél determinant is therefore
independent on the moduli. Provided all the orbits conthifguto the stationary
phase are prime, the semiclassical trace path integralAlglian symmetries is
within leading order

)
2ot _ax (md L) ([0,7))+ XL

T|G|e i
5] det Vg det [log — M|

JREISCRESDS

0€p.p.o. (2 ™ h

(304)

Were the stationary phase on a time intemval with r integer dominated only by
the iteration of prime orbits, the above formula would adiimé extension:

5
d i (md L) (0, 7))+

T\G|e
ddQ K(Q TT|Q 0 {305)
/ oe;o; 27TFL’I“ 2\/|detvo detJ_“Qd_MQH
since
M(rT) = M"(T) (306)

4.3.2 Non Abelian symmetries

A symmetry group is non-Abelian if the generating functi¢fs, } 2, of the group
transformations form a non trivial Poisson brackets algéappendix E)

{HaaHb}P.b. = _Cng0+Daba G,,b: 17--'7N < 2d (307)

In consequence, the skew products among the right periogéneectors of the
monodromy matrix

OH,
DaB

with H, coinciding with the Hamiltoniari, are now fixed by the Lie algebra of
the group:

J& = Jtes 2 a=0,...N (308)

T as TP = —{Ha , Hy}on. (309)
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For any trajectory on a generic orbit of periddthe zero eigenvalues of the result-
ing N +1 x N + 1 antisymmetric matrix correspond to the existence of Casimi
operators irG x [0, 7). The Hamiltoniar# furnishes an obvious example of a gen-
erating function commuting with all the elements of the Borsalgebra.

Let £ + 1 be the number of eigenvectors skew orthogonal mutually aride re-
maining N — k. As in the Abelian case the diagonalisation of the block nuvamy
matrix spanned by such eigendirections requires the intooh of £ + 1 skew-
orthonormal generalised eigenvectors

Mg X) = X2 — k() I

, a=0,..k, b=0,..,N (310)
Xanaﬁ \71;8 = 5ab

The remainingV — k eigenvectors have non-degenerate skew products. From thei

linear combinations it is possible to form a symplectic bdsr the linear subspace

they span. The limit

li det[ly o — Mﬂ]

— | det W det V 311
710 |78+ det{(7;, U ;) } | det W det V| (311)

yields two contributions. The determinatit V retains the same definition as in the
Abelian case. The new terdet W accounts for the different normalisation, dictated
by (309), of the configuration space projections of the gkcieigenvectors of the
monodromy matrix from the corresponding Jacobi fields desg the zero modes
of Lp.,.. Inconsequenceget W coincides with absolute value of the inverse product
of the non-zero eigenvalues of the antisymmetric matrixiigel by (309). If only
prime periodic orbits contribute, the leading order result

(o)
S o
—2 (a2, (0.)+ 28

TGl
Jrox@ ooz ¥ I

; (312)
ocopo. (2h) 7 /| det W, det V,, det  [log — M|

The result is illustrated by an example common in applicetio

Consider an action functional with time autonomous Lagiamgnvariant under
SO(3). For the sake of simplicity in what follows the Darboux vétar = (¢, p)
describes a six dimensional phase space. The hypothesis restrictive as it cor-
responds to the choice of a frame of coordinates suchcttlascribes the parabolic
degrees of freedom in the monodromy matrix. The first intisgrasociated to the
symmetry are the Hamiltonian and the three compongtisa = 1, ..., 3 of the
angular momentum with Poisson algebra

{/\/la,./\/lb}p_b_ = gngm a, b,CZ 1,...,3 (313)



with ¢,,. the completely antisymmetric tensor. LY, (a = 1, ..., 3) denote a rota-
tion around the:-th Cartesian axis. A canonical parametrisation [14256X(3) is
provided by the angular momentum versor

(Mb M27 MS)T
[|M]

= Ry(t') Ry(t*) (0,0, 1)
:= (cos t' sin 2, sin t! sin 2, cos t?)1 (314)
and by the anglé® of rotation around the direction of the angular momentum. In

terms of the modul{t', t2, t*), the generic element ¢fO(3) admits the represen-
tation

R(t', £, %) = Ry(t")Ra(t*)Rs (%) [Ra(t")Ro(8)] (315)

with

0<t,8 <2nm, 0<t<n (316)
By (277) the Jacobian entering the definition of the invariaeasure can be ex-
tracted from the left invariant differential oveiO(3)

(RTYAR) (th, €, 63) = dt"RE (¢, €, €)ry, (317)

The differential is written in matrix notation in the basistibe infinitesimal gener-
ators of rotations around the three coordinate axes

dR,
= 1
ra d5 (5) 0 (3 8)

The invariant measure reads

3 3 t(l)
dSO(3) = ] dt'® det R(t', £, ¢*) = [ dt'‘ 4 sin t® sin® - (319)

a=1 a=1

The result does not depend on the use of the left-invaridfierential (317) to con-
struct the measure siné&(3) is compact and connected: the invariant measure is
therefore unique [76,142].

The squared modulo of the angular momentum defines the gemgehanction as-
sociated to the Casimir operator 80 (3). It is therefore convenient to choose the
periodic eigenvectors of the monodromy matrix in the guise

72



tap OH

joa = J axﬁ
., OM,
a _ 1fafBab
Tir = Wl =3 (320)

with a,b = 1,...,3. The {n,}3_, are time independent orthonormal versor&ih
such that

70y = Oqu
ng = M
[l M]

(321)

The explicit form of the versors, modulo a normalisationtéaccan be derived
directly from the expression (277) of Lie’s first fundamertteeorem applied to
SO(3). With the choice (320) the last three periodic eigenvedtarse projections
in configuration space mutually orthogonal withalways pointing in the direction
of the angular momentum.

The Poisson algebra of the generating functions yieldskée srthogonality rela-
tions

T dap T2 =0,
T dap Ty = =M il ig = —|| M| decacnd i (322)

The diagonalisation of the monodromy matrix requires th@ghuction of two gen-
eralised eigenvectors

. _odr
Mﬁ j}g =Jg — ﬁjo
M8 Tin = Tiiaa + Fiiaa I (323)

wherer |, physically gives the variation of the total angle of rotat&round the
angular momentum versus a change of the absolute value ahthuar momentum
itself. Finally for any generic periodic orbit describedthy system one can apply
(312) with

1
|det W| = ——
M2
drT
| det V| = ‘@ HIIMH‘ (324)
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4.4 Gutzwiller trace formula

Gutzwiller’s trace formula is a direct application of thengeal theory of path inte-
gration over loop spaces.

The relation (16) between the energy spectrum of a time amons quantum
mechanical system and the propagator is amenable to thenpedinal expression

p(E) = tim I [T 0% [ Dlga]ets

e
ImZ [0 o 1mh

(325)

E=ReZ

The semiclassical approximation must be performed on theiéotransform of
the propagator trace. The integration over the time vagiabitails the evaluation
of the propagator for infinitesimally small tim&@s At variance with the finitel’
case, in such a limit the semiclassical approximation cahaadentified with the
stationary phase approximation. The propagator tendgtDigac distribution for
zero time increments:

VIQEAQTIQ0) ~ () it sana) (326)

The divergence of the prefactor does not allow to negleet @damparison to the
fast variation of the phase fdr going to zero. Thus, the stationary phase cannot
be directly applied in this limit. In consequence, the sdéasisical energy spectrum
consists of the separate contribution coming from shorit®wath period tending

to zero and from long orbits of finite periad

4.4.1 Short orbits

The short orbit contribution to the trace formula was inigeged in detail long ago
in the review by Berry and Mount [23].

The short orbit contribution is obtained starting from thaufter transform of the
short time representation of the propagator on closed paths

P nroer
e

K(Q,T|Q) ~ /R e TR (327)

The insertion of the short time approximation into the egelgnsity (325) provides
the asymptotic expression
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, i diPdiQ > | z-mr@ g a1

ps'o‘(E)Nhlr}giOImﬁ r2d (27h)? /0 © '
o diPdiQ
_/]RQd

Gk §Y(E -H(P,Q)) (328)

The short orbit contribution brings about a microcanonierage over the energy
surface which dominates the asymptotic of the energy deaslarge values ot
[21,125].

