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CHAPTER 4. COMPUTING LATTICE STATES

4.1 Inverse iteration method

(Gábor Vattay, Sidney V. Williams and P. Cvitanović)

The ‘inverse iteration method’ for determining the periodic orbits of 2-dimen-
sional repeller was introduced by G. Vattay as a ChaosBook.org exercise 4.1 In-
verse iteration method for a Hénon repeller (see also the solution on page 187). The
idea of the method is to

(1) Guess a lattice configuration φ(0)
t that qualitatively looks like the desired

lattice state. For that, you need a qualitative, symbolic dynamics descrip-
tion of system’s admissible lattice states. You can get started by a peak at
ChaosBook Table 18.1.

(2) Compare the ‘stretched’ field φ
(0)
t to its neighbors, using system’s defin-

ing equation. For example, φ3 (or temporal Hénon) defining equation
(3.23) is

−φt+1 + aφ2
t − φt−1 = jt .

Perhaps watch What’s "The Law"? (4 min).

(3) Use the amount by which φt ‘sticks out’ in violation of the defining equa-
tions to obtain a better value φ(1)

t , for every lattice site t. Vattay does that
by inverting the equation, determining φ(1)

t from its neighbors

φ
(m+1)
t = σt

1√
a

(
1 + φ

(m)
t+1 + φ

(m)
t−1

)1/2

(4.2)

where σt is the sign of the target site field σt = φt/|φt|, prescribed in
advance by specifying the desired Hénon symbol block

σt = 1− 2mt , mt ∈ {0, 1} . (4.3)

Perhaps watch Inverse iteration method (14:28 min).

(4) Wash and repeat, φ(m)
t → φ

(m+1)
t . Sidney starts the iteration by setting

the initial guess lattice site fields to

φ
(0)
t = σt/

√
a ,

and then loops (4.2) through all lattice site fields to obtain φ
(1)
t . When

|φ(m+1)
t − φ

(1)
t | for all lattice states is smaller than a desired tolerance,

the loop terminates, and the lattice state is found. An example of the
resulting lattice states is given in figure 4.1.

The meat of the method is contained in these two loops:

for i in range(0,len(symbols)):
cycle[i]=signs[i]*np.sqrt(abs(1-np.roll(cycle,1)[i]-np.roll(cycle,-1)[i])/a)
for i in range(0,len(symbols)):
deviation[i]=np.roll(cycle,-1)[i]-(1-a*(cycle[i])**2-np.roll(cycle,1)[i])
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Figure 4.1: Temporal Hénon (3.23), a = 6: All period n = 5 prime lattice states
φ−2φ−1φ0 φ1φ2| of table 2.3. They are all reflection symmetric, with the fixed
lattice field φ0 colored gold. The most striking feature is how far the a = 6
temporal Hénon is from the 0 ↔ 1 symmetry: stretching close to 0 fixed point
lattice state is much stronger than close to the almost marginal 1 fixed point
lattice state. For a stretching parameter value a slight lower than the critical
value ah = 5.69931 · · · , the lattice sites φ0 for 01110 and 01010 coalesce and
vanish through an inverse bifurcation. As a → ∞ we expect this symmetry to
be restored.
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The method applies to strongly coupled φ3 field theory in any spacetempo-
ral dimension. For example, in 2 spacetime dimensions, themth inverse iterate
(4.2) compares the ‘stretched’ field φ(0)

nt to its 4 neighbors,

φ
(m+1)
nt = σnt

1√
2a

(
2 + φ

(m)
n,t+1 + φ

(m)
n,t−1 + φ

(m)
n+1,t + φ

(m)
n−1,t

)1/2

. (4.4)

It is applied to each of the LT lattice site fields {φ(m)
nt } of a doubly periodic

Bravais cell [L×T]S . Here σnt is the sign of the target site field σnt = φnt/|φnt|,
prescribed in advance by specifying the desired Hénon symbol block M,

σnt = 1− 2mnt , mnt ∈ {0, 1} . (4.5)

For the temporal Hénon 3-term recurrence (3.23), the system’s state space Smale
horseshoe is again generated by iterates of the region plotted in figure 4.2. So,
positive field φnt value has mnt = 0, negative field φnt value has mnt = 1.
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(a) (b)

Figure 4.2: Temporal Hénon (2.2), (3.23) stable-unstable manifolds Smale
horseshoe partition in the (φt, φt+1) plane for a = 6, b = −1: fixed point 0 with
segments of its stable, unstable manifoldsW s,Wu, and fixed point 1. The most
positive field value is the fixed point φ0. The other fixed point φ1 has negative
stability multipliers, and is thus buried inside the horseshoe. (a) Their inter-
section bounds the region M. = 0BCD which contains the non–wandering
set Ω. (b) The intersection of the forward image f (M.) with M. consists of
two (future) strips M0., M1., with points BCD brought closer to fixed point
0 by the stable manifold contraction. (The same as ChaosBook fig. 15.5, with
φt = −xt.)