In the typical case of a kinetic plus potential energy Haonilan

d P2
H = ; 27;1 +U(Q) (329)

the short orbit contribution reduces to

9 7Td/2 ddQ a3
e B) ~ Ty L anyilE U@ (330)

the prefactor being the measure of the surface of a unit sphdrdimensions.

4.4.2 Long orbits

The long orbit contribution is just the Fourier transforntloé semiclassical asymp-
totics of trace path integrals. The time-energy Fouriemdfarm makes sense be-
cause generic conservative Hamiltonian systems are egéatexhibit periodic
orbit in smooth families versus the energy. The time-enémyrier transform in
the semiclassical limit reduces then to a further statipphase approximation. Al-
ternatively, it is also possible to apply the stationarygghapproximation directly
to the energy density formula (325). In such a case the fonatito extremise is

T
W(g,q) = ET + /O dtL(q,q) (331)

with the loop space condition

““(t+T)=q*1) Vit (332)

For differentiable paths this latter entails

9q” . _ ag o9 .
St T T = =40t Ty) + (s T ) (333)
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the partial derivative with respect o affecting only the parametric dependence of
the path on its period.

On aT periodic trajectory the functional (331) is equal to thessiaal reduced
action [7,98]:

T
W(gerdee) = ) (dd°pa) (1 (334)
The reduced action is function only of the orbit and not ofiiidtlial trajectories

wending their path on the orbit. By (332) and (333) the fumaail is stationary
when

oW oL T 9
5w =0T Y — B4 | g — o2& a2 p,
W =B+ lﬁ g aqa]t:ﬁ |t S D.c
Td o
5 :/0 t5¢° Do L
oL d oC

vanish. Extrema are periodic orbit of now fixed enefgyT he first of the equations
(335) establishes therefore an energy-period relatica £(T).

Evaluated over any classical periodic trajectogy, the second variation does not
contain mixed terms sinagrq., is a (non-periodic) Jacobi field:

. dr
5%W(ch(t), Chf@)) = - ﬁ (5T2
T
W (ger(t). dee(®)) = [ dtq° (Lo ) p00” (336)

The integral over the fluctuations finally yields:

pl.o.(E) ~
SN TeT B
Im ° " - (337
engz::l mh(2mhr)N? 4B det W, det V, det | (Izg — ME)|2 (337)

where the sum ranges on all orbits ‘at energyE’ and their-th iterates. The phase
factor associated to extrema of the reduced action is

1 dE N
N, = ind_L%OC)L 0,rT,] + 3 <1 + signd—TO> + 5 (338)

Note that the Fresnel integral over the period fluctuati@meels(2 7 /i ¢'5 ) from
the prefactor.
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If the energy is the only conserved quantity, the formuléhfer simplifies (see also
appendix E.2.3)

detW, =1
dE,
‘ e detV,| =1 (339)

so to retrieve Gutzwiller’s original result given in chapte The opposite limit of a
separable system is treated by subtractingithero modes associated to the prime
integrals in involution. In this way the result of Berry andbbr [24] is recovered.
The reader is referred to the existing literature [131,64873] for a detailed dis-
cussion of the semiclassical quantisation rules of theagrtegrals of the motion
which is obtained by projecting (337) on the irreducible paments of the sym-
metry group.

4.4.3 Example

The simplest application of the trace formula is the deiorabf the semiclassical
energy spectrum of a one dimensional particle with kinelis potential classical
Hamiltonian. The potential is assumed to grow to infinity famge values of the
position variable.

The short orbit contribution is proportional to the periddiee accessible orbits at
energyr

(340)

- Qe dQ m _ + L(B)
e (B) = ; /Q;,g L om(E-U(Q) ; 2nh

Turning to long orbits one observes that (338) coincidek wWie Morse index for
periodic extremals already computed in section 3.3

N,, =27 (341)

Thus the oscillating term in the trace formula is

Pro(E) = Z I(B) icos <M — 7rr> (342)

ocppo. T h h

Gathering the short and long orbit contributions gives
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p(E)= Y T;(f) l1 +2 icos (L;(E) — m«ﬂ
T,(E) & (w;w)_l)

r=1
o 27r — 3
- Z Th Z €

0EDp.p.o. r=—00

(343)

The series over yields a discrete representation of a train delta functeeked
at

We(E) 1
oth 2 " (344)

for n an arbitrary integer. Thus the Bohr-Sommerfeld [28,14@&]rdisation rule is
recovered.

4.4.4 Non generic degenerations

Zero modes occur generically in correspondence to contismggmmetries of the
action. However, it is not infrequent to encounter in apgdiiens marginal cases
where unit eigenvalues of the monodromy matrix do not sterm the invariance of
the action under a Lie group. The zero mode subtraction rdetgkpounded above
proves nevertheless useful in order to compute the furatidaeterminant of the
massive modes. The contribution of the degrees of freedsoraded to marginal
zero modes can be then computed using approximations higgnequadratic. This
is done, for example, by finding the normal form around théyoke orbit of the La-
grangian and then retaining only the leading order prapeciiiong the zero mode
eigendirections. The procedure is discussed in detailchylSan in his classical
monograph on path integration [143].
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5 Conclusions

The derivation of the Gutzwiller trace formula is notoritudifficult.
In the author’s opinion the difficulty is considerably maigd by the use of path
integral methods. The opinion is based on two strictly imgred reasons.

The first reason is that trace path integrals offer a glolzadpaically invariant ap-
proach to the semiclassical approximation of the energgitieaf a quantum sys-
tem. This is in contrast to the WKB methods usually appliedhia literature of
the Gutzwiller trace formula. Broadly speaking, WKB methquoceed by repeat-
ing explicitly in the case of the trace of the propagator thestruction made in
section 2.1. The phase of single orbit contributions is mieiteed by keeping track
of the caustics encountered along a reference trajectatyimally computing the
order of concavity when the trajectory has covered the eptibit.

Path integrals permit to concentrate directly on the prisgeiof the propagator
trace. The change of point of view is of particular advantagghe interpretation
and then practical computation of the phase factors of thi contributions. Here
the difference between path integral and WKB methods caruberarised as a
shift of the focus from the local geometrical properties laksical phase space to
the global topological properties of second variation-a€lfoint operators. Morse’s
theory of variational calculus in the large provides all thirmation to compute
the index associated to periodic orbits. It is worth stregshat the topologically
invariant Morse index for closed extremals was already atteg by elementary
methods in Morse classical monograph [117] (see also [118])

The Lagrangian manifolds techniques later developed by Batol’'d and Duister-
maat establish an extremely powerful connection betweersélimdex theory and
Fredholm flow theory. Local geometry of phase space themerges but only as
a resultof topological invariance.

The index of the second variation defines as well the indek@functional deter-
minant of the self-adjoint operator associated to the sg¢tgariation. Whenever the
classical kinetic energy is strictly positive definite, figaration and phase space
path integrals provide equivalent representations of tbpamator trace. In conse-
guence the Morse index for closed extremals defined in camafiigun space must
coincide with the Conley and Zehnder index [35,141,135peisted to the Dirac
operators governing the second variation in phase spacelakter is widely used
in recent mathematical investigation (see overview in [12@d the monograph
[109]) aimed at establishing the general conditions whigargntee the existence
of periodic orbits on a manifold equipped with a symplectiasture.

The second reason dwells in the general use of the pathahtegthods wielded in
the derivation. They provide a common language for thermeat of quantum and
statistical finite dimensional and field theoretic modeatsthis framework, beside
its intrinsic importance, the Gutzwiller trace formula aoes also a valuable ped-
agogical significance. It provides a paradigm for the applon of general math-
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ematical ideas which have proven of large use and relevanddferent parts of
physics. The author’s hope is that the present may also sarea illustration of
such ideas accessible to a broad physical and mathematidaiahae.
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A Elementary geometric concepts

A smooth, torsion-free manifold with strictly positive symetric metric tensog,, s
is said to be a Riemann manifold. The metric with its inverseused to lower and
raise indices

Vo = Jap Uﬁ

v = g*Pug (A.1)

The covariant derivative of a vector field

Vpv® = 0gv* +T'g 07

8ﬁ' a

= o5 (A.2)

is compatible with the metric if for any pair of vector field$, y* evaluated along
an arbitrary curve®(t) € 9t one has

d Vu\* Vx\”

R © v v = _ v v K v - A'3

77 (V9" (dt)guervgu (dt) (A.3)
The identity is always satisfied if the connectiofy, satisfies

vag,uy = aag;u/ - Fgugﬁl/ - Fgl/gﬂﬁ =0

re, =rg, (A.4)

On a Riemann manifold the above compatibility condition msquely solved by
the Christoffel symbols :

P/C;u = gaﬁ(augﬁv +0ugpp — aﬁg;w) (A.5)
A non trivial metric tensor may arise from the parametrmatof an Euclidean
space in non Cartesian variables. The curvature tensocotihenutator of two co-

variant derivatives, discriminates between this latteeand that of genuinely non-
Euclidean space

RS, v = (V,V, -V, V) v, Voo (A.6)
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since it vanishes identically in an Euclidean case. TheiRéosor and the curvature
scalar are defined Bk

R% = g"" R, 3, (A.7)
Vo’ =[0.0, +T5 Jo*,  Vou* (A.8)

The metric can also be described through the introductioeveny point ofJt of
an orthonormal basis afvielbeins{s¢}¢{_,. The vielbeins satisfy the properties

o B8 — a
Ok GaB 0] = Oak 0] = Okl

Tar0f = 63 (A.9)
Latin indices are associated to an Euclidean metric. In gesfrthe vielbeins the
metric reads

GaB = Oak OBk (A.10)

Combined with the compatibility conditions this last eqaatares the dependence
of the Christoffel symbols on the vielbeins. In particulathe Euclidean case when

agO'ak :8ao—ﬁk (All)

the identity holds

ng = UI? auguk = _Uukaual(: (A12)

The Christoffel symbol is symmetric in the lower indices ByY1).

B Covariant stochastic differential equations

In general stochastic differential equations are not damdunder change of coor-
dinates due to thé(\/dt) increments of the Wiener process. Nevertheless covari-
ance can be achieved through a path-wise definition of tHeires.

In compact notation the system of stochastic differentiglagions (25) reads

2 Here the same definitions of the curvature and Ricci tensoadopted as in [68,31,5]. In
[143,156] the curvature tensor has opposite sign but thei Rinsor as well as the curvature
scalar are the same as here.
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dg® = v*dt + /% op o dwy, @(T)=Q"
dof = —T}, o} odg”, 9*P(Q) = (ogo)(T") (B8.1)
ds = —¢22dt, (1) =1
Geometrically the system describes the transport of aroodimal frame of vec-
torsoy, k = 1,...,d parallel to the trajectories of the position proces®r any

given realization of the Wiener process In fact, the second equation can be re-
cast in the form of a covariant derivative along a pgttr)

Vop
dt

=0 (B.2)

Hence if the metric compatibility condition is imposed attiad time, it will hold
true all along any given stochastic trajectory.

In the main text it was stated that solutions of (B.1) are tharacteristics of the
Fokker-Planck equation (22). The statement is verified ffermintiating the aver-
age over the Wiener process

(6(T) 0 (¢(T) = Q) i= [ Dpw(t)) e I #4050 (o(T) - Q) (B:3)

along the trajectories of (B.1). Averages of stochastiteds#ntials are most con-
veniently performed if the infinitesimal time increment bketWiener process is
independent on the current state of the systémstochastic differentials

o (t) dwh(t) = lim o7 (1) (wh(t+ dt) — w' (1)) (B.4)

implement the condition [49,91,96,123]. The conversio®tatonovich differen-
tial into Ito can always be accomplished by expanding ardinedpre-point dis-
cretisation and retaining terms up to orde(fdt) with the proviso

dwy, dw; = 0 dt + O(dt) (B.5)

A straightforward but tedious computation yields

dq = <’U —%F“V‘gu ) dt—l—UEO’kdwk

dof = hz (RS — 05 (T3, g"")| ofdt —T%, ol dg (B.6)

2m
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The third equation is discretisation independent. Noteithie Ito equations there
appeamoncovariant quantities. The time differentiation of (B.3¢lds

G5 @(T) = Q) = (TR o(T). )b (a(T) = Q)
(D) | o™ 1) s s — 7 0a(T). )| 69 a(T) = Q)
(B.7)
with the Ito drift
Vit 0(T), T) = v (q(T), T) — 52T, () ¢ (a(T) ®9)

The term linear indw averages out due to statistical independence of the Wiener
noise increments. From (B.7) straightforward algebraverothe Fokker-Planck
equation. The same result is also obtained by applying imat integrations by
parts on the original Stratonovich equations [14,121].

An analogous calculation evinces the equivalence in meastithe system of
stochastic differential equations (B.1) with a free Wiemation on9Jt

|h
dg™ = —Zag‘odwk
m

doy =—T",, o) o dq (B.9)

advecting the new potential term

2 1
do=-—p l(% + m2|l:l| + §VQUO‘> dt + 1/% VY0 k odwk]
=—p @dtjt w/ﬁvo‘aak dwy, (B.10)
h hz

Equivalence in measure means that the last two equatiorasaoeiated to the the
same Fokker-Planck equation as (B.1)

VIg@Q) K(Q,T1Q, T") = (o(T)6'Y (¢(T) — Q) ) (B.11)

where the average is extended over the solutions of (B.@rdfresentation (B.11)
of the transition probability density is called tl@&rsanov-Cameron-Martin for-
mula
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Finally it is worth noting that the Euclidean condition (A)lis the integrability
condition for the mapping

dqy = 0o dg” (B.12)

which retrieves the natural Euclidean frame where vielbaire the versors of the
Cartesian axes. In the jargon of statistical mechanicsjrtggrability condition
permits to map multiplicative into additive noise. In suctcase, the Laplace-
Beltrami operator on a scalar reduces to the Bochner’s cagpia

9"V, K. = |0l 07 0,0, — T%, ¢"" 0a | K. = 0} 0, (070, K.) (B.13)

Hence if (B.12) holds, the Stratonovich equation

dg° (t) = v (q(t), ) dt + E o7 (4(1)) o duwy(t) (B.14)

is covariant since it governs the characteristic curvefeftorm of the equation
[96,97,162] which is covariant whenever (A.11) holds.

C Path integrals from stochastic differential equations

Girsanov’s formula (B.11) reduces the construction of patibgrals to the solution

of the heat kernel equation on a Riemann maniftdor short time intervals. As

in the main textdN is restricted to be either compact and without boundaries or
R?. The problem can be solved by means of a generalisation afée construc-
tion generally used to define the Wiener (Brownian) motiofutlidean spaces
[104,91]. The derivation which follows is an explicit veraiof the argument out-
lined in [50].

OnR¢, the expectation of the Wiener process at any intermediatit € 17, T
conditioned on its end points is

(uelt) hon(T) = Wea (1) = iy = LTI L OWE 6y

The variance is of the ordé€)(7"—1") for ¢ of the orden7’—T7") /2. The Lévy con-
struction proceeds by dividing the time axis into smallestiof durationi7". Within
each time slice the Wiener process is interpolated with)(0le increments of the
Wiener process over a time slice are Gaussian random vesiabl
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_ W =Wy (C.2)

by :
g dT
with zero average and unit variance. The projection of teeylL.construction over

a Riemann manifolélt gives

h
() = || = R ()b
o (t) = =TI, (a(t)) o3, (t) (C.3)
The random equation is now differentiable and equivaletii¢éayeodesic problem
(C.4)

The probability distribution of the random system yields #ort time expression

of the heat kernel
db 2y /
=T 6 (que(T" + dT) — Q) (C.5)

YQEAQT +d1Q"T) ~ [ s

asymptotically in
(C.6)

O(dT) ~0(Q—Q")* 1 0
The integral on the right hand side of (C.5) requires thetgmiuwof the geodesic

equation (C.4) with the boundary conditions

qge(Tl) — Qla
oo (T" 4 dT) = Q° (C.7)
On a Riemann manifold the solution is uniquelif is short enough. Straightfor-

ward algebra gives
K. (Q, T +dT|Q'\T") ~ & ce
( | ) (22h7r)%l det V(Q, Q',dT) (C.8)

whereV is

vlk (Q, Ql,dT) :Ual<Q) (aa%g:> (T/ —+ dT)

=~ 001(Q)os1(Q) g5 (T" + dT), g (T") }p 1. (C.9)
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The Poisson brackets on the right hand side (see appendixk farfber details)
provide thed linearly independent solutions of the linearised dynamicsg the
geodesic [31,68]