4.2 Shadow state method

Have: a partition of state space M = MA ∪ MB ∪ · · · ∪ MZ , with regions
Mm labelled by an |A|-letter finite alphabet A = {m}. The simplest example
is temporal Hénon partition into two regions, named ‘0’ and ‘1’,

mt ∈ A = {0, 1} , (4.6)

plotted in figure 4.2 (b). Prescribe a symbol block M over a finite Bravais cell of
a d-dimensional lattice. A 1-dimensional example:

M = (m0, · · · ,mn−1) . (4.7)

Want: the lattice state ΦM whose lattice site fields φt lie in state space domains
φt ∈ Mm , as prescribed by the given symbol block M. A 1-dimensional exam-
ple:

ΦM = (φ0, · · · , φn−1) , φt ∈Mm , (4.8)

By lattice state Φ we mean a point in the n-dimensional state space that is a
solution of the defining Euler-Lagrange equation. For the temporal Hénon ex-
ample, that equation is the 3-term recurrence (3.23),

− φt+1 + aφ2
t − φt−1 = jt , jt = 1 , (4.9)

with all a = 6 period-5 lattice states plotted in figure 4.1.
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Shadow state method. Construct a shadow state ΦM and the forcing j(M)t such
that the site-by-site deviation

ϕt = φt − φt (4.10)

is small. Determine the desired lattice state ΦM as the neighboring |ΦM − ΦM|
fixed point of the M-forced Euler-Lagrange equation.
Desideratum: Plot the first, n = 6 temporal Hénon asymmetric lattice state ΦM

and shadow state ΦM, to illustrated the idea.

First, determine the fixed points (solutions with a constant field on all lattice
sites) φt = φm . For temporal Hénon there are two, φ0 and φ1 (see figure 4.2),
labeled by the alphabet (4.6).

Next, construct the simplest configuration from |A| fields φm , each field in
the domain of state space prescribed by the symbol block M. In the shadow
state method, we pick a fixed point φm in each domain as domain’s represen-
tative φm ∈ Mm . For the temporal Hénon example, the fixed-points shadow
state is:

ΦM = (φ0, · · · , φn−1) , where φt =

{
φ0 if mt = 0

φ1 if mt = 1.
(4.11)

In general, the shadow state ΦM does not satisfy the Euler-Lagrange equation
(4.9), violating it by amount j(M)t

− φt+1 + aφ
2

t − φt−1 = 1− j(M)t , (4.12)

where the forcing j(M)t depends on φt and its neighbors. For the temporal
Hénon example, it takes the values tabulated in table 4.1.

Subtract (4.12) from (4.9) to obtain the 3-term recurrence for ϕt = φt − φt,
the deviations (4.10) from the shadow state,

−ϕt+1 + a (φ2
t − φ

2

t )− ϕt−1 = j(M)t .

Substituting φ2
t = (ϕt + φt)

2 , we obtain the exact

M-forced 3-term recurrence for the deviations ϕt from the shadow state lat-
tice configuration ΦM,

−ϕt+1 + a (ϕt + φt)
2 − ϕt−1 = j(M)t , (4.13)

where j(M)t = j(M)t − aφ
2

t , one such recurrence for each admissible symbol
block M. 1
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mt−1mtmt+1 j(M)t

0 0 0 0
0 0 1 = 1 0 0 -A = φ1 − φ0

0 1 0 -B = a(φ
2

1 − φ
2

0)

1 0 1 B = a(φ
2

0 − φ
2

1)

1 1 0 = 0 1 1 A = φ0 − φ1

1 1 1 0

Table 4.1: Temporal Hénon fixed-points shadow state ΦM forcing j(M)t de-
pends on 3 lattice sites mt−1mtmt+1, and takes values (0,±A,±B). If period-2
or longer lattice states are utilized as shadows, more neighbors contribute.

Vattay inverse iteration (4.2) is now

ϕ
(m+1)
t = −φt + σt

1√
a

(
j(M)t + ϕ

(m)
t+1 + ϕ

(m)
t−1

)1/2

, (4.14)

and that should converge like a ton of rocks.
Perhaps watch Shadow state conspiracy (35:26 min)

Summary

1. M-forced 3-term recurrence (4.13) is exact. It is superior to the original
recurrence as it has built-in symbolic dynamics. The deviations ϕt =
φt − φt should be small, and the topological guess based on M-forcing
should be robust. The recurrence can be solved by any method you like.

2. φ4 field theory works the same, with the M-forced 3-term recurrence for
the deviations ϕt now built from approximate 3-field values (φL, φC =
0, φR). If using Vattay (4.14), the Hénon sign σt needs to be rethought.

3. Implement M-forced 3-term recurrence for symmetric states boundary
conditions.

4. Generalization to higher spatiotemporal dimensions is immediate (see,
for example, the 2-dimensional Vattay iteration (4.4)).

5. As one determines larger and larger Bravais cell lattice states, on can use
the already computed ones instead of the initial (φ0, φ1) to get increas-
ingly better M -forced shadowing.

6. The boring forcing term jt = 1 on RHS of the temporal Hénon recurrence
(4.9) has been replaced by a non-trivial forcing j(M)t in (4.13), as hoped
for.

7. This is not the Biham-Wentzel method: it’s based on exact Euler-Lagrange
equations, there are no artificially inverted potentials, as we are not con-
structing an attractor; all our solutins are and should be unstable.

8223 (predrag–8223) 177 02/23/2022 siminos/spatiotemp

https://YouTube.com/embed/JAvOcKjGTVM


CHAPTER 4. COMPUTING LATTICE STATES

8. The Newton method requires evaluation of the orbit Jacobian matrix J .
As we have only translated field values φt → ϕt, J is the same as for the
original 3-term recurrence. For large lattice states variational methods
discussed below should be far superior to simple Newton.

9. Have a look at Fourier transform of (4.13). Anything gained in Fourier
space? Remember, we have not quotiented translation symmetry, we are
still computing n lattice states on the spatiotemporal lattice.
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