2

Vv o o : 37
d_t25Qgc(t) + Rﬁuu(qge(t)) qgo(t)CSQgO(t)Qgc(t) =0

0qi(T") =0, W (C.10)
Thusdet V is the determinant of the scalarised linear dynamics. Simegielbeins

are parallel transported along the geodesic

2

atlt) 065 (1) = (1)

u(t) 1= 041(t)0qg(t) (C.11)
the scalar fluctuations fulfill the equations of the motion
ul(t) = ﬂl(T,) (t — T’)
T
+ |, AT = ) 0t RS0, (dee (1)) dge(£)005 ()5 (1) (C.12)
One gets into

\/lk(Q7 Q/7 dT) = 5l,k ar

dT?

o 0T (TR, (4o (T) (TN (T') 4 0fdT*)  (C.13)

The determinant is computed by means of the identity

In det(l —eX) = Trin(l — eX) = —e TrX + o(e) (C.14)

The approximations hold in probability, thus it is legititedo replace in (C.13)

(T (T) ~ 5’T 97" (4se(T") (C.15)

which is correct within the leading order in the asymptofic$) [46,99]. The final
result is

d
m ]5 e_MHt?gc(T')H2dT+zﬁR(Q') dT

K.(QT' +dT|Q'\ T") ~ {m 22h Gm (C.16)
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In order to be elevated to the status of a proof the aboveat@ivrequires a precise
estimate of the errors done in the approximations. Theasted reader is referred
to [114,26] for rigorous estimates of the heat kernel on Riemmanifolds and to
the recent paper [5] for a complete proof of the path integpaktruction.

The short time approximation of the propagator is oftengivethe form [143]

K.(Q,T'+dT|Q', T') = K.(Q, T'+dT|Q, T') e~ Jw-£ost 4 o(dT) (C.17)

where

zh (zh)*R

_mes 2 2 Zn o
Lon = 5 [lg—v||”+ 2o+ 5 Vv o (C.18)
and [156]
K.(Q, T'+dT|Q,T") = 1+ Zh%wdeLo(dT) (C.19)
m

In the presence of curvature a rigorous probabilistic tesupports the identifi-
cation of (C.18) as “classical” Lagrangian. Namely for realues of the analytic
continuation variable it has been shown [79,149,96,69] that the probability to find
q(t) in a tube of arbitrarily small radiusaround any smooth patt{t) connecting

@’ to @ in atime interval of arbitrary lengtfy”, 7' reads

pla(t) = r(®)] < e, € [T',T]) ~ e = Jr @l (C.20)

asymptotically ine. Therefore (C.18) solves the Onsager-Machlup problem of de
termining the most probable smooth paths covered by théastic process.

The asymptotics of the diagonal component of the kernelqCdescribes the
leading contribution to the square root to the Van-Vlecked®ainant associated
to (C.18)

D Non covariant path integrals

Beside the covariant formalism discussed above, in theatitee are often encoun-
tered non covariant constructions of path integrals. Amgxa is the Edwards and
Gulyaev treatment of a quantum mechanical two dimensioadiqgte in a radial
potential [57,131]. By (B.6) the line element in radial coimates

ds® = dr? + r2df® (D.1)
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yields the Ito stochastic differential equations

B )
dr = == dt + 1/ — du
2r m
46 = ,/@ldw2

m r

de = — = Uh(r) dt (D.2)

The path integral action in the Ito representation is

1 /T m , hz\ 9 9
S_E T’dt§ |:<T_2m7‘> +T6:|

LT 72+ 12 6 N (hz)?  hzr
= — m —_
zh Jr 2 8mr? 2r

+ 2 U] (D.3)

In the Ito representation it is not possible to apply theswéordinary calculus.

In particular, the term in (D.3) linear in the radial velgctannot be interpreted
as an exact differential. Only the Stratonovich represemtds compatible with

ordinary calculus. For the term linear in the radial velgdite relation between the
two representations is

hat) | her __hz (P2 dt ~ h i _ (h2p? (D.4)
2T Ito 2T Strat. 4m7"2 2T Strat. 4mr2
since over infinitesimal increments
.9 zh
~ D.5
(%) ~ —— (D.5)

The first term on the right hand side of (D.4) can be treatechasxact differential.
The result is the path integral

K.(R,©.T|R,6,T

-2 2 02
7+ 170 (hz) L2y (D.6)

2 © Smr2

L =m

where the angular kinetic energy is still defined accordmthe Ito prescription.
The Edwards and Gulyaev result is finally recovered by sgttis 1.
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Change of variables in path integrals obtained in arbitchsgretisations are no-
toriously unwieldy. The probabilistic interpretation qlips a useful guideline to
understand the properties of the path integral. A thoroaghstigation of the re-
lation between stochastic differential equations and pa#grals can be found in

ref. [161].
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E Summary of some elementary facts in classical mechanics

The appendix recalls some definitions and results of clalssiechanics used in the
main text. The application of semiclassical methods in uammechanics requires
information not only about the solutions of the classicala@ns of the motion

but also about their local and structural stability. Whilehe first case surveys of
the material summarised in the present appendix can be fioumdnographes as
[7,9,122,109] and [68] for a geometrical point of view, irethuthor’s opinion the

best introductions to stability problems in classical natbs remain the classical
research papers by Gel'fand and Lidskii [71] and Moser [1T&mprehensive

presentations of linear Hamiltonian system are availabj@60] and [59].

E.1 Lagrangian versus Hamiltonian classical mechanics

E.1.1 Lagrangian formulation

Classical trajectories are extremal curves on sdnd@nensional manifold)t of
the action functional

S = Tdt L(q(t),q(t),1t) (E.1)

Tl

The boundary conditions of the variational problem are meitged by some given
initial conditions. The Lagrangiad is a function defined on the tangent bundle
T x Rof M. Acurvei(t) onTM x R is defined by the lift of a smooth curve
q(t) achieved by setting

j@{%ﬂ]:{ a®) ] (E.2)
dq(t)/dt

Velocitiesg™ transform as well as positiop$ as contra-variant vectors. Lagrangian
of physical interest are quadratic in the velocities.

Any smooth extremal of the action must fulfill the Euler-Lagge equations

=220 a=1,...d (E.3)

The “ellipticity” condition
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Sp{Lss} > 0 Vq
0*L

Lig)as =

( qq}aﬁ aqaaqﬁ

(E.4)

insures the equivalence of the Euler Lagrange equationgitst arder system of
differential equations it with fundamental solution specified by a diffeomorphism
® [9]. Given an initial condition?’ the time evolution of an extremal or classical
trajectory is then obtained as

Te(t) = ®(t; &, 1) (E.5)
The diﬁeomorphisn@(t ; -, t') is a flow or one parameter group of transformations
int

Ot ) =a, V!

i ) (E.6)
(t; ¢(t/; x”) t”)? t/) = (b(t; x”? t//) b \v/x/

KA

The time evolution of infinitesimal perturbations of thetiai conditions is gov-
erned by the linearised dynamics.

63%(t) = <%> (t; o/, ) 6x'" = F5(t,t';2") 627 (E.7)

The columns of§ are linearly independent extremals of the second variaiiomng
a classical trajectory,,:

oD £ 40D L

dce o qce = L(S . a:O E.8
l de dt o qu (L 6a) (E8)
The “classical fluctuationsdq,., are referred to as Jacobi fields [127,93,51]. The
linearised dynamics is defined on the spaE, Mt tangent to the tangent space
along the classical trajectory.

E.1.2 Ndthertheorem

Let G be a Lie group withV parametergt”}Y_,. Acting on configuration space,
the Lie group generates smooth transformations of vasalirea local neighbor-
hood of the identity, the transformations are spawned byMhector fields

a (e
We) = S(ta)| n=1..N (E.9)

=0
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induced by the Lie algebra a¥ [76,68,119]. The action functional is invariant
underG if

[t ele.0 - [ ety
(1) = o(t,4(t) €10

is satisfied. Rephrased in differential form, invarianceinse

oL

0= %(w,w) , Vn (E.11)

=0

Since Lagrangians of physical interest have the form

L= gaﬁqaq + qa Aa -U (E12)

(E.11) also entails that a symmetry is an isometry of theimitnsor which leaves
invariant the vector and scalar potential

0Ga 3 oY ov)
vy n P —
0A ovY
v o no_ )
Un oq" T 0q”
oU
% _
v) a0 0

(E.13)

Combined with the Euler-Lagrange equations, (E.11) yields

d[oc o
- = [&;a 507 Un] (E.14)

and consequently defines the conserved quantity

H, = 25 4o (E.15)
oG~
The index contraction on the right hand side correspondswelbdefined scalar
product. To wit, under generic change of coordinatés= ¢ “(¢q) the classical
momentum transforms as a co-vector [7,68]:

oL agtaL ot
Pa = aqa - aqa aqlg - aqa Dg

(E.16)
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E.1.3 Elementary Hamiltonian formulation

The ellipticity condition (E.4) permits to define the Haraitian

H(q,p,t) = sup {paq” —L(q,¢t)} (E.17)

geTM

A smooth curve satisfies the Euler-Lagrange equations ifostgif it is solution
of the Hamilton equations in canonical coordinates

OH : OH
—a—pa, Pa — _8—q0‘ Oé—l,..,d (E18)

e

q

Let & denote the flow which solves the Hamilton equations. The flowefined

in phase space, the geometrical cotangent bulhd®. The derivatives ofb with
respect to the initial positions and momenta specify the ffoaf the linearised
dynamics around a classical trajectqry. The space where the linearised dynamics
is defined is tangent to the cotangent buriblE; 9. A similarity transformation
connects the linearised dynamics around the same trayact@hase and tangent
space:

F(t,t") = () F(t, )T ) (E.19)

by 2d x 2d dimensional matrix

T(t) = { . 0 } (E.20)
Liq Lig

the blocks being the second derivatives of the Lagrangiatuated along the clas-
sical trajectoryy.,. In particular the lower two blocks specify the pull-baciB]®f
the momentum

dég” 5
dp(dq) = (de)aﬁﬁ + (Lgq)apdq (E.21)

In the main text the latter is denoted as

Véq := dp(dq) (E.22)

to emphasise that the linear momentum transforms as a eavagctor.
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E.1.4 Symplectomorphisms

A general formulation of Hamiltonian dynamics is attaine@rbitrary coordinates
x

s_ IR

Oxe’
where(2, s isa2d x 2dtensor globally defined iT*9t and characterised by the
properties

Qo pi a,B=1,..2d (E.23)

Qap = —Qa, Qo QP =68
det Q) # 0, Ve € T*M

00 p N 00y 00,
oxY 0zP or®

In other words(2, 3 specifies a non degenerate closed two form [31,68]. By &’s
lemma [68] any closed two form is locally the curl of a vectotgntial

=0 (E.24)

Qo = Oty — 0500 (E.25)

The elementary formulation of Hamiltonian dynamics is remed from (E.24), by
means of Darboux’s theorem. This latter states that on ardifitiable manifol@t
there exist local coordinates= (g, p) such that the symplectic matrix reduces to

0 — 1y
J = QDarboux = 5 JTJ = |2d (E26)
I 0

A straightforward computation proves the Hamilton equai¢E.23) are invariant
in form under smooth transformations verifying the corutiti

ovH owY
(V" Q)ap = ey Qo (¥(z)) i Qo () (E.27)

Transformations which satisfy (E.27) are said canonicayonplectomorphisms.
One parameter symplectomorphisms continuous around #reitiy are charac-
terised by the infinitesimal version of (E.27) around thenidg:

U (,8) = 2% + VO (2) t+ O(£)
V70, Q0+ Q500 VT + Qo 05V = 0 (E.28)
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The condition is satisfied by Hamiltonian vector fields

g OHy

Ve =Q 5

(E.29)
the generating functiofi(;, being a phase space scalar. Canonical transformations
leave the Poisson brackets of two phase space sgaad¢

99 Ix

. OaB
{¢7X}P.b. = O axﬁ

(E.30)
invariant. Poisson brackets are antisymmetric, obey thienizchain rule and sat-
isfy the Jacobi identity [7,109,98] as follows from the peoies (E.24) of. If
x and ¢ are generating functions the Poisson brackets are equiv@aleheskew
productof the corresponding Hamiltonian vector fields:

{6, X}pb. = Qs VO V) (E.31)

The attributeskewrefers to the role of pseudo metric played by the antisymmetr
tensor(l, g. The skew product vanishes on pairs of linearly dependeartov® As a
result in a phase space 2# dimensions the maximal number of linearly indepen-
dent vectors which can be pairwise annihilated by the skedymt isd [7,109].

E.1.5 Symmetries

Poisson brackets supply a convenient formalism to handerd¢hation between
continuous symmetries and conservation laws. Namekly, ifH, are respectively
the generating functions of the one-parameters symplexfamsmsV, (-, t*) and
U, (-, t°), the derivatives along the flow obey the chain of identities:

= {Hy,Ha}pp = — <a;:f’> (Wo(z, t))

(E.32)

te=0

<8Ha

o) (e )

tt=0

An integral of the motion is therefore the generating fumetof a symplectomor-
phism leaving the Hamiltonian invariant. In general, Frubs theorem establishes
integrability conditions in terms of the Lie algebras of teedields [68]. Poisson
brackets are an integral version of the Lie brackets of thmill@nian vector fields
with generating function®{,,, H, [7,109]:

OV Vs

{V;,‘%}%b_322vgtﬁxu b 8x“

d
— _Qaﬁﬁ{m,m}p_b, (E.33)
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If the generating functions Poisson commute mutually artth ¢ie Hamiltonian
'H they are simultaneously preserved by the dynamics. Thesponding Hamil-
tonian vector fields form an Abelian group of transformasiomMore generally, a
symmetry group is realised by a Lie algebra of Hamiltoniacteefield {V,} Y,
with structure constants¢, (see appendix F)

{‘/:17‘/6}g.b. = gb Vca (E-34)

yielding the Poisson bracket algebra

{HaaHb}P.b. = _Cng0+Daba Dab = _Dba (E35)

The D,;’s are skew symmetric phase space constant depending omheatruc-
ture of the Lie algebra [7]. More light on the meaning of thg,’s is shed by
the analysis of the dependence of #f#,}Y , on the Lie algebra vector fields.
In consequence of (E.24), (E.25) the generating functioastradmit the general
representation

Hy = 0o VO + hy (E.36)

for {h,}Y_, some scalar functions antj, the vector potential defined by (E.25).
The definition of Lie brackets (E.35) entails the identity

Oh, .. Ohy
o Vi 5 {Ha Habe, (E.37)

which, combined with (E.34) and (E.36), yields

Ve, Vitin, = Vi

Dab - h - v#gh‘u ‘/b gh“
Thus it is only when theD, ,’s are zero for alk, b that the scalar functiongh, } Y,
can be set to zero in the representation of the generatiragiduns of the Lie alge-
bra. In such a case a symmetry is saglivariant The denomination is justified
by considering an example with globally defined canonicardmates. In such a
case the vector potential is

(E.38)

&)
9, = Jﬁ“Tx (E.39)

while Hamiltonian vector fields have the form

OH,

Ve = Jop
J3x5

(E.40)
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Hence one has

IV = H, —1—1 xo‘aHa —2H, (E.41)
2 ox®

Equivariance then means that the constant of the motiomsheneous of degree
two in x. The rotation group provides an example of equivariant sgtryrieading
to the conservation of the angular momentum

Ho = Pt ¢ (E.42)

with r@) the infinitesimal rotation matrix around tleaxis.

E.2 Linear Hamiltonian systems

E.2.1 General properties

Poisson brackets allow a covariant description of the akknearised dynamics

in the spacd'T;, 9 tangent to phase space along a classical trajectory

To(t) = (t; ', t) (E.43)

The linear evolution matrix can be recast in the form

ox'v \ ox'°

= {2 (t'), 25 (0) b Qup(wee(t)) (E.44)

In matrix notation, the linearised flow satisfy the lineamhliionian equations

//J, (0%
Fa(t, ) = 8 (a') O (') 22 (6‘I> ) (t: 2, 0)

1) (t,7) = HOR(E 1)
F(E, 1) = loy (E.45)

having defined

Qt) == Qz(t))
O*H OH 09
— e 22 0 ay
Haop(t) 0reOxP & 0rd 0zb

(E.46)

Tee (t)
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(E.44) provides for the invariance of the skew product of pasticular solutions
of the linearised dynamics under canonical transformatibiamely any canonical
transformation of the flow

U (zy(t) = (Vo d®)t;a',t)
gjﬁ = %(zcg(t)) Fat,t) (E.47)

satisfies the symplectic property

FL(t,t) Qy5(8) Fo(8 1) = Qap(t) (E.48)
Combined with (E.44), the equality specifies the behaviduhe linearised dy-
namics under time reversal

(FHs(t,t) = F5(t', 1) (E.49)
The property is inherited by the linear evolution magixn TT, 1.

By (E.32) symmetry transformations commute with the Hamiltonian flow

(Wod®)¥(t;a',t") = d%(t; U (a'), 1)) (E.50)
Hence the linearised dynamics must satisfy

ove o0P°

F3(t, t () = W(xcg(t))lzg(t, t'; x’)W(x’) (E.51)

E.2.2 Linear periodic systems
Linearisation around a classical trajectory on a periodst®f periodT., gives
rise to a periodic Hamiltonian matrix

H(t) = H(t +Te), VYt (E.52)

The pseudo metri,, 3 has the same periodicity. The general form of the solution
of a linear periodic system is dictated by Floquet theoreshdo]:

cl !

F(t,¢) = Pe(t, ') exp {tT_ £ / T s (Q—IH)(S)} (E.53)

with Pe a periodic matrix such that
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Pe(t’ -+ TLTCE; t/) = |2d (E54)

for all integern. The phase of the exponential matrix in the Floquet reptatien
above is defined modurr.

The stability of a classical periodic orbit is governed by thonodromy matrix:

t'+T.p

M(Tcg) = F(t/ +Tcg,t/) = exp {/t

!

ds (Q_IH)(S)} (E.55)

It is not restrictive to choose local coordinates such thatrhonodromy matrix
satisfies

MIJM = J (E.56)
Together with
detM = 1 (E.57)

(E.56) defines the linear symplectic groip(2 d). Any symplectic matrix has the
square block form

M = (E.58)

C D —Cf Al

A B] - { Df —B

Furthermore the symplectic condition (E.56) requiresdhe d blocks to fulfill

AD" —BCl =1,
AB" = BAT, CD' = DC! (E.59)

or equivalently

DIA—-CB =1y,
D'B=B'D, C'A = ATC (E.60)

Every linear Hamiltonian flow in Darboux coordinates drawsuave in the sym-

plectic group. The normal forms of elements ©f(2d) are also strongly con-
strained by (E.56). Left (generalised) eigenvectors ofrapgctic matrix are spec-
ified by the right (generalised) eigenvectors through a detafset of skew orthog-
onality relations [115,35,59]. In this way it is possibledonstruct asymplectic

basiswith elementse,,, f, }¢_, satisfying
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einen = ﬂnfn = Omn
el I = — 0 (E.61)

which reduces simultaneously the symplectic matrix andpgeudo metrid to
normal form.

The eigenvalues of any element$)(2 d) are constrained in a rigid pattern of pairs
or quartets in the complex plane. As a consequence the néomabf a symplec-
tic matrix typically (but not necessarily!) consists of ttveo or four dimensional
blocks [115,35,160] listed below

1 Direct hyperbolic blocks
The eigenvalues arg” , e~ <) with & real. The simultaneous normal forms of
an hyperbolic block and of the associated pseudo-metric are

ev 0 0 -1
Man = B Jan = (E.62)
0 e v 1 0

2 Inverse hyperbolic blocks
The eigenvalues are- e*, , — e~ %), @ real and

—e¥ 0 0 —1
Min = s Jin = (E.63)
0 —e v 1 0

Inverse hyperbolic blocks occur because the monodromyixmaaty not have
a real logarithm for all odd iterates [100].

3 Elliptic blocks
The eigenvalues arfe’ , e~ *“) with w real. The normal forms are

dR 0 -1
Mo, = Re(—w), Je. = d—2(0) = { }
w 1 0
cosw sin w
Ro(—w) = (E.64)
— sinw COs W
The eigenvectors
Me, = e'“e,, Mf_, =e "“f_, (E.65)

are at the same time orthogonal with respect to the skew andténdard
scalar products. Thus they satisfy

sign{ieLJew} =1, sign{ifinf_w} =1 (E.66)
21 21
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The signature of the skew products is a constant of the m&tiown asKrein
invariant It provides an intrinsic characterisation of “positiveica‘negative”
frequencies [95,71,115,59].

Loxodromic blocks

The eigenvalues arg® ™ e~ 97w ¥7tw om@Tw)) G w real

Mlox. = |:e‘:) Rz(_W) - ’ ]
0 e”“Ry(—w)
Jlox. = I:O I2:| (E67)
5 0

In a one parameter family of real linear Hamiltonian systénescreation of
a loxodromic block requires the simultaneous exit of fogeevalues from
the real or imaginary axis. Such bifurcations will occuryoat isolated values
of the parameter corresponding to points where two pairsyptibolic or

elliptic eigenvalues coalesce.

Parabolic blocks

A parabolic block comprises two degenerate unit eigengbaéred with an
eigenvector and a generalised eigenvector:

1 K 0 —1
Mpar. = , Jpar. = (E.68)
0 1 1 0

The non diagonal entry is fixed by the skew product of the elements of the
basis yielding the normal form.

From the differential equations point of view, a paraboliodk is the value
over (a multiple of) the period of a marginally unstable lo€the linear flow

F. Such block is spanned by linear combinations of perioditardfields with
coefficients polynomial in time [127,51]. A simple eigenvaldegeneration
corresponds to the evolution in phase space of a periediy and a non
periodicz,(t) Jacobi fields

F(t, T 21 (T") = x1(¢)
t—1T'
TCZ

F(t, T") xo(T") = xo(t) = K x1(t) + y(t) (E.69)

The conservation of the skew product
1= (b Qay)(t), Vi (E.70)

enforces the normalisation condition whence (E.68) foloRRarabolic blocks
are a generic feature of systems with continuous symmettadan blocks
also appear in the presence of unstable degenerate eigesvhfferent from
unity [127,71,115].
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Hyperbolic and loxodromic blocks characterise unstahiedtions of periodic or-
bits. Parabolic blocks are marginally unstable and exlalihear growth of the
perturbation along the direction spanned by the genethksgenvector. Finally
elliptic blocks describe under certain conditions st&pllf1,115]. If the character-
istic frequenciqun},szgld of the elliptic blocks are mutually irrational the linear
flow is stable. Furthermore, Moser has proven in ref. [118} thperiodic orbit is
almoststable versus nonlinear perturbations if the linearisea felliptic with
mutually irrational frequencies. Almost stable here mehasthere exists a formal
power series (possibly divergent) supplying a Ljapuno\ctiom for the periodic
orbit. In consequence a parametric perturbation of theodariorbit will remain
for extremely long times in the neighborhood of the periaatiait.

Finally it is worth stressing that a block contributing teetmonodromy with a
certain stability may change stability at generic timed.[3& a matter of fact, the
symplectic property requires the eigenvalues of a lineaniHanian flow to be con-
tinuous under time evolution but does not rule out discaviti@s of the derivatives.
Inverse hyperbolic blocks are generated by the time ewidtiom bifurcations of
unstable elliptic blocks. The phenomenon is exemplifiedhgydynamics of a lin-
ear Hamiltonian system with Hamilton matrix periodic anditige definite. Rule
out the trivial example of the harmonic oscillators and assu

d dH
E[ax; H o] = 02!, — 030 > 0, vt (E.71)

Atinitial time the eigenvalues are equal to one. Since tiemption (E.71) forbids
the formation of hyperbolic blocks at unity, as time incesathe eigenvalues can
only move on the unit circle. In particular Krein positivgenvalues (E.66) move
counterclockwise on the upper half unit-circle and the Kme¢gative ones on the
lower half-circle. If two eigenvalues with opposite Kreiigisature meet at minus
unity, they can satisfy the symplectic condition in two waykey can cross each
other and continue their motion on the unit circle or they lemve the unit circle
and start moving on the negative semi-axis. Note that thenskaption is ruled out
for eigenvalues with the same Krein signature. A bifuraatiminverse hyperbolic
would imply in that case a change of the overall Krein sigratiihe eigenvalues
will at some later time come back to minus unity and resumg thetion on the
unit circle, with Krein-negative ones now moving clockwise the upper-half cir-
cle. All of that can happen for a stalilé,-periodic system: the eigenvalues must
only be back on the unit circle at times multiple of the prinexipd. More infor-
mation can be found in [71,115,59,160].

E.2.3 Eigenvalue flow around a parabolic block

Consider a one parametefamily of linearT,,-periodic Hamiltonian systems
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Q(t) CilFtT (t,t") = H.(t) F (¢, 1),

FT(tlvt/) = I2d (E72)

with analytic dependence in In what follows atr equal zero the parametric de-
pendence will be simply omitted. At fixed times the linear flewolves inT ac-
cording to a linear Hamiltonian equation

OF

Q(t) o

(t,T) = /; At F=UH (4 1) SH(E) F=L (1, ¢) o (4, T) (E.73)

with

OH(t) = H(t) — H(¢t) (E.74)

The parametric stability is determined by th@lependence of the eigenvalues of
the monodromy matrix. Up to first order accuracyrirthis latter is

OH.,
or

)| FYT+T.,t)M  (E.75)

THT,

M. =M+ 7 ﬁ/ At F (T4 T 1)
T

=0

with

J=Q(T) = QT + T.) (E.76)

The leading correction to the eigenvalues is obtained ptiog the above equation
on the unperturbed eigenvectors.

An isolated zero mode of the periodic Sturm-Liouville fluation operator pairs
up with an elementary parabolic block of the monodromy a6§E.Multiple zero
modes brought about by Abelian symmetries also decouplerto &n equal num-
ber of elementary parabolic blocks. For geneyiit, the qualitative effect of the
perturbation inr in such cases is to shift away from unity the eigenvalue plair o
the parabolic block. Since the symplectic structure isgmesd, a parabolic block
generically bifurcates into an elliptic or hyperbolic o@oups of unit eigenvalues
of the monodromy corresponding to non-Abelian symmetri@narginal degener-
ations can also be analysed in a similar way [72].

The right periodic eigenvector is the phase space lift of @ode Jacobi field,

a zero mode of.p,, in [T,T + T,.. If the zero mode stems from a continuous
symmetry according to Nother theorem in Darboux coordigat will have the
form
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6tQCZ(T)
V(StQCZ (T)

- (E.77)

0w 1S the vector field induced by the infinitesimal generatorhd symmetry
transformation. Together with a generalised eigenvestqiE.77) specifies a dual
basis:

My, = v MTJtlthl
- (E.78)
Mt2:t1+Ht1 MTJtQZJtQ_KJtl

whence it follows

[1 = —J‘Cg [2 = Jtl (E79)
provided
feo =dJn =1 (E.80)

Here, the class of perturbations of interest comprisesetlores which do not
change the Morse index of the Sturm-Liouville operator asged to the second
variation of the Lagrangian around the periodic orbit. Alyctly positive definite
T..-periodic termU(¢) added to the potential in the Sturm-Liouville operator

8q"Lyq.r 0q = 0q'[Ly, + T U] dq (E.81)

implements the condition:

T+Tee
/T dt (541U 6q)(t) > 0, ¥ 8q(t) (E.82)

The perturbation of the Lagrangian introduces in Darb@uxp) coordinates the
Hamiltonian perturbation

(E.83)

Up to leading order the eigenvalue equation for the pertlig@rabolic block re-
duces to
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1 —m(7) K

T|V|? 1—m(7)

0 = det +O(1%) (E.84)

with |V'|? specified by

THT, H
Vi2=1 [JT/ At F~ (T +To t) g—(t)‘ F Y T+T.t) M|t
T T
7=0

T+T .y +
= [ Gal g (E.85)

The eigenvalues are

mo(r) =1+ /|7 &||V] ™= + O(1)
~exp {£ V] /[ral e = 1 O(r) (E.86)

The exponentiation is legitimate because of the constimijpbsed by the symplec-
tic structure. It determines the phase factor in the expialenodulo?2 .

There are two main lessons to be drawn from (E.86). Firstchaacteristic fre-
quency has a power expansionjfr and not inr as the monodromy matrix. This
is not surprising as the frequency of an harmonic oscillapprears quadratically in
the equations of the motion. The eigenvalue split inducedrbydamiltonian per-
turbation on blocks of higher eigenvalue degenerafiois amenable to the power
series expansion [72]

mg(7) = mg + 372, m](:)T%, k=1.,6N (E.87)

The second lesson is that the nature of the block emergimg fine bifurcation is
determined by the signature of the non-diagonal elemeifhparabolic block.

The physical meaning of the non diagonal element in the éiablock is better
realised by considering the “default” zero mode encoundter¢he Gutzwiller trace
formula.

By energy conservation classical periodic orbits occur losed curves of level

of the HamiltonianE' = H(z). Periodic orbits are then expected to appear in one
parameter families the peridd,,(E) whereof smoothly depends on the energy. In
such a case the periodic eigenvector of the monodromy miatthe phase space
“velocity” of the classical trajectory

v = io(T; E,..) (E.88)

In the absence of further conservation lawsg(t) is generically the only periodic
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eigenvector in[T,T + T.,|. The associated generalised eigenvector is found by
observing that for alt:

Tt +Tu(E,...); E,...) = &u(t; E,...) (E.89)
The derivative with respect to the energy yields the phaaeesiift of a non periodic

Jacobi field. One can identify in (E.69)

0T op 0x ¢y

na(t) = ). y(t) = S

(E.90)

t=T

!
=constant
Tep

the second vector field being periodic by construction. TH$') provides the
sought generalised eigenvecter Furthermore energy conservation along the tra-
jectory

1 = (g—g) (zeelt)) = (%ICE“TJ@CO (1), Vi (E.91)

yields for the family of periodic orbits

_ dTCZ
dE

R(E) =

Hence the non diagonal element of the parabolic block isldquae variation in
period of two orbits, infinitesimally separated in energy.

(E) (E.92)
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F Lie’s first fundamental theorem

A Lie group is a smooth manifol@ on which the group operations of

product: GxG—G g(t) - g(s) = g(f(t,9))

(F.1)
inverse: G — G g(t) - g(t=Y) = g(0) = identity

are defined. The analytic mappirfg= (f*, .., f¥) governs the composition law
governing the group operations

t* = f4t,0) = (0,1

fet f(s,0)) = f*(f(t ), ) (F.2)
A Lie group acts on al-dimensional configuration spaé® through a smooth
mappingy

p:G XM —->M (F.3)

The mapping induces transformation laws of point coordisatf9t

iy = ¢ (a,t) (F.4)

The originin the{t})"_, space is chosen to correspond to the identity transformatio
ondN

©*(q,0) = ¢* (F.5)

Lie’s first fundamental theorem [76] relates the derivatioé (F.4) at a generic
pointt of G to the vector fields induced @it by the infinitesimal generators of the
group transformations.

O o
W<Q7 t) o =Yg (q) (F6)

The group composition law (F.2) permits to use both leftgihtinfinitesimal trans-
lations att. A left translation at is

©*(p(g,1),5) = ©*(q, f(s, 1)) (F.7)

Differentiating both sides with respect to téis in zero yields
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N afb O™
i(ela ) = 3o S F8)
The matrix
_ ofb
£ o) = -t F.9
(e = Faley| (F.9)

characterises the infinitesimal left-translation.
Analogously, exchangingwith s in (F.7) it is possible to express the derivatives of
group transformations atin terms of an infinitesimal right translation

o
0qP

oft 0
@00 = s %

ot

s=0

(.0 = 0 T (0.0 (F10)

Comparing the two expressions (F.8), (F.10) one finds

0p® 0p®

g (@9 =207 50 00(0) = 20 5 (64, 1) (F.11)
and therefore

G100 £5(0 00 (0) = 22 0(g) (F.12)

= aqﬁ v,

This latter equality specifies thadjoint representation of the action of the group.
Namely a right translation can be represented in the guisdedt translation:

©*(0(q,8),t) = ¢*(0(q, 1), f(t, f(5, D)) (F.13)

exploiting the expression of the identity

¢* = ¢"(p(q, 1), t) (F.14)

Differentiation ats equal zero yields:

b
Ad() = P )| = o 2y (F15)
5=0
From the representation (F.11) of the derivatives of graapdformations it is
straightforward to derive the structure constants of tloeigr To wit, the existence
of a global parametrisation of group transformations imteof the variable re-
quires
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82 (pa 82 SOOC

_ F.1
oot otote (F.16)
The identity implies for infinitesimal left translations
o ove, ovg 0Le 0L
a’ b B8 a’ 16 L a b o
2(1 £b [Ub/ 8()05 - 'Ua/ agpﬁ‘| — [ 8tb ata ‘| ,UC (Fl?)

The vector fields¢ do not depend explicitly on the group coordinateldence the
condition (F.17) admits solution if and only if it is posslib separate the variables.
In other words there must exist some constdfjtssuch that

o oL
ot ot

] = —C%, 88 el (F.18)

is satisfied. The constant’, are the structure constant of the group while (F.18)
are the Maurer-Cartan structure equations.

Finally, in order to prove that (285) is the invariant measof the group one ob-
serves that if

©*(q,t) = " (¢(q,9),5)
= f%(s,v) (F.19)

differentiating the first equation with respectstoyields
df?

Tea S (Nve(#%(a,9) = La(s)u(p(p(g, 0),5)) (F.20)

Therefore one gets into

df° B
o) = £4(s) (F.21)

or equivalently

dtP 28 (t) = ds®£i(s) (F.22)

whence it follows that

dG = fv[ dt* det £(t) (F.23)

a=1

110



is the right invariant measure. However for a compact coteusgroup the invariant
measure is unique (up to a constant factor) and therefooe als

det £(t) o< det R(t) (F.24)
must hold.

More details can be found in [68,76,119,142].
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G Fresnel Integrals

The paradigm of Fresnel integrals is provided by the one dsio®al case

dq #

)

1z) = (G.1)

R V27T et
with z a real number. The integral is not absolutely convergermesihe integrand
is in modulo equal to one. Nevertheless intuitively one capehthat the integral
converges on the real axis due to the increasingly fastlagoits of the integrand.
A quantitative analysis can be performed on the complgtane. Since the in-
tegrand is even, it is enough to consider the first quadrathetomplex plane,
R, x ¢R,. The integral can be made absolutely convergent if

Re{zzq2} < 0= cos (2 argq + arg z + g) <0 (G.2)

A Gaussian integral is recovered each time

2argq+argz+g:7r

The absence of poles in the domain of convergence in the esnmbhne permits
to enclose the Fresnel integral into a null circuit recavine other non-vanishing
contribution from a Gaussian integral:

z]q|?

z 2 22 s .
O:que’Tq: dqel%—elz/ dlgle” 2 if argz =0
Ry

1'(12 jus z q2 Zq2 .
0= j{alqelrT =e "4 / d|q|e 4 —/ dge' = if argz = 7(G.3)
Ry Ry

The final result is

d zq2 2 —signz
1z) = 761” B N Lt (G.4)
R V2Tme's ||

The multidimensional generalization is

—2 Zind ™ LV

qu Zq]L LN 4 €
/N (2m)N/2 1% © = N (G-5)
Y (27)V/2 e det LV

ind~L™®) being the number of negative eigenvalues of the symmetrigxrig™).
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Quadratic path integrals are the continuum limit of a lattkresnel integral ob-
tained from the discretisation of the action

SM =3 At LM (G.6)
defined by mid-point rule

£ =5 {1ban) ~ dan — 1)) Lyg(n) Batn) — da(n 1)

2 [5q(n) — dg(n — D)t Ly (n) 24+ 0200 = 1

2
| [a(n) + 5261(71 -1 L,.(n) oq(n) + ;SCI(” — 1)} (G.7)
with
Sq(n) = 6q(T' +nAt), At = T]_VT'

The continuum limit does not depend on the discretisatigh@potential term. The
form (G.5) of the Fresnel integral is attained by collectihg quantum fluctuation
in a singleNd-dimensional vectoAQ:

SM = AQTLW™ AQ
0Q" = [64"(0), ..., 3%(0), .., g (N) , ..., 6¢"(N)] (G.8)
The matrixLY) depends both on the discretisation and the lattice bouretargi-

tions. For example, a one dimensional harmonic oscillaitT periodic boundary
conditions yields

24+ w2 —1 o 0 .. —1
-1 24w =1 0 .. 0
LM =] (G.9)
-1 0 0 ... —1 2+ w?

From (G.6) it follows that the lattice path integral is finall

ddéq(n) 1At st (N)
(N) _ N At 50T L) 6Q
vTB) = /Rd Hot [(QWhAt)dm oz | ¢ (6.10)
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H Some exact path integral formulae

The stationary phase is exact for quadratic integrals. Njaitseeffect is to decouple
the classical from “quantum” contributions to the actiondtional. The propagator
path integral becomes

S(aep) S(Vh 8q
K@;ﬂQQT):e“TL/" DIsq(t)] 7
dq(T")=0q(T")=0
2 S(aep) /
=e'"n (T,T) (H.1)

All the spatial dependence is stored in the action functiauated on the clas-
sical trajectoryg., matching the boundary conditions. The path integfal 7")
reduces to a pure function of the time interval. The obsemadllows to shortcut
the analysis of the continuum limit by a self consistencyiargnt.

H.0.4 Free particle propagator

The free propagator is known to be

om (Q-Q))2
e 2h(T-T7)

(27 h)?

el
Z47T

Kfree(QaT|Q,7T,) = (H2)

Comparison with (H.1) fixes the normalisation of the patlegnal to

Kfroc<07 T|07 T/) = Lfroc<T7 T/) (H‘?’)

In consequence the general formula becomes

(T, 1)
Lfree(Ta T,)

2 S(ace)

K(Q,T|Q\T) = ¢~ Kieol0,T]0,T") (H.4)

H.0.5 One dimensional harmonic oscillator

The evaluation of the action functional

T 2
S= [ at | DY p (H.5)
Ial 2 2

on a classical trajectory connectidg to Q in AT = T — T’ (open extremals)
yields
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mw

Sa(Q,T|Q,T') = T AT) (@ + Q%) cos(wAT) = 2Q Q|  (H.6)

Divergences are encountered at

WAT =nm (H.7)

The divergences signal the existence of periodic orbits.quantum propagator in
such cases reduces to a Dirafunction.

Quantum fluctuations around open extremals are governeaeb$turm-Liouville
operator

2o,
L=-—5-w

dq(T") = 6q(T) =0 (H.8)

The operator is diagonal in the complete, for Dirichlet badany conditions, basis
of odd Fourier harmonics

2 . [(nt
Xn(t) = “E sin <E> : n=12.. (H.9)

On a time lattice an infinite dimensional orthogonal mattiracges the variables
of integration in (H.1) from the quantum fluctuation to the amplitudes of the
Fourier decomposition. The effect of the quantum fluctuegtis enclosed in the
eigenvalue ratio

T, T) _ o Find Lo (77D |1 — (WAT)Z
tireo (T, T") n=l nm
— ot 1indiL]:)ir_([T’,T}) Sin (w AT) H 10
©* wAT (H.10)
The last equality follows from the analytical continuatithe (-function
1
C(s) =272 ) ——= Res >0 (H.11)

CTEY (n2 4 w2)°

The Morse index is the number of negative eigenvalues of tinerSLiouville op-
erator (H.8)

ind™ Ly, ([T', T)) = #{n\ |- (%)2 < o} — ut [%] (H.12)
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The trace of the quantum harmonic oscillator propagatoesponds to the integral

Tr K(T,T')

3

1
2 .5,,Q.TIQ T .
1 o £QTQT) 7 [ind™ L. (IT,T))+1]

_/ l27rh\sn w AT))|

‘ WAT e‘%[%'i_mdiLD"'([T/’T])] (H13)
2 sin “5= ’

The trace is also the inverse square root of the determiridiné self-adjoint oper-
ator

S(T") = 6¢(T), Ly = D) (H.14)

The latter admits as eigenfunctions both odd and even hacson the Fourier
basis in the intervall”, T']. The path integral measure becomes

deg e Tﬂ dceven =T deodd o=
Dloq(t =—71II, - L H.15
94()lper V2hT =0 V2hnt V2hnmw ( )
Thus the eigenvalue spectrum of (H.14)
¢ —(2”—”)2— 2 — 0,41 +2 (H.16)
n — AT w, n=2~u, g .
yields immediately the Morse index
ind™ Lpe..([T",T]) =1 + 2 Int [“ AT]
m
_ signsin (c; AT)+1 Int {w AT] (H.A7)
m

while the absolute value of the determinant can be extraasedbove from the
¢-function.
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